Green’s Theorem in the Plane

Theorem Let F(z,y) = (f(x,v),9(z,y))" be a continuously differ-
entiable vector field in a region R C R? which includes a simple closed
curve C and its interior int C. Then

Joove (%(w,y) - %(wﬁ) dedy = [, F(X)-dX,

the curve C being oriented in the mathematically positive (counter-
clockwise) direction.

Remark The scalar function g—fc(X ) — %(X ) is the “two - dimen-
sional curl” of the vector field F(X). Later we will introduce the con-

cept of curl in a more general context.

Proof We begin the case wherein the curve C can be decomposed
into "upper” and "lower” segments, as shown in the figure, which can
be parametrized in terms of x:

C:y=y'(@),a<az<b C:y=y(x),a<z<b

Figure 1
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We will suppose the curve C is continuously differentiable, which here
implies that the functions y*(x) are continuously differentiable except
possibly at = a and x = b.



Because of the special geometry assumed, we can write the double
integral of —%(w, y) as an iterated integral:

e Biwyanty = [~ [77 0 A yyay) o =
[ sy @) + sy @nde = [ (100 ax
+ /. ( ) dX = /( ) Jx
= /( ) dXx,

because C* is oriented from right to left and C~ is oriented from left to
right in the overall counterclockwise orientation of C.

We now further suppose that C can also be decomposed into simple left
and right segments:

C.: =z = 5177“(3/)7 Co: x = Zl?é(y),

each continuously differentiable except possibly at the lower and upper
limits, ¢ and d, respectively, of y. Treating the double integral of g_g
as we did that of —% above, but now with reference to C, and Cy, we

0 0
Jwe soteydzay = [ 0 ) ax.

Combining this with the earlier result we have the theorem as stated

obtain

for curves with the simple geometry assumed.

For more complicated, but still continuously differentiable, curves, as
shown in the figure, we can introduce ”interior” arcs to subdivide int C
into a finite number of regions, each bounded by a curve that does
satisfy our earlier assumptions. If there are K such regions, bounded



by curves Cx, k = 1,2, ..., K, we will have

Z //thk (8x — %(w,y)) dedy = ) /Ck F(X)-dX.

The term on the left adds to the integral over int C. In the term on
the right it will be seen that each interior arc is traversed twice, once
in each direction. These integrals over interior arcs consequently cancel
to zero and we are left with

Jove (%(w,y) - %(wﬁ) dedy = [, F(X)-dX,

as stated in the theorem.

The requirement that the region R in which the field F'(X) is defined
and continuously differentiable should include int C is essential; without
it the result may not hold.

Example 1 Consider the vector field

F) = (P00 = (7)== B - (0.0

9(z,y) pr

We let C the the circle of radius r centered at the origin; clearly R fails
to cover the point (0,0) € intC where the components of F(X) are
singular. Parametrizing C as X (t) = (r cost, rsint)*, 0 < ¢t < 2,
we compute

freoax = (2 ) xwa = [7L ) (T )

2+y

2
= /Oﬂ(sinzt + cos’t)dt = 2r.
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The reason why Green’s Theorem does not apply here is precisely be-
cause the region in which the field F'(X) is continuously differentiable
does not include the point (0,0) € intC.

Proposition 1 If C is a simple closed curve oriented in the positive
(counterclockwise) direction, then

Area (int C) = %é(‘f) . (Z) _ %/C((_y)d:p + :L'dy).

Proof We note that the two - dimensional curl of the field F(z,y) =

(—y, ) is g—ﬁ — a(a;yy) = 2 and Green’s Theorem tell us, therefore, that

// curl F(x,y) dxdy

1 . 1
= 5//intc 2dxdy = Area(int(C) = §/C<(—y) dx + :L'dy).

Example 2 Consider the ellipse
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which may be parametrized as
x(t) = a cost, y(t) = bsint, 0 < t < 2.

We compute
1 —y dx 2r (—b sint —asint
§/C<x><dy>_/o (acost)(bcost)dt

1 2, 9 1 27
= §ab/O (sin®t + cos?t)dt = §ab/O 1dt = ab.



The Divergence Theorem in the Plane For a continuously dif-
ferentiable two - dimensional vector field F(X) = (f(z, v), g(z, v))"
the divergence is defined by

of

div F(X) = 25 (X

) + a_y(X) =V . F(X).

Let us consider

PX) = (—g(w,y)) .

f(z,y)
Then of
Ve F(X)dedy = [ (% + a_> dedy =
8f 8(—9) _ - ( ’ ) d _ ; *
June (0—93 Oy ) dody = ( fg(fzy% ) ' (dzgj> = | Pxyax.
Figure 2
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As in the diagram, for a point (x,y) on C let the unit tangent vector
to C pointing in the positive direction of C, be T' = (7,0). The unit
normal vector pointing to the exterior of C is then v = (o, —7). Now,
with s denoting arc length, increasing in the positive direction, on C,

dX = (f{;) = T(s)ds = (;8) ds.

we have



Therefore
frora= () () = £ () - (8 »

L)) o= o

Thus we have

V- F(X)dxdy :/CF(X(S))-V(S)dS.

intC

This is the Gauss Divergence Theorem; we will have a lot more to say
about this later in the more general n-dimensional context.

Example 3 We observe that

vxzv($>:2
)

and therefore, for an arbitrary closed curve C,

Area (int C) = %//intc 2 dedy = %//intc V- X dedy = %/C X -vds.

In particular, if C is the circle of radius r about the origin in R?, we

have
e = () (0) o

1 27 (rcosf cos r? om 2
_5/0 (rsin@)(sin@)rde_?/o 0 =mr.



