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Abstract

The two-layer Couette flow of superposed Giesekus liquids is examined. In order to emphasize the effect of a jump in the
second normal stress difference, the analysis is focused on flows where the shear rate and first normal stress difference are
continuous across the interface. In this case, the flow is neutrally stable to streamwise disturbances, but can be unstable for
spanwise disturbances driven by a jump in the second normal stress difference. Whether the long and order one waves are
stable or not depends on the sign of this difference. Short waves are unstable. In the case of order one wave instability, the
mode of maximum growth rate gives rise to stationary ripples perpendicular to the flow. The eigenvalue problem for purely
spanwise wave vectors can in principle be solved analytically, although, in general, the analytical solution is too complicated
to obtain. In most cases, however, a simplifying assumption can be made which makes analytical solutions feasible. We
present such solutions and compare them with purely numerical solutions. © 1999 Elsevier Science B.V. All rights reserved.

1. Introduction

It is well known for a variety of constitutive models that a jump in the first normal stress difference
N, across an interface drives an interfacial instability. This was demonstrated for two-layer Couette
flow of upper-convected Maxwell liquids for short waves in [9] and for long waves in [1]; the problem
has since been analyzed further in numerous other publications [2,5-7,10-14]. In two-dimensional
channel flows of viscoelastic liquids, this mechanism can lead to 2D instabilities and has been
examined, for instance, for Poiseuille flow of Oldroyd-B fluids [14]. The role of the first and second
normal stress differences on interfacial instability is further discussed in [1,2,5]. In [5], a model
problem consisting of Newtonian Stokes flow driven by viscoelastic stress contributions at the interface
is examined to show qualitative features of an interfacial instability. A jump in the second normal stress
difference across the interface can lead to 3D instabilities. In this paper, we focus on purely 3D
instabilities driven by a jump in the second normal stress difference across the interface.
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To simplify the analysis, we investigate the stability of two-layer Couette flow of immiscible
Giesekus liquids, with equal densities, zero interfacial tension, matched shear rates and matched shear-
rate dependent viscosities across the interface. This eliminates the effects of density stratification,
viscosity stratification, and by also matching the first normal stress differences, we eliminate that
class of mechanisms for interfacial instability. Thus instability at the interface is determined purely
by the jump in the second normal stress difference. The dominant mode of instability in this case is
shown to consist of spanwise corrugations to the interface. For the spanwise modes which we
consider, we find that short waves are always unstable, with a growth rate approaching a constant as
the wave number approaches infinity. For long waves, on the other hand, stability or instability
depends on the depth ratio; we find that long waves are stable if the fluid with the smaller second
normal stress difference occupies the thinner region and unstable in the opposite case. If there is a first
normal stress difference as well as a second normal stress difference across the interface, then we
expect instabilities for both streamwise and spanwise wave number, with a possibility of maximum
growth occurring for oblique waves. We present results confirming that this is the case, in agreement
with recent work by Khomami and his collaborators (private communication). Three-dimensional
instabilities were observed in experiments [15], and second normal stress jumps may be a contributing
factor.

In principle, the linear eigenvalue problem for spanwise disturbances can be solved analytically in
closed form. In general, however, this problem turns out to be so complex that it is intractable, even
with symbolic manipulation packages. A considerable simplification occurs, however, if it is assumed
that the characteristic time for the growth of the instability is long relative to the viscoelastic relaxation
time; this is the case in all our examples. If this assumption is made, the problem is still too complicated
to produce a “formula’ for the growth rate, but it is possible to compute it using an algorithm based
purely on symbolic manipulation and involving no numerical discretization. We present the results of
such calculations and compare with the numerical results.

If the assumption of slow growth of the interfacial mode is dropped, a much more complicated
problem arises. In the short wave limit, one may assume an eigenmode which decays exponentially
away from the interface and does not feel the effect of boundaries [9]. There is, however, more than
one such mode; recall that the analysis of two-layer Couette flow of the upper convected Maxwell
fluid reveals five such modes. In the present situation, the growth rate for short wave modes is
determined by a polynomial equation, but the polynomial is of very large degree, and calculating it is
beyond current capabilities in symbolic manipulation. We therefore ask the mathematically similar, but
tractable, question of whether there are eigenmodes in a single-fluid flow which decay exponentially
away from the wall (“wall modes™). Recall that for streamwise perturbations in Couette flow of
the upper convected Maxwell fluid [3], such modes are known as the Gorodtsov—Leonov
modes. For spanwise perturbations in the Giesekus model, however, we show the non-existence of
wall modes.

2. Governing equations
The flow geometry is shown in Fig. 1. Fluid 2 lies over fluid 1. Densities are equal and are denoted p,

zero shear rate viscosities f;, and relaxation times )\; for fluid i. The walls are located at 7=0,".
Asterisks are used for dimensional variables. In the basic flow, fluid 1 occupies 0 < z* <[] and fluid 2
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Fig. 1. Flow schematics.

occupies /7 <z < [I*. The velocity of the upper plate in the basic flow is denoted (U,,0,0). The
velocity, distance, time and pressure are made dimensionless with respect to U, I, 1 Uy, and ulUp/l*.
The extra stress components are scaled the same as the pressure. The bottom plate is at rest. A Reynolds
number is defined based on the parameters of fluid 1: Rlszpl*/,ul. Weissenberg numbers are denoted
by Wi=U,\\/I" and Wo=U,\o/l .

The dimensionless equation of motion is

ou
R[E+u~Vu]:V-T—Vp, (D)
where T is the extra stress tensor.

The Giesekus model has the constitutive relation

oT

Wi| 5, + (0 V)T = (V)T = T(Va)" + 5T+ T = M (Vut (Vo)) @

H1

At the interface, the velocity and tractions are continuous, and the kinematic free surface condition
holds.

The dimensionless parameters characterizing the problem are [, Wy, W,, ki,ko, Ry and m=p,/p,.

The dimensionless basic velocity for parallel shear flow has the form (U(z),0,0) in the
unperturbed fluid 1 (0<z</;), and fluid 2 (/;<z<1). In each fluid, the basic extra stress tensor has
the form

¢t 0
T=({0 0 0 |. 3)
C 0 G

The base flow normal stress balance is [P]] = [C3] at z=I;. The basic shear stress condition is [C,] = 0
at z=/,.

Solutions that are perturbations of the basic flow are sought. The perturbations to the velocity,
pressure and interface position are denoted by (u,v,w), p and h, respectively. The perturbation to the
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extra stress tensor is

T T Tis
T, Ty Ty |. 4)
T3y Tz T3

The perturbation equations are given in the appendix.
2.1. Couette flow

‘We now focus on the case where the shear rate is continuous across the interface, so that U(z)=z and
U'=1 in both fluids. The stress components are constants in each fluid and satisfy

Wilki(C? + C3) — 2G,U'| + €, = 0, )
/ /’LiU/
WilkiCa(Cy 4 C3) — GU'| + C, = i (6)
1
Wiki(C; + C3) + C3 = 0. (7)

These simplify to a single equation for C,

— QU'A + CiriA + U?A? + QU KA — CIkPA? — 22U KA + UPR2AY — G U kWP

+ Cy i WE = 2C5UPKAW? 4+ 8C U KIAW? — ACYKIAW? + 2C5 U KIAPW?

— BCIUKIAW? + ACH AW + CHUPR2WE =0, A = % )

For given fluid parameters and shear rate, Eq. (8) yields C, as a solution of a quartic equation. For

Ar;<1, this quartic equation has two complex roots and two real roots. Figs. 2 and 3 show the two
possible behaviors in the two real roots of Eq. (8) as a function of the shear rate U'. The physically
relevant solution is the one which approaches the origin with slope A; the other solution has the wrong
slope, and it can also be shown to produce non-zero normal stress differences at zero shear rate. This

second solution is an artifact of the Giesekus model with no physical relevance. The figures show
typical behavior for the two cases Ax;<0.5 (Fig. 2) and >0.5 (Fig. 3). We choose to work in the range

Shear Stress
Shear Stress

unphysical
Py 0.8
1.6
0.6 unphysical
1.4
. 0.4
physical
1.2 .
0.2 physical
l/ 10 20 30 4o 50 Shear Race 0.1 0.2 0.3 0.4 o0.5°near Rate

Fig. 2. Shear stress C, of the base flow vs shear rate U’ for A=1, W;=1, x,=0.3 showing the physical and unphysical branches
for (a) large shear rates and (b) small shear rates.
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Fig. 3. Shear stress C, of the base flow vs shear rate U’ for A=1, W;=1, k;=0.7 showing the physical and unphysical branches
for (a) large shear rates and (b) small shear rates.

Ar<1/2, where the physically relevant solution is the smaller one, which does not go through a shear
stress maximum [4]. If Ax;>1/2, the physically relevant solution is the larger one, and the shear stress
attains a maximum at a certain shear rate. Once C, is known, Eq. (5) and Eq. (7) yield C; and C; as
solutions of quadratic equations. The Eq. (5) has a positive and a negative root for C,. The positive root
tends to zero as U’ and C, approach zero, and it is the physically relevant one, while the negative roots
approaches —1/(W;x;). The Eq. (7) has two negative roots for Cs; the physically relevant one is the one
which is smaller in modulus and tends to zero at zero shear rate.

3. Matching the N;, shear rates and local viscosities

In contrast to a jump in the first normal stress difference across the interface which is known to drive
a 2D interfacial instability, we focus on the three-dimensional instability driven by a jump in the second
normal stress difference across the interface. This is done by making the base field continuous in the
shear rate U', shear stress C,, and first normal stress difference Ny=C;—Cs, while keeping a jump across
the interface in the second normal stress difference N,=C3;. We also set equal density and zero
interfacial tension.

The following algorithm yields the desired result. First, set the parameters for fluid 1; i.e. choose /|,
k1, R, Wi. We prescribe the velocity gradient U'=1 for both fluids, and the calculation of Section 2.1
yields the stresses in fluid 1. We next determine the conditions of fluid 2. The shear stress C, and first
normal stress difference N; for fluid 2 are those of fluid 1. There are then four unknowns in fluid 2: W,,
Ko, the viscosity ratio m=g,/u,, and Cs. The constitutive equations yield 3 equations, so that during the
solution process, a parameter (¢ below) can be prescribed arbitrarily. Subtract Eq. (5) from Eq. (7):

Ci — G+ (Cr — G3)(Cy + C3) kW — 2C, W, = 0. ©)
We replace C1—C3 by Ny, and divide the resulting equation by N; to obtain

14+ (Cy 4 C3)kaW, = 2C, W, /Ny (10)
This is substituted into the coefficient of C, in Eq. (6):

—1/m — C3W, + 2C3W, /N, = 0,
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Table 1
Fluid 1 parameters are /,=0.3, R;=0.001, x;=0.4, W,=5/3, C;=0.902, C,=0.479, C5=—0.173. Fluid 2 parameters are
tabulated for selected values of g=r,/m

W2 C] C3 q m 2%

1.6087 0.942 —0.132 0.3 1.111 0.3333
1.62215 0.935 —0.140 0.318 1.0877 0.3459
1.6848 0.8685 —0.206 0.48 0.9373 0.4499

which yields

Cs3 = 2C5 /Ny — 1/(mWy). (11)
This is substituted in C;=N,+Cj3, which is substituted in Eq. (10):

1 — 2C3Wa /Ny + ko Wa(4C3 /Ny + Ny — 2/ (mW,)) = 0. (12)
The expression for Cj is substituted into Eq. (7):

2C3 /Ny — 1/ (mWy) + kaWo(C3 +4C5 /NT + 1/ (m*W3) — 4C3/(mNiWs)) = 0. (13)

We prescribe g=r,/m since we have one free parameter. We want fluid 2 to be also one which has a
monotone shear-stress/shear-rate curve, and for this we require that k,/m<0.5. We set k,=qgm in
Eq. (13), to obtain a quadratic equation for mW,:

g — 1+mWy(2C3 /Ny — 4C3g/Ny) + (mW,)*(C2q + 4C3q/N?) = 0. (14)

This yields two possible values for mW,, one of which is unphysical. In Eq. (12), replace x, by
gm and obtain an equation that contains both m and mW,, and use the calculated value for mW, to
find m.

In Table 1, we show a sample case at low Reynolds number R;=0.001 and x,;=0.4. The interface
position is /;=0.3. We set W;=5/3. These yield the stress values given in the table.

The effect of varying g over the range 0 to 0.5 (the physically relevant range described in Section 2.1)
is shown in Fig. 4. The parameters for fluid 1 are those of Table 1: /,=0.3, R,=0.001, x,=0.4, W,=5/3,
C,=0.902, C,=0.479, C3=-0.173.

4. Numerical results on 3D modes

For the linear stability analysis, we discard terms that are quadratic or higher in the perturbations and
seek normal mode solutions u, v, w, p, Tj; and h which are proportional to exp(iax—+ify+ot), where o
denotes complex-valued eigenvalues which are solved with the other parameters given. The details of
the discretization, such as the Chebyshev-tau scheme [8], are given in [11] and are not repeated here.
The linear code has been checked with an independent code that takes the eigenpair and reconstructs
the governing equations.
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Fig. 4. The variation with g of the base flow variables (a) x,, (b) m, (c) Wa, (d) [N2]] = C3 (of fluid 1) —C; (of fluid 2) for the
conditions of Table 1.

4.1. Maximum growth rate modes

The growth rates vs wavenumbers for the first data set in Table 1 is shown in Fig. 5. The maximum
growth rate is attained at a=0, (3a3.5. This means that although oblique traveling waves can be
excited, the dominant mode is the one perpendicular to the flow direction. At av=0, the interfacial
eigenvalues are real-valued, hence this instability would be observed as spanwise corrugations
(standing waves) in the flowfield.Fig. 6 shows the growth rates for two different values of a.. Evidently,
as [ increases in both cases, the growth rates approach the same constant value.

4.2. Spanwise modes

We next focus on the case a=0 for which the maximum growth or decay rate is achieved. The growth
rate for long waves, (3 small, is proportional to [N, ]. This is illustrated in Fig. 7(b), which shows that
growth rates for [N,] = +0.0332 are mirror images. Fig. 7(a) shows that the growth rates are
approximately mirror images over a wide range of 3, but that for 3—oo0, the asymptotic behavior is
similar.

4.2.1. Short waves p—o00

In fact, the growth rates for short waves are proportional to ([N,])*. This is illustrated in the case of
1;=0.5 shown in Fig. 8 Note that between the curves for doubling the [N, ] from —0.0435 to —0.087,
the growth rates jump by a factor 4.
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Fig. 5. Growth rates Re o vs (a) wavenumbers « and (3 at parameters given in row 1 of Table 1, (b) streamwise wavenumbers
« at the spanwise wavenumber of maximum growth rate.

3.5 T T T T T T T T

2.5

growth rate
N

-
[,

0.5

Fig. 6. Growth rates Re o vs spanwise wavenumbers [ at streamwise wavenumbers a=0,2, parameters given in row 1 of
Table 1.
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growth rate
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Fig. 7. Growth rates Re o vs spanwise wavenumbers, 3, a=0, at parameters given in rows 2 and 3 of Table 1, for which
[N2] = —0.0332(upper curve) and 0.0332(lower), respectively. (a) shows the curves are close in the short-wave limit, and (b)
shows that the growth rates for long waves are proportional to the jump in N,.
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2.5X 0 T T T T T T T T T
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Fig. 8. Growth rates Re(o) vs spanwise wavenumbers 3, at =0, at parameters given in Table 2. The jump in N, is (a)
—0.132, (b) —0.087, (c) —0.0435, (d) —0.036.
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Fig. 9. Growth rates Re o vs spanwise wavenumbers 3, =0, at [;=0.7. The jump in N, is (a) 0.0534, (b) —0.0413,
(c) —0.0833, (d) —0.126.

4.2.2. Long waves B—0

For the case of long waves, growth rates are proportional to the jump in N, (see Fig. 7). This
proportionality persists for order one waves, but eventually the short waves are unstable.

At depth ratio /;=0.5, long waves have zero growth rates, as evident from Fig. 8. In other words, this
depth ratio is the one at which Re o = f [N, ] and as [; varies from O to 1, f flips its sign. The growth
rates at /y=0.7 are shown in Fig. 9, illustrating this reversal in sign from the case of /;=0.3 shown in
Figs. 6 and 7.

4.3. Situations with jumps in both normal stress differences

The combined effect of jumps in both N| and N, is illustrated in Fig. 10(a) and (b). The parameters
are close to the situation of the second row of Table 1. The only change is that the value of W, is 1.5 in
(a) and 4/3 in (b). The maximum of each curve is indicated by asterisks. The results for various values
of o show that the maximum growth rate mode in (a) is at =0, #=3.6 which is similar to Fig. 5.
However, the introduction of [N ] has pushed the a=3, 4 modes up so that their maxima are close to
that of «=0. In this situation, a mix of these modes may be observed. The effect of increasing [N ] is
that the growth rate for the =0 mode stays the same, but the growth rates for streamwise waves
increase, and a finite o mode, e.g. @=3 in (b), produces the maximum growth rate mode. The
maximum in (b) takes place for a streamwise mode =0 rather than oblique or spanwise. Two scenarios
for the observation of oblique waves are, first, that experiments such as those of [15] force specific long
waves or at most a=1 or 2. Higher values of « are ruled out. In this case, the presence of [N | as shown
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Fig. 10. Growth rates Re o vs spanwise wave numbers (3, at various choices of a=0, at [;,=0.3, R;=0.001, x,;=0.4,
k2=0.346, m=1.08766, W,=5/3 (a) Wo=1.5. [N2] = —0.045, [N,] =0.13. (b) W,=4/3. [N,] = —0.06, [N,] =0.28.
Asterisks denote maxima.
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in (b) produces an oblique wave as the maximum growth rate mode. Secondly, the introduction of
interfacial tension stabilizes higher o modes, while lower wavenumbers are left unstable, and results in
a maximum growth rate for an oblique wave with both o and (3 non-zero.

5. Analytic approximation for |c1V;| < 1 and R=0

We seek normal mode solutions to the perturbation equations in the appendix which are proportional
to exp(ify+ot) (i.e. there is no x-dependence), and we assume that |cW;| is small. We can then neglect
the term W;(OT/0¢) in the constitutive equation. In addition, we assume zero Reynolds number. In that
case, the equations in fluid i assume the form

W,‘[—2C2M/ — 2T13 + /€(2C1T11 + 2C2T13)] + T11 = 0,
Wi[—CoV' — T3 + k(C1T1z + CoTa3)] + Tz — %iﬂu =0
1

Wi[—C3u’ — CZW/ — T33 + /i[Cz(T]] + T33) + T13<C1 + C3)H + T13 — &u' = 0,

Ha
T — 2&1@1 = 07
M1
Wi[—C3V/ + Ii(C3T23 + C2T12)] + T23 — % (V/ + iﬂw) =0
1
Wi[—2Csw + K(2C>T1s +2C3T3)] + Tas — 220w = 0
H1
iBv + w = 0, iBT, + T{3 =0, i,@(Tzz —p) + T£3 =0, iBTy; + Té3 —p/ =0. (15)

These equations form an ordinary differential-algebraic system with constant coefficients, which can be
solved in closed form. This was done using Mathematica. There are six linearly independent solutions,
which are of the form

(Tau7p) = qkexp(rkz), k= 17 s 767 (16)

where the vector g, is independent of z. Since the differential system is of sixth order, one would
generally expect the r; to be determined by a sixth degree polynomial. This polynomial can, however,
be factored into quadratic terms, yielding r; to be one of the following:

gL 2p; /(1 + (Cr + C3)kiW;)
1 —|-2C3/iz f (i1 + C3W) (2 + (Cy + C3)ki W)’

N ﬁ\/ui/m(l + 201K Wi + 2C35; Wi + ACy kW2 — AC2K2W? + 4C, C3k2 W2)

A7)

(i + GW)(1 + (Cr + C3)ri W)

We can now represent the solution in each fluid as a linear combination of these six linearly
independent solutions:

6
(T,u,p) =Y wqrexp(re(z — 1)); (18)

k=1
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this yields twelve undetermined coefficients (six in each fluid). We must satisfy the boundary
conditions

u=v=w=>0 (19)

at z=0 and z=1, and the interface conditions. For the case of matched shear rates and first normal
stresses, the interface conditions are

[[I/t] = [[V] = [[W]] = [[T]y,] = [T33 —p] = U[[T23] + lﬁWH:Cy,] =0. (20)

The boundary and interface conditions yield twelve equations for the twelve coefficients 7, and the
eigenvalue o is determined by setting the determinant of the resulting 12x12 matrix equal to zero.
Unfortunately, the resulting expressions are too complicated to produce a “formula” for o. What we
can do, however, is to compute the 12x 12-matrix symbolically, and then insert numerical values of the
parameters to evaluate the determinant.

We compare results of the analytical and numerical solutions for the following parameters: W;=50,
W,=31.1299, x,=0.4, k,=0.336508, m=3.36508, [;,=0.01. This is, in a sense, a “bad” case, since oW,
reaches values up to approximately 0.15, much higher than what is typically attained at more moderate
Weissenberg numbers. For ¢g=0.1, [N;] = —0.0105, Fig. 11 shows the growth rate as a function of the
wavenumber calculated from a numerical solution of the full equations, while Fig. 12 shows the growth
rate calculated from the analytical procedure used above. The maximum difference is approximately
10%. We note that numerical computations for large 3 require a large number of Chebyshev modes
(>>p) and therefore longer CPU time. In contrast, the time to compute the analytic solution is

x 10
3.5 T T T ‘—A\
3 i
25 b
L 2r q
o
<
E
°
1.5 1
1F 4
0.5r .
O 1 1 1 1 1 1
0 10 20 30 40 50 60 70

B

Fig. 11. Numerical solution for growth rate Re o vs 3 at a=0, W;=50, W,=31.13, x;=0.4, k,=0.337, m=3.365, /,=0.01.
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0.003¢
0.0025}
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0.0015
0.001

0.0005¢

50 100 150 200

Fig. 12. Analytical solution for growth rate Re o vs § at a=0, W;=50, W,=31.13, x,=0.4, k,=0.337, m=3.365, [,=0.01.

independent of 3 (it took approximately 3 s per data point on a Mac PowerBook 520). The results
show the growth rate going through a maximum when 3 is approximately 43.5; this is a fairly
long wave relative to the thickness of the layer occupied by fluid 1; as § approaches infinity, the
growth rate tends to a limit which is essentially of the same order as the maximum growth rate. This
suggests that interface distortions resulting from these instabilities would be irregular rather than
periodic.

6. Analysis of the spectrum for R=0

If we do not assume that |cW;| is small, we can start our analysis in principle in the same
fashion as in Section 5. We now retain the term oW;T in the constitutive equation. We still obtain a
differential-algebraic system with constant coefficients in each fluid; the coefficients, however,
depend on o now. Instead of Eq. (17), we find the roots r; to be (the derivation was done using
Mathematica)

1 + O'W,'
+ 21
IB\/I +2C3/1iW,-+aW,-’ ( )

2(pi/p1)(1 4 (Cr + C3)kiWi + oW;)
(if g1 + C3 W) (2 + (Ci + C3) kW + 20W;)’

:tﬂ (,u,/,ul)((l + 2(C1 + C3)K,iWi + O'Wi)(l + O'VV,) + 4H[W[2(C2 - C%Iﬁ,’ + C1C3I€,'))
(L + W) (ui/p1 + CGWy) (1 + (Cr + C3)kiW; + oW;)

These roots are determined by the differential equations. In principle, we can now proceed as in
Section 5, and obtain the eigenvalues o by setting a 12x 12-determinant equal to zero. This leads to a
transcendental equation, due to the appearance of the expressions exp(—ril;) and exp(ril,) in the
boundary conditions.
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6.1. Short waves

A simplification arises if we consider the limit of short spanwise waves S—oo. In this case, we can
limit our attention to perturbations which decay exponentially away from the interface, and we ignore
the effect of the boundaries. That is, in Eq. (18), we include only those r; which have positive real part
in fluid 1, and only those with negative real part in fluid 2. This leads to three undetermined coefficients
in each fluid, and the interface conditions determine o as the root of a 6x6-determinant. This
determinant now involves only expressions which are polynomials in ¢ or square roots of polynomials
in o, and, in principle, we can reduce everything to a polynomial in o by repeated squaring.
Unfortunately, the expressions are too complicated to actually carry this out. The problem is similar to
the case of streamwise perturbations in two-layer Couette flow of upper convected Maxwell fluids [9],
where the short wave limit of the interfacial eigenvalue leads to a fifth degree polynomial. In the
present situation, the degree of the polynomial to be analyzed would be quite large, certainly in the
hundreds. We therefore present below the mathematically related but tractable analysis of wall modes.

7. The spectrum for single-fluid flow, R=0
7.1. Non-existence of spanwise wall modes

We shall focus on a simpler, but mathematically similar problem. For this, we consider modes which
are confined close to one of the walls, and decay exponentially away from it, such modes are the
spanwise analogue of the streamwise Gorodtsov—Leonov modes [3] in the case of the upper convected
Maxwell fluid.

We examine short waves close to a wall. The rescaling of the spatial variables to a region close to one
of the walls is equivalent to keeping the variables as they are, placing a wall at z=0 and taking the fluid
domain to be infinite; we take the half-plane z<0.

We are interested in solutions which decay away from the wall, so we look for solutions of the form

3
(T,u,p) = > %qexp(nz), (22)
k=1

where the sum includes only those r; from Eq. (21) which have positive real part. Since each r; contains
the factor (3, and the perturbation solutions are proportional to exp(i3y-+rz), we can redefine 3y and 3z
to be the new y and z; i.e. set f=1.

The three boundary conditions u=v=w=0 at z=0 lead to three equations for the coefficients ;. We
set the resulting determinant equal to zero. Using symbolic manipulation, we were able to show that the
resulting equation can be reduced to a sixteenth degree polynomial for o:

16 )
> pic' =0. (23)
i=0

Interested readers may obtain a copy of the Mathematica file and of the expressions for the p; on
request. We chose not to include the results, since they would take up approximately six printed pages.
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We shall supply these formulae to interested readers on request; the problem is far from trivial and
pushes the limits of Mathematica’s capabilities. The printout of the expressions for the coefficients p; is
approximately six pages long.

We can, however, not claim that the sixteen roots of the polynomial lead to eigenvalues. This is
because the expressions for the r; from Eq. (21) involve square roots, and the polynomial was obtained
by repeated squaring. We need to go back to the original equations and check whether the square roots
are “‘on the right branch.” That is, the r; need to have positive real parts in order to actually yield wall
modes; if r; has a negative real part, then we would instead have a solution growing exponentially away
from the wall which has no physical meaning.

To illustrate what happens, consider the simple equation

Vi+2=0 (24)

to be solved for f. The domain of this complex-valued square root function consists of two Riemann
sheets, one which yields the square root with positive real part (e.g. v/4 = 2), and the other yielding the
root with negative real part (e.g. v/4 = —2). Note that for the wall modes which decay like exp(—rz),
we seek those r; which have a positive real part. Translated to the analogy of Eq. (24), the v/f denotes
the branch with positive real part. It is then obvious that there is no solution. On the other hand, if we
blindly write \/f = —2 and square the equation, we obtain f=4, which actually satisfies the equation
—+/f +2 =0 rather than Eq. (24). A similar check needs to be done for the sixteen roots of the
polynomial found above. We did so and found that all of them are on the branch with the undesired sign
for the real part, i.e. none of them actually yield any eigenvalues. This shows that there are no wall
modes for spanwise perturbations to the flow.

7.2. Continuous spectra and stress relaxation modes

The analysis of continuous spectra for single-fluid flows immediately applies also to two-fluid flows.
The zeros of the denominators of the expressions in Eq. (21) yield continuous spectra and the zeros of
the numerators yield stress relaxation modes as shown below.

If the denominator of one of the r; is zero, then the differential system governing the linear stability
problem is singular. These singular values of o show up in the numerical computations of the spectrum
as accumulation points, and are continuous spectra of the original problem.

Stress relaxation modes are defined as eigenfunctions which have zero velocities and stresses
independent of z (cf Eq. (18)). For such perturbations, the equations in the appendix yield T,=7>3=0,
p=T»,, and, in addition,

Ty + WiloTy — 2T13 + £;(2C1 Thy + 2CoT13)] = 0,

T3+ WiloTi3 — Ts3 + ki((C1 4+ C3)Ti3 + Co(Th1 + T33))] =0,

Ts3 + WiloTs3 + ki(2C2 T3 + 2C3T33)] = 0,

Tzz(l + O'W,‘) =0. (25)
The eigenvalues of this system are precisely the zeros of the numerators of the r;,. We compare this

analysis of the roots of the numerators with a full numerical computation of the single-fluid case g=0.4
of Table 2, [;=0.5, R;=0.001, x;=k,=0.4, W;=W,=1,C1=0.843, C,=0.648, C;=—0.181. In this case,
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Table 2
Fluid 1 parameters are [;=0.5, R;=0.001, x;=0.4, W,=1, C;=0.843, C,=0.648, C3=—0.181. Fluid 2 parameters are tabulated
W, [N2] q m Ko
0.875 -0.132 0.1 1.317 0.132
0.935 —0.087 0.2 1.171 0.234
0.976 —0.044 0.3 1.070 0.321
1.007 0.036 0.48 0.959 0.460
(a)
1.5 T T T T T T T
i ]
ES]
05 % .
Im(c)
or * B o B x * 1
0.5 * .
ES]
qF 4
_1 .5 1 1 1 1 1 1 L 1 1
-15 -1.4 -1.3 -1.2 -1.1 -1 -0.9 -0.8 -0.7 -0.6 -0.5
Re(o)
(b)
1.5 T T T T T T T
1 - 1
0.5F * x « J
Im(e) o - KECCERRG. X JOOHC -
05 -** E
BES 4
15 L I I 1 L 1 1
-1.5 -14 -1.3 -1.2 -1.1 -1 -0.9 -0.8 -0.7 -0.6 -0.5

Re(o)

Fig. 13. Numerical solution for growth rate Re ¢ vs Im ¢ at (a) 8=0, (b) =10, /;=0.5, R;=0.001, x=r,=0.4, W;=W,=1.

the eigenvalues for the stress relaxation modes (i.e. the values of ¢ which make the numerators of the r;
equal to zero) are —1, —1.2648 and —1.2648+0.7748i; the values of the singular modes that are limits
of the continuous spectra for the problem with streamwise disturbances are —1, —1.2648, —0.8552 and
—1.1324. Fig. 13 shows the numerical results at (a) =0 and (b) 5=10. The number of eigenvalues in
the picture increases with 3. The modes listed above are denoted by S for stress relaxation modes and C
for the latter two of the continuous spectra. These modes remain the same irrespective of (3, as evident

from the full numerical calculation.
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Appendix. Perturbation equations for parallel flow

In the base flow, the stresses C; are constants in each fluid. The constitutive equations
are

'OTU 8T11 814 81/{ , 2,U,,' 8u
| — ——2—C,—-2—GC,-2UT [(2C T 2C,T Ty, — — =
W_ o +U Ep 8xc1 8ZC2 U'Tz + ki(2C1 T +2CTi3) | + T o O 0
(A1)
-8T12 8T12 ov ov , i ou ov
Wi |l—+U————C, ——=—C, = UT. I\T12C1 + Co T Tp,——=—+—=—) =0,
o + o ! B 2 23+ Ki[T12C1 + Ca 23]] + 112 i \ oy +8x
(A2)
[OT oT Ou ow Ou ow
W; _723—1- a—:—a—z 3—a—ZC2—aC2—EC1 - U'T33+f€i[C2(T11+T33)+T13(C1+C3)]]
Wi (Ou Ow
T,—22 (24022 ) =0 A3
+ T3 o (8z+8x) ; (A3)
-8T22 8T22 2/J,,' ov
Wi|l——+U—= Ty ——— =0, A4
o U } TRy (A4)
_8T23 8T23 ov ov i Ov ow
Wi |l—+U——-—C——C (Tr3C3 + T1oC Ty ——(—+—] =0, AS
o + 520 ox 2+ Ki(T3Cs + Tz 2)]4- - 8z+8y (A5)
_8T33 8T33 8w 8w Zﬂi aw o
Wl i 32‘ + U 8)6 2 8)6 C2 2 az C3 + Ii,(2T13C2 + 2T33C3):| + T33 10 8Z =0. (A6)
Continuity is
ou Ov Ow
Za 277 . A7
Ox + Oy * 0z (A7)
The equations of motion in each fluid yield
_814 8u 8p 8T1 1 8T12 8T1 3
R|— — == — A
_aﬁUaerWU%ax <8x Ty T az> 0 (A8)
'av 8\/ 8}7 8 T] 2 6 T22 8T23
_8t+U8x]+8y <8x + y * 8Z> ’ (89
_aW aW 8]) 8T13 8T23 8T33
R|— — N =0. A10
_6t+U8x]+8z <8x Oy * 82) (A10)

The boundary conditions are u=v=w=0 at z=0,1. The conditions at the interface are posed at
z=l+h(x,y,t). The unknown h(x,y,r) is assumed to be small; the interfacial conditions are expanded as
Taylor series about z=[, and terms up to cubic order are retained [11,13].
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Continuity of velocity yields
AU+ [u] =0, [v] =0, [w] =0, (A1)

where [x] denotes x(fluid 1) - x(fluid 2). Continuity of shear stress yields
Oh
[Ti3] + &HQ -G ] =0, (A12)

where [C,] = 0 from the base flow shear stress balance and C;, = 0 from the base flow x-momentum
equation, and

[[T23ﬂ + [C3]hy =0. (A13)
The balance of normal stress yields
[73] — [p] =0. (Al4)

The kinematic free surface condition yields

Oh Oh

— ) —— =0. AlS

at + U( 1) 8)6 w1 ( )
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