
Communication Cost Reduction for Krylov

Methods on Parallel Computers

E� de Sturler� and H� A� van der Vorst�

� Swiss Scienti�c Computing Center CSCS�ETHZ� Via Cantonale� CH����� Manno�
Switzerland

� Mathematical Institute� Utrecht University� Budapestlaan �� Utrecht� The
Netherlands

Abstract� On large distributed memory parallel computers the global
communication cost of inner products seriously limits the performance
of Krylov subspace methods 	
�� We consider improved algorithms to
reduce this communication overhead� and we analyze the performance
by experiments on a 
���processor parallel computer and with a simple
performance model�

� Introduction

In this paper� we study possibilities to reduce the communication overhead in�
troduced by inner products in Krylov subspace methods and the in�uence of
this reduction on the performance� We use the iterative methods GMRES�m�
�	
 and CG ��
 as representatives for the two di�erent classes of Krylov subspace
methods �i�e� with short and with long recurrences��

We will restrict ourselves to problems that have a strong data locality� which
is typical for many 
nite di�erence and 
nite element problems� A suitable do�
main decomposition approach preserves this locality more or less independent of
the number of processors� so that the matrix vector product requires communi�
cation with only a few nearby processors�

� Reformulation of Algorithms

We investigate two ways of improvement� The 
rst way is to reschedule the op�
erations such that we can overlap communication with computation� For CG
this is done without changing the numerical stability of the method ��
� For
GMRES�m� it is achieved by reformulating the modi
ed Gram�Schmidt orthog�
onalization �MGS� ��� �
� after generating a basis for the Krylov subspace using
polynomials for stability� The second way� for GMRES�m�� is to assemble the re�
sults of the local inner products of a processor in one message and accumulating
them collectively�

For GMRES�m�� the steps that di�er from the standard algorithm are given
in Fig� �� A good strategy for the selection of the parameters di �for the polyno�
mials� is discussed in ��
� We can implement the MGS by 
rst orthogonalizing all



f create polynomial basis� g
�v� � v� � r�krk�
for i � �� �� � � � �m do

�vi�� � �vi � diA�vi
end

fparallel modi�ed Gram�Schmidt� g
for i � �� �� � � � �m do

split �vi��� � � � � �vm�� into two blocks
local inner products �LIPs� block �

k

�
accumulate LIPs block �
compute LIPs block �

update �vi��� LIP for k�vi��k��
place this LIP into block �

k

�
accumulate LIPs block �
update vectors block �

update vectors block �
normalize �vi��

end

Fig� �� The generation of the basis vec�
tors and the implementation of the
MGS

parCG�

Choose x
�� � x��

r� � b�Ax��
p
�� � ���

�� � ��
s � L��r��
�
�� � ��

for i � �� �� �� ��� do
��� �i � �s� s��

wi � L�T s�
�i�� � �i��i���
pi � wi � �i��pi���
qi � Api�

��� � � �pi� qi��
xi � xi�� � �i��pi���
�i � �i���
ri�� � ri � �iqi�

�
� compute krk�
s � L��ri���
if accurate enough then

xi�� � xi � �ipi
quit

end�

Fig� �� The parCG algorithm

basis vectors on the 
rst vector� then on the second� and so on� because we have
all the basis vectors available� This permits the collective accumulation of large
groups of inner products instead of the one�by�one accumulation in standard
GMRES�m� with MGS� We can improve the MGS even further by splitting the
orthogonalizations on one vector in two groups� Then we can overlap the accu�
mulation for one group with the computations for the other group� as is shown
in Fig� �� We refer to this version of GMRES�m� as parGMRES�m��

We follow the approach suggested in ��
 to reduce the communication over�
head for preconditioned CG� We assume that the preconditioner K can be writ�
ten as K � LLT � We overlap the communication in the inner products at lines
���� ��� and ��� with the computations in the following line� see Fig� �� We split
the preconditioner to create an overlap for the inner products ��� and ���� and
we create extra overlap possibilities by doing the update for x corresponding to
the previous iteration step after the inner product ���� We refer to this version
of CG as parCG�



� Performance Model

We will model the performance of one cycle of GMRES�m� and parGMRES�m��
and of one iteration of CG and parCG using equations derived from ��
� The
purpose of this model is to provide insight in the parallel performance� not to
give very accurate predictions� Most notably it ignores the communication in
the matrix�vector product� For GMRES�m� this is not important� but for CG
this leads to predictions that are too optimistic� The runtime of GMRES�m� is
given by

TP �
�
��m� � �m� � �nz�m� ��

�
tfl

N

P
�
�
�m� � �m��ts � �tw�

�p
P� ���

where N is the total number of unknowns� P is the number of processors� m is the
restart parameter� nz is the average number of non�zeroes per row of the matrix
and in the preconditioner �ILU or LLT �� tfl is the �average� time for a double
precision �oating point operation� and ts and tw are the message start�up time
and the word transmission time �between neighbouring processors�� The factorp
P comes from the use of a square processor grid� it is the order of the diameter

of the processor grid �graph�� The runtime of the parGMRES�m� version is given
by

TP � �m� � �m� �nz�m � ���tfl
N

P
�

max

�
�m� � �m�tfl

N

P
� ��mts � ��m� � ��m�tw �

��mts � ��m� � ��m�tw�
p
P
�
� ���

where max�� depends on whether there is enough local work to overlap all com�
munication� The runtime of CG is given by

TP � �� � �nz�tfl
N

P
� ��ts � �tw�

p
P� ���

The runtime of parCG is given by

TP � �� � �nz�tfl
N

P
�max��nztfl

N

P
� ���ts � �tw�� ��ts � �tw�

p
P �� ���

The speedups curves from the model are given in Figs� � and �� We used
the following parameter values �from the experiments�� N � ������ m � �� for
�par�GMRES�m�� nz � �� tfl � �����s� ts � �����s� and tw � �����s�

The speedup of GMRES�m� levels o� very quickly due to increasing commu�
nication costs� The speedup of parGMRES�m� stays very close to perfect speedup
until the number of processors reaches the point where we can no longer overlap
all communication �the acute point�� this is where the two arguments of the
max�� in ��� are equal� We see that the speedup of parGMRES�m� then also
starts to level o��

For CG and parCG� we see the same e�ects as for �par�GMRES�m�� The
number of processors where we can no longer overlap all communication is
smaller� because we have less computation to overlap with�
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Fig� �� The modeled performance of GMRES�m� and parGMRES�m�
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Fig� �� The modeled performance of CG and parCG

� Results

Below� we give results on a ����transputer �T���� Parsytec Supercluster at the
Koninklijke�Shell�Laboratorium in Amsterdam� The processors are connected in
a 
xed ��� �� mesh� of which arbitrary submeshes can be used� We have solved
a convection di�usion problem �only di�usion for CG� with ����� unknowns
discretized by 
nite volumes� resulting in the familiar 
ve�diagonal matrix�

Table � gives the measured runtimes for one cycle� the speed�ups� and the
e�ciencies for GMRES���� and parGMRES����� The speed�ups and e�ciencies
are computed relative to the estimated� sequential runtime of the GMRES����
cycle� T� � ���� s� because the problem did not 
t on a single processor� The
cost of communication spoils the performance of GMRES�m� completely for
large P � as shown in Fig� �� The performance of parGMRES�m� is much bet�
ter� The speedups for ��� and ��� processors are almost optimal� because all
communication can be overlapped� As predicted by the performance model� we



Table �� measured runtimes for GMRES�m� and parGMRES�m�

processor GMRES���� parGMRES����
grid T �s� E ��� S T �s� E ��� S

��� �� ��
� ���� ���� ���
 ���� ����
�
� �
 ���� ���� ���� ���� ���� ����
��� �� ���� 
��� ��
� ����� �
�� ��
�
��� �� ���� ���� ���� ����� ���� ��
�

cannot overlap all communication for ��� processors� and the e�ciency starts to
decrease� for ��� processors the speedup is not much better� Note that� except
for ��� processors� the runtime of GMRES���� is about twice that of parGM�
RES����� The estimated runtimes for GMRES���� and parGMRES���� are given
in Table �� A comparison with the measured timings indicates that the model is
quite accurate� For ��� processors� neglected costs start playing a role�

Table � gives the measured runtimes for one iteration step� the speedups� and
the e�ciencies for CG and parCG� The speedups and e�ciencies are computed
relative to the measured� sequential runtime of the CG iteration� which is given
by� T� � ��	��s� We observe that the performance of CG also levels o� quickly�
even though the number of inner products is small� This is in agreement with
the performance model� see also ��
� As indicated in Fig� �� if we increase P the
di�erence in runtime between CG and parCG increases until we can no longer
overlap all communication� then the di�erence decreases again� In the parCG
algorithm� we only try to overlap communication� mainly by overlap with the
preconditioner� The preconditioner used is not very expensive�so the potential
improvement is relatively small� Note� however� that this improvement comes
virtually for free� Moreover� when the computation time for the preconditioner is
large or even dominant� the improvement may also be large� For many problems
this may be a realistic assumption�

In Table � we show estimates for the runtimes of the CG algorithm and the
parCG algorithm� Just as for �par�GMRES�m�� the estimates for �par�CG are
relatively accurate except for the ��� �� processor grid� Again� this is probably

Table �� Estimated runtimes for GMRES�m� and parGMRES�m�

processor GMRES���� parGMRES����
grid �s� �s�

��� �� ��
� ����
�
� �
 ���� ����
��� �� ���
 ����

��� �� ���� �����



Table �� Measured runtimes for CG and parCG�
speed�up and e�ciency compared to the measured� se�
quential runtime of CG

processor CG parCG
grid T �ms� S E ��� T �ms� S E ���
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Table �� Estimated run�
times for CG and parCG

processor CG parCG
grid �ms� �ms�

��� �� ���� ����
�
� �
 ���� ����
��� �� ���� 
���
��� �� ���� 
���

caused by costs neglected in the model�

� Conclusions

We have studied the implementation of GMRES�m� and CG for distributed
memory parallel computers� These algorithms represent two di�erent classes of
Krylov subspace methods� and their parallel properties are quite representative�
The experiments show how the global communication in the inner products de�
grades the performance on large processor grids� This is also indicated by our
performance model� We have considered alternative algorithms for GMRES�m�
and CG in which the actual cost for global communication is decreased by re�
ducing synchronization and start�up times� and overlapping communication with
computation� Our experiments indicate this to be a successful approach�
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