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Abstract. Writing efficient iterative solvers for irregular, sparse matri-
ces in HPF is hard. The locality in the computations is unclear, and
for efficiency we use storage schemes that obscure any structure in the
matrix. Moreover, the limited capabilities of HPF to distribute and align
data structures make it hard to implement the desired distributions, or
to indicate these such that the compiler recognizes the efficient imple-
mentation.

We propose techniques to handle these problems. We combine strategies
that have become popular in message-passing parallel programming, like
mesh partitioning and splitting the matrix in local submatrices, with the
functionality of HPF and HPF compilers, like the implicit handling of
communication and distribution. The implementation of these techniques
in HPF is not trivial, and we describe in detail how we propose to solve
the problems. Our results demonstrate that efficient implementations are
possible. We indicate how some of the ‘approved extensions’ of HPF-2.0
can be used, but they do not solve all problems. For comparison we show
results for regular, sparse matrices.
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1 Introduction

For large, sparse linear systems we often use iterative methods because of their ef-
ficiency in both memory requirements and work. On parallel computers, iterative
methods have the additional advantage that they do not change the structure of
the problem. Iterative methods use four major kernels: matrix-vector product,
preconditioner, inner product (ddot), and vector update (daxpy). The choice of a
preconditioner is very important for the efficient solution of a linear system, but
we will not discuss preconditioning here because it is often problem-dependent.
However, very effective parallel preconditioners have been derived that have es-
sentially the same communication requirements as the matrix-vector product
[2, 3, 6]. For regular sparse, linear systems, like those derived from regular grids,
using High Performance Fortran (HPF) for iterative solvers is straightforward.



However, for irregular sparse matrices the efficient implementation of solvers in
HPF becomes much harder.

First, the locality in the computations (a good partitioning) is unclear. Sec-
ond, for efficiency we often use storage schemes that obscure even the simplest
structure in the matrix (like rows and columns). Third, the limited capabilities
of HPF to distribute data structures make it hard to implement the desired dis-
tribution. Fourth, data structures often have very different sizes and shapes, and
matching the distributions for efficient implementation (locality) is a problem.
Fifth, after implementing the distributions, we still must write the program in
such a way that the compiler recognizes the efficient implementation, and leaves
out unnecessary communication, synchronization, etc.

We propose techniques for handling these problems, and our results demon-
strate that efficient implementations are possible. In [4, 5] we showed that, un-
less special implementations are chosen, on large parallel computers the global
communication in the inner products dominates the parallel performance of it-
erative solvers. This is an architectural feature; it is independent of whether
we use HPF or, say, MPI. The cost of an inner product is about the same in
both implementations. Clearly, if we can find implementations for the sparse
matrix-vector product for irregular matrices that are more efficient than the in-
ner product, the sparse matrix-vector product will not be the bottleneck. We
will show that this is indeed possible, even for relatively small problems. For
comparison, we show results for regular, sparse matrices. The generalized block
distribution GEN_BLOCK in the ‘approved extensions’’ of the HPF Language
Specification version 2.0 (HPF-2.0) [7] solves the distribution problems (problem
three in the discussion above), but not the other problems. We will discuss this
at the end of the paper.

All our experiments are carried out using the Portland Group (PGI) HPF
compiler (version 2.1) on the Intel Paragon at the Swiss Federal Institute of
Technology (ETH Zurich).

In the next section we discuss the parallel performance of iterative methods
for regular, sparse matrices for comparison. For our experiments we use the
GMRES method [9] (see Fig. 1), one of the most widely used iterative methods.
In Section 3, we outline how we address the problems mentioned above, and we
discuss the performance results. In Section 4, we indicate in how far the approved
extensions of HPF-2.0 improve the situation, and what is still needed. In the last
section we provide some future directions.

2 Regular Sparse Matrix Problems

For regular problems, such as k-diagonal matrices resulting from discretizations
over regular grids, the parallelization with HPF is straightforward. Our test
problem comes from a convection-diffusion problem, discretized on a regular,
two-dimensional grid (501 x501), with Dirichlet boundary conditions. The matrix

! It will probably take more than a year before such extensions become available.



GMRES(m):

start:
xo= initial guess; ro = b — Axo;
v1 = ro/||rol|2;

iterate:
forj=1,2,...,m do
bj+1 = Avj;

fori=1,2,...,5 do
hij = (Dj41,vi);
Oj+1 = Dj+1 — hi,jvi;

end;

hjv1 = |15+1ll2;

Vi1 = Oj41/hjt1
end

form the approzimate solution:
Ym = argminger || |rol|2e1 — Hmy||2;
Tm = To + mem;

restart:

rm =b— Axpy;

if |7m||2 < tol then
stop

else
Lo = Tm; V1 = T /||rm|2;
goto iterate

end

Fig.1. The GMRES(m) algorithm.

and vectors are stored by grid point (reflecting the underlying two-dimensional
structure), which leads to an efficient implementation of the communication in
the matrix-vector product.

Tables 1 and 2 show that for one to sixteen processors the efficiency for the
matrix-vector product is eighty percent or higher, and this is not significantly
lower than the efficiency for the other routines. More important, these tables
show that for larger numbers of processors (32 and more), the speed-up for GM-
RES(40) is dominated by the inner products (ddot), not by the matrix-vector
product. Especially, notice the similarity between the speed-up figures for GM-
RES(40) and the inner product (ddot) for eight processors or more. Note that
increasing the restart cycle (here 40) of GMRES leads to a quadratic increase
in the number of inner products compared with a linear increase in the number
of matrix-vector products. Hence, for larger numbers of processors a higher effi-
ciency for the matrix-vector product than for the inner products has no influence



Table 1. Runtimes in seconds for sequential and parallel GMRES(40), matrix-vector
product (matvec), inner product (ddot), and vector update (daxpy). The large
run-times between brackets for one and two processors are caused by swapping.

#£proc 1 2 4 8 16 32 64
gmres (|(2.75E403)|(1.18E+03)|9.17E+01|4.79E+01|2.68E+01|1.62E+01|1.28E+401
matvec|| 1.29E400 | 6.44E-01 |3.79E-01 | 1.96E-01 | 1.02E-01 | 5.50E-02 | 3.61E-02
ddot || 1.91E-01 | 9.60E-02 |4.95E-02 | 2.56E-02 | 1.46E-02 | 8.57E-03 | 6.72E-03
daxpy || 1.12E-01 5.29E-02 | 2.66E-02 | 1.34E-02 | 7.02E-03 | 3.62E-03 | 1.88E-03

on the performance of the algorithm as a whole.

The large difference in the run-time of one GMRES(40) iteration for the
sequential program and the parallel program on two processors compared with
the parallel program on four and more processors is caused by swapping in the
former case; the data does not fit in the memory of two processors, but it fits in
the memory of four processors. This, of course, makes the timings incomparable,
and therefore we normalized the speed-up for four and more processors against
the run-time on four processors. So the speed-up on four processors is equal
to four. The speed-up values for the separate routines, which have been timed
without swapping, show that this is not far from the speed-up that would have
been measured on a machine that can run the program on one processor without
swapping.

3 Irregular Sparse Matrix Problems

For algorithms like GMRES(m) the only difference between structured and non-
structured problems is in the implementation of the matrix-vector product and of
the preconditioner. As argued above, for many popular parallel preconditioners
the communication requirements and the implementation of the communication
resemble those of the distributed matrix-vector product, and hence we will con-
centrate on the latter.

Table 2. Speed-ups for GMRES(40), the matrix-vector product (matvec), the inner
product (ddot), and the vector update (daxpy). For GMRES(40), the speed-ups for
four and more processors have been derived from the run-time on four processors.

#proc 1 2 4 |1 8 |16 |32 |64
gmres(40)|/(1.00)((2.33)|4.00|7.66|13.7|22.6|28.7
matvec || 1.00 | 2.00 [3.40|6.58|12.7|23.5(35.7
ddot 1.00 | 1.99 |3.86|7.46(13.1|22.3|28.4
daxpy 1.00 | 2.12 [4.21{8.36|16.0(28.4|59.6




3.1 Sparse Matrix Storage Schemes

We will first describe two often-used sparse matrix storage schemes, the so-called
compressed sparse column (CSC) and compressed sparse row (CSR) scheme. The
CSR scheme uses three arrays to describe the matrix. Let nnz be the number
of non-zero coefficients in the matrix and let n be the number of rows (and
columns) in the matrix.

— wal(1:nnz) contains the values of the non-zero coefficients of the matrix in
row-wise order.

— col_idz(1:nnz) contains the column indices for the corresponding elements of
val: col_idx (i) gives the column in which coefficient val(i) appears.

— row_ptr(1:n+1) contains pointers to the start of each row in the arrays val
and col_idz. The last pointer points one past the last element of wval and
col_idz.

We can implement the matrix-vector product y = Az (in Fortran77) as follows.

CSR matrix-vector product:
dorow =1, n
y(row) = 0.0
do j = row_ptr(row), row_ptr(row+1)-1
y(row) = y(row) + val(j)*x(col-idx(j))
end do
end do

The CSC scheme is equivalent to the CSR, scheme except that the array val con-
tains the non-zero coefficients in column-wise order, and therefore we have an
array with column pointers and an array with row indices instead of the other
way around. Historically the CSC scheme has received a certain preference be-
cause it often leads to superior performance on vector computers. However, on
parallel machines this is not the case and the disadvantages (especially for im-
plementation of the preconditioner) dominate. We will assume the CSR, scheme
in this paper; however, our approach is easily converted for the CSC scheme.

3.2 Distribution of the Matrix

Usually, we prefer a row-wise distribution (partitioning) of the matrix. With an
appropriate ordering (see below) this amounts to a domain decomposition, which
facilitates several effective preconditioning techniques. Also more generally, row-
wise distribution makes preconditioning easier to implement (block-ILU type
preconditioning e.g.). However, it is straightforward to adapt our approach to a
column-wise distribution.

The distribution of the matrix assigns to each processor a ‘local matrix’
consisting of the set of rows in the partition assigned to that processor. For
an efficient implementation of the matrix-vector product the distribution of the



arrays describing the matrix must be as follows. For each partition the non-
zero coefficients of the local matrix are stored in the local part of the array val,
the column indices of the local matrix are stored in the local part of the array
col_idz, and the pointers to the rows of the local matrix are stored in the local
parts of the arrays start_row and end_row, which replace row_ptr (see below). We
distribute the vectors in the same way as the matrix: we store the i-th coefficient
of a vector on the same processor as the i-th row of the matrix.

We use graph partitioning techniques (currently in a separate off-line phase)
on the underlying computational grid or directly on the matrix to find a parti-
tioning of the rows of the matrix such that the distributed, sparse matrix-vector
product yields low communication cost and a good load balance. Low commu-
nication cost means that the total number of non-local references in the matrix-
vector product is minimized. Preferably, also the number of processor-pairs that
need to exchange data, which is equal to the number of messages, should be min-
imized. For the matrix-vector product, load balancing means that the number
of non-zero matrix coefficients in each local matrix is about the same. However,
for the vector operations load balancing means that the number of unknowns
on each processor, which is equal to the number of rows in each local matrix, is
about the same. Currently we use the package by Simon and Barnard [8, 1] to
compute partitionings. This package allows a trade-off between the two different
load balancing requirements in computing the partitioning.

From the output of the graph partitioning routine we know which rows of
the matrix should be grouped together in a partition (i.e., on a processor) to
form the local matrix. For each partition the local matrix should consist of the
local parts of the arrays wal, col_idz, and row_ptr. This gives a problem for the
array row-_ptr. Since each pointer serves a double purpose, to indicate the start
of a row and the end of the previous row, the distribution of this array means we
cannot for all rows have the necessary pointers locally available. Therefore, we
replace this array by two new arrays; start_row(1:n), with pointers to the start of
each row; and end_row(1:n), with pointers to the end of each row. Now we must
implement the distribution of the arrays describing the matrix. To achieve this we
will use a block-wise distribution and renumber the rows and columns explicitly.
However, renumbering by itself is not enough. In general, we do not have the same
number of rows in each partition, and we do not have the same number of non-
zero coefficients in each partition. So the regular distribution indicated by the
HPF DISTRIBUTE (BLOCK) directive does not give the desired distribution.
Moreover, there is no fixed ratio between the number of rows and the number of
non-zero coefficients, because the number of non-zero coefficients per row may
vary strongly between rows. So, the arrays of row pointers differ in size from
the arrays with matrix coefficients and column indices, and the ratio between
these sizes differs per partition. In short, we cannot use the HPF ALIGNMENT
directive to enforce that the pointers to the rows in a partition are stored on the
same processor as the coefficients and column indices of that partition.

We solve the distribution and alignment problems as follows. First we in-
troduce dummy (empty) rows such that each partition has the same number of



rows. Then we create dummy coefficients such that each partition has the same
number of non-zero coefficients. These coefficients will be outside any row, so
they will never be used in computations. The dummy rows can be masked, so
also here no additional computation is introduced. Moreover, the mesh partition-
ing algorithm always generates a partitioning with a good load balance, so that
the numbers of additional rows and coefficients are negligible and no overhead
in memory results. Reordering the padded matrix and distributing the arrays
regularly through the HPF block distribution directive now leads to the desired
distributions and alignments. We have all information about the local matrices
locally available.

However, one problems remains: the compiler has no way of knowing that the
arrays with row pointers are actually ‘aligned’ with the arrays with column in-
dices and coeflicients. So a straightforward implementation of the matrix-vector
product leads to a large overhead in unnecessary checks and synchronizations,
or worse in unnecessary duplication and communication of data, and even in un-
necessary computations. Unless we make additional changes to the sizes of the
arrays we still cannot use the HPF alignment directive to align the arrays in their
rank-one form, or indicate this alignment to the compiler. We have two ways of
solving this problem. The first way is to make the necessary communication of
the non-local vector values explicit (by a copy) and then use an HPF_LOCAL
routine for the matrix-vector product. This way the local availability of all the
data is explicitly given, and we avoid problems with the HPF compiler creating
unnecessary overhead. The second way is to reshape the arrays describing the
matrix into rank-two arrays, because then we can use the HPF alignment di-
rective to align the arrays and make this locality in the matrix-vector product
explicit. We will get the following arrays with a partition index and a local in-
dex: val(part_index,loc_idz), col_idx(part_idz,loc_idz), start_-row(part_idz,loc_row),
end_row(part_idz,loc_row). For the vectors we still have several options. This im-
plementation is certainly the most elegant. However, it leads to further complex-
ities in the actual implementation of the matrix-vector product that we cannot
go into here. We will discuss this in a future paper. The HPF_LOCAL version
has the additional advantage that the local part of the matrix-vector product
resembles the sequential version. We will use the HPF_LOCAL version for our
tests below.

Finally, we like to point out that the implementation is actually not as compli-
cated as it may seem. Assuming that we read in the matrix in one of the standard
storage schemes for ‘sequential’ matrices, the restructuring is accomplished in a
relatively cheap preprocessing phase before the actual iterative solver.

3.3 Tests and Results

After distributing and reordering the data structures the matrix-vector product
is quite efficient, and the scheduler creates an efficient communication scheme.
In fact, the scheduler itself becomes the most costly part. In general, this is not
important because scheduling needs to be done only once for many iterations,
and hence the cost becomes negligible if the schedule is reused. In general, the



PGI compiler does move the computation of the communication schedule out
of loops; however, in more complex routines like the GMRES algorithm, appar-
ently, this no longer works (insufficient analysis capability), and the schedule is
recomputed unnecessarily for every matrix-vector product. We assume that in
the future such features will improve. If this is the case, irregular sparse matrix
computations become quite feasible with HPF. In order to show that we can
achieve a sufficiently efficient matrix-vector product provided the communica-
tion schedule is reused, we use three subroutines provided by L. Meadows of PGI
to explicitly reuse the schedule.

In the previous section we showed that for larger numbers of processors the
efficiency of the inner product tends to dominate the overall efficiency of the
iterative solver. So, if the efficiency of the matrix-vector product is higher than
that of the inner product, the efficiency of the matrix-vector product has no
influence on the overall performance. Therefore, we will only discuss the results
for the matrix-vector product and the inner product (ddot) here. For the purpose
of analysis we have split the matrix-vector product in the part that fetches
all non-local data (gather) and the actual computation (comp). Unfortunately,
large, irregular, sparse test matrices are not so easily available, and hence we can
only provide results for a problem that is much smaller than what we used for
the regular case. The largest matrices in the Harwell-Boeing test collection are of
the order of 35000 unknowns. Our test problem (bcsstk31) has 35588 unknowns
and 1181416 nonzero coefficients in the matrix. The run-time for the sequential
matrix-vector product is 0.268 s. For the inner product (ddot) the sequential
run-time is given in Table 3. The parallel run-time of the matrix-vector product
is the sum of the time for ‘gather’ and for ‘comp’. Because of the implementation
there is a non-zero run-time for ‘gather’ on one processor (basically a copy). Of
course, this could have been masked, but we feel that this information provides
useful insight for the performance on multiple processors. For example, we see
that the gather (including communication) scales almost linearly from one to
eight processors, and only for more processors the efficiency decreases sharply.

Table 3. Run-times in seconds for the irregular, sparse matrix-vector product
(matvec), its gather part (gather) and its computation part (comp), and for the inner
product (ddot).

#proc 1 2 1 3 16 32
gather ||2.09E-01|1.09E-01[5.67E-02|3.16E-02|2.32E-02(2.26E-02
comp ||3.75E-01|1.94E-01[9.66E-02|4.44E-02[2.30E-02(1.26E-02
matvec|[5.84E-01|3.03E-01|1.53E-01|7.60E-02[4.62E-02|3.52E-02
ddot ||1.29E-02[6.78E-03|4.22E-03[2.75E-03[2.25E-03[2.17E-03

We see that also in this case for larger numbers of processors the efficiency of the
inner product drops below the efficiency of the irregular, sparse matrix-vector



Table 4. Speed-up and efficiency for the irregular, sparse matrix-vector product
(matvec) and for the inner product (ddot).

F#proc 1 2 4 |1 8 |16 | 32
matvec speed-up 0.459|0.884(1.75|3.53|5.80(7.61
efficiency (%)|| 45.9 | 44.2 [43.8|41.1{36.3|23.8

ddot speed-up 1.00 | 1.90 |3.06|4.69(5.73|5.94
efficiency (%)|| 100 | 95.1 |76.4|58.6(35.8{18.6

product. So, for larger numbers of processors the irregular, sparse matrix-vector
product will not be a bottleneck. Since the inner products are about as fast
in HPF as they are in message-passing code (MPI/PVM), these results also
show that a message-passing code cannot be much faster on large numbers of
processors. We see on the other hand that for smaller numbers of processors the
efficiency of the matrix-vector product is between forty and fifty percent. So,
for our current implementation we will not see performance much above that
level for irregular problems. Clearly, for small numbers of processors a message-
passing code will do better. However, we think that the efficiency we achieve is
high enough to be interesting for many applications. Especially since it seems to
be fairly constant over a range of numbers of processors. This indicates that we
can expect this level of performance on larger numbers of processors for larger
problem sizes, because for many irregular, sparse problems the connectivity of
the matrix or mesh is independent of the number of unknowns.

Furthermore, several improvements are still possible. We see that the actual
computation (comp) is not so efficient; we do not have the same efficiency for the
local computations (without communication) as we had for the original sequen-
tial program. We have to improve this. Also the gather part of the matrix-vector
product seems too expensive. Probably, this is due to the work involved in mask-
ing (basically if-statements). We can adapt the implementation to prevent any
references to dummy rows and coefficients.

In the new version of our program, we will split the matrix-vector product
even further, so that each local matrix-vector product consists of two parts. One
part refers only to the unknowns that are locally available, and the other part
refers to the unknowns that are not locally available. The non-local references are
stored in a data structure that resembles the one for the matrix as a whole. The
implementation of the local part of the matrix-vector product can be exactly the
same as the sequential version; this should bring a major improvement for the
cost of both the computational part and the gather part. The implementation
of the non-local part of the matrix-vector product will be the same as for the
previously discussed program as a whole. This too should reduce the cost of the
matrix-vector product. With these improvements we expect to significantly raise
the efficiency and speed-up of the matrix-vector product for (relatively) small
numbers of processors.



4 HPF-2.0 and Extensions

The new High Performance Fortran Language Specification version 2.0 [7] (HPF-
2.0) includes a separate part on ‘Approved Extensions’. These are advanced
features that meet specific needs, but are not likely to be supported in initial
compiler implementations. Given the fact the the standard HPF-2.0 features are
expected to be implementable within a year, it is unlikely that the approved
extensions will be commonly available soon. So, for portable programs we will
have to continue for the moment on the way described in the previous section.
However, it is important, to anticipate these new, and important, features. We
will show that they solve some of our problems with irregular matrices, but that
more is still needed.

The generalized block distribution in its executable form,

HPF REDISTRIBUTE(GEN_BLOCK (block_sizes)) allows to compute or read
in a desired partitioning and implement this in run time. The array block_sizes
gives the sizes of the blocks. Using this directive we can distribute the arrays
val and col idx with appropriate block sizes to give the number of non-zero
coefficients in each partition, and the arrays start_row and end_row with appro-
priate block sizes to give the number of rows in each partition. Note that a
corresponding alignment directive ALIGN(GEN_BLOCK()) does not exist. This
would allow us to align the arrays start_row and end_row with the arrays val and
col_idz so that we have the description of a local matrix locally available. As
mentioned before, the arrays with the row pointers differ in size from the arrays
with the values and column indices, and there is no regular (linear) relation that
matches the row pointers with the values or column indices in the row. The
number of non-zero coefficients per row may vary strongly. For our purposes we
would like an alignment that matches two compatible generalized block distri-
butions. That is, two block distributions with different sizes but for the same
number of partitions. We could map a block of row pointers to the processor that
contains the block of coefficients that belong to that row. Such a directive could
have the form (RE)ALIGN(GEN_BLOCK(row_partition,coefficient_partition)),
where row_partition and coefficient_partition are two rank-one arrays that have
the same size.

The REDISTRIBUTE(GEN_BLOCK()) directive can be used to get the
desired distributions without padding the arrays with dummy coefficients or
dummy pointers. However, since we cannot use an alignment directive, the fact
that all information about the local matrix is locally available on each processor
is still not clear to the compiler. So, as long as no generalized, block-wise align-
ment is available, the associated problems have to be handled in the same way
as in the previous section.

5 Conclusions

We have outlined an approach to implement irregular, sparse matrix solvers in
HPF. Our results clearly show that reasonable speed-ups are attainable, and that



the performance of the sparse matrix-vector product does not play a significant
role in the scalability. Indeed, for larger numbers of processors (relative to the
problem size) the global communication in the inner products dominates the
performance, and the efficiency of the inner product drops below the efficiency
of the irregular, sparse matrix-vector product.

The current implementation is by no means optimal yet. We mainly concen-
trated on low communication costs, which we seem to have achieved. Moreover,
we probably can improve the communication costs significantly by better par-
titioning algorithms. Some tests we performed indicated that the current parti-
tionings are not so good. Also the computational cost is too high, and we have
indicated several improvements.

Finally, we have indicated how the generalized block distribution in the 'ap-
proved extensions’ of HPF-2.0 helps with some, but not all, of our problems. We
propose a block-wise alignment to improve HPF programs for irregular, sparse
matrix algorithms.
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