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Abstract. On large distributed memory parallel computers the global
communication cost of inner products seriously limits the performance
of Krylov subspace methods [3]. We consider improved algorithms to
reduce this communication overhead, and we analyze the performance
by experiments on a 400-processor parallel computer and with a simple
performance model.

1 Introduction

In this paper, we study possibilities to reduce the communication overhead in-
troduced by inner products in Krylov subspace methods and the influence of
this reduction on the performance. We use the iterative methods GMRES(m)
[7] and CG [6] as representatives for the two different classes of Krylov subspace
methods (i.e. with short and with long recurrences).

We will restrict ourselves to problems that have a strong data locality, which
is typical for many finite difference and finite element problems. A suitable do-
main decomposition approach preserves this locality more or less independent of
the number of processors, so that the matrix vector product requires communi-
cation with only a few nearby processors.

2 Reformulation of Algorithms

We investigate two ways of improvement. The first way is to reschedule the op-
erations such that we can overlap communication with computation. For CG
this is done without changing the numerical stability of the method [2]. For
GMRES(m) it is achieved by reformulating the modified Gram—Schmidt orthog-
onalization (MGS) [3, 4], after generating a basis for the Krylov subspace using
polynomials for stability. The second way, for GMRES(m), is to assemble the re-
sults of the local inner products of a processor in one message and accumulating
them collectively.

For GMRES(m), the steps that differ from the standard algorithm are given
in Fig. 1. A good strategy for the selection of the parameters d; (for the polyno-
mials) is discussed in [1]. We can implement the MGS by first orthogonalizing all
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Fig. 1. The generation of the basis vec-
tors and the implementation of the

MGS Fig. 2. The parCG algorithm

basis vectors on the first vector, then on the second, and so on, because we have
all the basis vectors available. This permits the collective accumulation of large
groups of inner products instead of the one-by-one accumulation in standard
GMRES(m) with MGS. We can improve the MGS even further by splitting the
orthogonalizations on one vector in two groups. Then we can overlap the accu-
mulation for one group with the computations for the other group, as is shown

in Fig. 1. We refer to this version of GMRES(m) as parGMRES(m).

We follow the approach suggested in [2] to reduce the communication over-
head for preconditioned CG. We assume that the preconditioner K can be writ-
ten as K = LLT. We overlap the communication in the inner products at lines
(1), (2) and (3) with the computations in the following line; see Fig. 2. We split
the preconditioner to create an overlap for the inner products (1) and (3), and
we create extra overlap possibilities by doing the update for « corresponding to
the previous iteration step after the inner product (2). We refer to this version

of CG as parCG.



3 Performance Model

We will model the performance of one cycle of GMRES(m) and parGMRES(m),
and of one iteration of CG and parCG using equations derived from [5]. The
purpose of this model is to provide insight in the parallel performance, not to
give very accurate predictions. Most notably it ignores the communication in
the matrix-vector product. For GMRES(m) this is not important, but for CG
this leads to predictions that are too optimistic. The runtime of GMRES(m) is
given by

Tp = (2(m? + 3m) + 4n.(m + 1)) tf,% + ((m? + 3m)(ts +3tu)) VP, (1)

where NV is the total number of unknowns, P is the number of processors, m is the
restart parameter, n, is the average number of non-zeroes per row of the matrix
and in the preconditioner (ILU or LLT), ¢ is the (average) time for a double
precision floating point operation, and ¢, and t,, are the message start-up time
and the word transmission time (between neighbouring processors). The factor
VP comes from the use of a square processor grid; it is the order of the diameter
of the processor grid (graph). The runtime of the parGMRES(m) version is given
by

N
Tp = (m2 +4m+4n.(m + 1))tﬂF +

N
max <(m2 + 2m)t 7 + 16mt, + (Sm2 + 40m)ty, ,

(4mts + (2m? + 1om)tw)ﬁ) , 2)

where max() depends on whether there is enough local work to overlap all com-
munication. The runtime of CG is given by

N
Tp = (9 +4n )ty — +6(t, + 3ty )VP. (3)

The runtime of parCG is given by

N N
Tp = (9 +2n2)tp 5 +max(2n-tp— + 24(ts + 3tw), 6(t, + 3t,)VP).  (4)

The speedups curves from the model are given in Figs. 3 and 4. We used
the following parameter values (from the experiments), N = 10000, m = 50 for
(par)GMRES(m), n, = 5, t5 = 3.00us, t, = 5.30us, and t,, = 4.80us.

The speedup of GMRES(m) levels off very quickly due to increasing commu-
nication costs. The speedup of parGMRES(m) stays very close to perfect speedup
until the number of processors reaches the point where we can no longer overlap
all communication (the acute point); this is where the two arguments of the
max() in (2) are equal. We see that the speedup of parGMRES(m) then also
starts to level off.

For CG and parCG, we see the same effects as for (par)GMRES(m). The
number of processors where we can no longer overlap all communication is
smaller, because we have less computation to overlap with.
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4 Results

Below, we give results on a 400-transputer (T800) Parsytec Supercluster at the
Koninklijke/Shell-Laboratorium in Amsterdam. The processors are connected in
a fixed 20 x 20 mesh, of which arbitrary submeshes can be used. We have solved
a convection diffusion problem (only diffusion for CG) with 10000 unknowns
discretized by finite volumes, resulting in the familiar five-diagonal matrix.
Table 1 gives the measured runtimes for one cycle, the speed-ups, and the
efficiencies for GMRES(50) and parGMRES(50). The speed-ups and efficiencies
are computed relative to the estimated, sequential runtime of the GMRES(50)
cycle, T1 = 190. s, because the problem did not fit on a single processor. The
cost of communication spoils the performance of GMRES(m) completely for
large P, as shown in Fig. 3. The performance of parGMRES(m) is much bet-
ter. The speedups for 100 and 196 processors are almost optimal, because all
communication can be overlapped. As predicted by the performance model, we



Table 1. measured runtimes for GMRES(m) and parGMRES(m)

processor|| GMRES(50) parGMRES(50)
grid |7 (s)|E (%) S ||[T (s)|E (%)| S
10 x 10 |[2.47 |76.8 76.8||1.93 (98.2 98.2
14 x 14 |[1.90 |50.9 99.8|(1.05 |92.1 |181.
17 %< 17 |[1.66 |39.5 [114. ||0.891|73.6 |213.
20 x 20 (|1.75 |27.1 |108. |[0.851|55.7 |223.

cannot overlap all communication for 289 processors, and the efficiency starts to
decrease; for 400 processors the speedup is not much better. Note that, except
for 100 processors, the runtime of GMRES(50) is about twice that of parGM-
RES(50). The estimated runtimes for GMRES(50) and parGMRES(50) are given
in Table 2. A comparison with the measured timings indicates that the model is
quite accurate. For 400 processors, neglected costs start playing a role.

Table 3 gives the measured runtimes for one iteration step, the speedups, and
the efficiencies for CG and parCG. The speedups and efficiencies are computed
relative to the measured, sequential runtime of the CG iteration, which is given
by, T1 = 0.788s. We observe that the performance of CG also levels off quickly,
even though the number of inner products is small. This is in agreement with
the performance model; see also [3]. As indicated in Fig. 4, if we increase P the
difference in runtime between CG and parCG increases until we can no longer
overlap all communication, then the difference decreases again. In the parCG
algorithm, we only try to overlap communication, mainly by overlap with the
preconditioner. The preconditioner used is not very expensive,so the potential
improvement is relatively small. Note, however, that this improvement comes
virtually for free. Moreover, when the computation time for the preconditioner is
large or even dominant, the improvement may also be large. For many problems
this may be a realistic assumption.

In Table 4 we show estimates for the runtimes of the CG algorithm and the
parCG algorithm. Just as for (par)GMRES(m), the estimates for (par)CG are
relatively accurate except for the 20 x 20 processor grid. Again, this is probably

Table 2. Estimated runtimes for GMRES(m) and parGMRES(m)
processor||GMRES(50) | parGMRES(50)

grid (s) (s)
10 x 10 2.42 2.01
14 x 14 1.70 1.08
17 x 17 1.54 0.853
20 x 20 1.52 0.828




Table 3. Measured runtimes for CG and parCG, Table 4. Estimated run-
speed-up and efficiency compared to the measured, se- times for CG and parCG
quential runtime of CG

processor G parCG processor|| CG |parCG
grid ([T (ms)] S [E ()T (ms)] S |E (%) grid (ms) | (ms)
10 x 10 [[ 10.7 73.6 | 73.6 | 10.2 773|773 10 x 10 |{10.7 |10.0
14 x 14 || 6.90 | 114. |58.3 5.84 | 135. |68.8 14 x 14 || 6.66| 5.57
17 x 17 || 6.09 | 129. |44.8 5.29 | 149. |51.5 17 x 17 || 5.71| 4.66
20% 20 || 5.59 |141. |35.2 5.04 | 156. |39.1 20 x 20 || 5.00| 4.25

caused by costs neglected in the model.

5

Conclusions

We have studied the implementation of GMRES(m) and CG for distributed
memory parallel computers. These algorithms represent two different classes of
Krylov subspace methods, and their parallel properties are quite representative.
The experiments show how the global communication in the inner products de-
grades the performance on large processor grids. This is also indicated by our
performance model. We have considered alternative algorithms for GMRES(m)
and CG in which the actual cost for global communication is decreased by re-
ducing synchronization and start-up times, and overlapping communication with
computation. Our experiments indicate this to be a successful approach.

References

1.

2.

Z. Bai, D. Hu, and L. Reichel. A Newton basis GMRES implementation. Technical
Report 91-03, University of Kentucky, 1991.

J. W. Demmel, M. T. Heath, and H.A. van der Vorst. Parallel numerical linear
algebra. Acta Numerica Vol 2, Cambridge Press, New York, 1993

E. De Sturler. A parallel restructured version of GMRES(m). Technical Report
91-85, Delft University of Technology, Delft, 1991.

E. De Sturler. A parallel variant of GMRES(m). In R. Vichnevetsky, J. H. H.
Miller, editors, Proc. of the 13th IMACS World Congress on Computation and
Applied Mathematics , IMACS, Criterion Press Dublin 1991, pp 682-683.

E. De Sturler and H. A. Van der Vorst. Reducing the effect of global communica-
tion in GMRES(m) and CG on Parallel Distributed Memory Computers. Technical
Report 832, Mathematical Institute, University of Utrecht, Utrecht, 1993

M. R. Hestenes and E. Stiefel. Methods of conjugate gradients for solving linear
systems. J. Res. Natl. Bur. Stand., 49:409-436, 1954.

Y. Saad and M. H. Schultz. GMRES: a generalized minimal residual algorithm for
solving nonsymmetric linear systems. SIAM J. Sci. Statist. Comput., 7:856-869,
1986.



This article was processed using the INXTEpX macro package with LLNCS style




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [612.000 792.000]
>> setpagedevice


