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short waves. Hooper & Boyd show that surface tension is effective in dampening short
waves.

Thirdly, when the viscosity ratio is large, the response changes only gradually.
Figure 6 is a graph at R,/R, = 0.9, Re = 100, R, = 1. The imaginary part of c is
not sensitive to changes of the ratio u,/u,; for example from u,/u, = 6-7. This
behaviour has been mentioned in some experiments (Everage 1973).
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Fiaure 7. Imaginary part of ¢ versus viscosity ratio Re = 1000,
aR, =1, R,/R, =0.8.

Fourthly, as the Reynolds number increases, stability is lost. Figure 7 is a graph
of Re =1000, R,/R, =08, aR,=1 When Re= 100, the region of stability is
/1, > 1, but when Re = 1000 the region of stability is reduced to g,/u, 2 1.8.
Detailed numerical results and calculations are described in Joseph, Renardy &
Renardy (1983).

4. Conclusion

Our results show that the restricted version of the viscous-dissipation principle
described in this paper is not always true. However, figure 3 indicates that there is
some truth to the idea that the thin fluid tends to lubricate the wall. The flow with
the thin fluid at the centre is very unstable to long waves. The flow with small
amounts of thin fluid outside is stable to long waves. The flow with large amounts
of thin fluid outside is weakly unstable to long waves. Flows with thin fluid outside
are weakly unstable (growth rates tend to zero) to short waves and are probably
stabilized by surface tension.

The basic feature that the less-viscous fluid tends to lubricate the wall is also found
in plane Couette and Poiseuille flow (Yih 1967) and in the flow between rotating
cylinders (Renardy, Y. & Joseph 1983). In the latter case, a lubrication layer on either
cylinder turns out to be stable, and the stabilizing effect of viscosity stratification
can even overcome a destabilizing density difference.

A natural question arises as to which flows would replace the concentric flow when
it becomes unstable. If surface tension is important, then short waves are stabilized,
and the dynamics of the problem should be governed by long and order-1 waves. If
periodic boundary conditions are imposed in the streamwise direction, then there are
a finite number of such modes, and techniques of bifurcation theory are applicable.
The simplest patterns that can arise are travelling interfacial waves arising from a
Hopf bifurcation. This has been conjectured by Yih (1967), and a rigorous proof is
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given in a forthcoming paper (Renardy, M. & Joseph 1984). If surface tension is
absent, then there is an infinite number of unstable modes with arbitrarily short
wavelengths. The usual techniques of bifurcation theory do not apply to this type of
situation. We believe that this situation is a possible mechanism for the formation of
emulsions.

We thank Professor R. Kohn (Courant Institute, NYU) for drawing our attention
to the quoted results on the variational problem. This work was supported at the
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Science Foundation to the University of Minnesota.
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