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F16URE3.——— O ———, linear shallow-water response, |Cg| versus period, for the BPPsill; modenumber
6. —~—~ (O ———, linear response, |Cy| versus period with no decaying modes, for the BPP sill.

where, for: =1,...,7,

S(r,) = &ni{4 z . (Ing(r;, 9;)| — (s, ‘91)|)2

j=2n,n=1, ...,

+2 z . (Ins(rs, Ol — lplre, G2

j=2n+1, n=1, ...,
+ (l7=(rs, O —prlre, 0D+ (Ing(ry, O19)] — [9p(rs, 019)])%}- (4.4)

A consistency check on E, was made by using the w; and wj; according to the
midpoint rule.

When only the travelling modes 4,,, (m = 0, ...,8) were included in the computa-
tions, the improvement in Z, over the LH theory was from 55%, to 47 %. When the
first decaying mode 4,,, (m = 0,...,8) was included, together with a large number of
‘outer’ decaying modes, E, was further improved from 479, to 35%. With the
inclusion of from 5 to 40 ‘sill’ decaying modes, E, decreased by negligible amounts.
These results document the importance of the decaying modes, which had previously
been thought negligible (Pite 1977).

The above computational results are explained as follows. The experimental
conditions may be modelled by the full equation (3.8} when & and Do?/g are both
small. Under these conditions, the response equation becomes approximately

_p H, (aA/D) )} _ o H, (aA/D)
A {Jm(ak/d) kJ ,(ak/d) __H;z(aA/D) +X+Y)r=F,—FF A, @@A/D)’ (4.5)
where 2 © sin®nn(l—4) 8 in? pr(1 — )
—2 ® gin?nr(l — X ® gin®yn(l —
X= naaz n=1 n? ’ Y= 7‘—5 E-lp nz-l n(nﬁaz_pZ) ’

X is O(1/6%) and originates from the ‘outer’ decaying modes, of which a large number
must be included in the computations. Y is O(1) and originates from the ‘sill’
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FicurE 4. Max{y} as a function of T(g/D)}. ———, full linear theory;
, LH shallow-water theory.

decaying modes. Equation (4.5) indicates that the inclusion of the ‘outer’ decaying
modes is crucial to the satisfaction of the sill-edge conditions, but that the inclusion
of the ‘sill’ decaying modes is not. This accounts for the differences in E, described
in the last paragraph.

The maximum amplitudes above the sill and the amount of mechanical energy over
the sill were computed using the full linear theory with 5 ‘sill’ decaying modes. The
results, for the experimental range of forcing frequencies, are shown in figures 4 and
5 together with those of the LH theory. Compared with the peaks given by the LH
theory for this range of frequencies, those of the full linear theory were shifted
significantly to higher periods, with increased magnitude in the case of the ‘energy’
graph. The peaks of the full linear theory occur near the complex zeros of the
coefficient of 4,,, in (4.5). The LH theory peaks near the zeros k of

kJ,(ak/d) H ,(aA/D) _
AH,(aA/D)

where k* = do?/g = 8A2. This indicates that the shifts arise through the term X+ Y,
which is O(1/6%) for small 8. The LH theory is therefore useful here only when
k/8® < 1. If ak/d is too small, however, there is no resonance in the system. This
indicates that the linear shallow-water theory is useful if Do?/g and k/é* are both
small and ak/d is not small.

It appears therefore that a shallow-water theory is not necessarily a good
approximation to the full linear theory even though the boundary conditions seem
to indicate it. The reason lies in the extreme sensitivity of the matrix equation arising
from (3.8) (and hence the response) to what might be presumed to be small
perturbations. For example, the terms arising from the decaying modes might at first
guess be thought to be unimportant; indeed, their relative excitations 4,,,/ A4, for
p=1,2,....m=0,1,... canbeshown to besmall. Also, the wavenumbers k and A, when
evaluated by the full linear dispersion relations, differed only slightly from their

I plak/d)—
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FIGURE 5. A graph of |#? as a function of T(g/D)}: ———, full linear theory;

, LH shallow-water theory.

shallow-water values. Their small differences, however, caused noticeable effects on
(3.8) through the Bessel functions, especially at forcing frequencies at which the
resulting matrix equation was nearly singular, and these are just the frequencies of
peak response. The standard, diagnostic checks on dispersion relation and modal
amplitudes do turn out to mislead.

An implication of this result is that shallow-water theory should be used only with
great care in interpreting experimental results concerning motions that in theory
exhibit sharp changes in the response for small changes in the forcing. Another is that
great care may need to be taken with the numerical work at such frequencies.

5. Application to oceanographic scales
Longuet-Higgins (1967) calculated the response |4,|, where
S 0= 4] (akyr), k=
— i{né—o —
7 _we ndnlakyr), K&y (gd)¥

for a selection of frequencies. The corresponding response using the full linear theory
i8 |C0l/€m> Where

. ® ® 1, (ak r/d)]
— iot m n
n=c mz_o cos mb [CmoJm(akr/d)+ nz_',lCmn 1, @k, /d) + %,

3 2
Cro = Am(,(ldTo—) coshk (m=0,1,...),

s
Cmn=Amn<l;)coskn m=0,1,...., n=1,2,..).




Trapping of water waves above a round sill

115

Dimensionless frequency
aor

Mode no. (gd)t

2 4.921
8.219

4 7.447
10.798
14.027

6 9.821
13.408
16.723
19.922
23.235
8 12.121
15.890
19.352
22.662
25.869
29.083
32.480

4.796
5.632
6.799
8.021

9.240
12.832

8 11.630
15.025

S O W

d=F

5 6.8903
8.124
7 9.308

S

Longuet-Higgins’

14,

16.23
8.057

91.37
18.90
8.593

581.1
85.81
24.21
10.42

7.122

3895
437.8
98.12
31.76
13.55
7.954
6.512

2.871
3.269
3.546
4.447

5.841
3.738

10.83
3.018

0.978
1.158
1.296

Full linear theory’s
coefficient of
travelling mode

11.88
7.267

2.145
5.756
6.233
0.2798
1.176
2.840
4.331
4.196

0.0757
0.2235
0.7472
1.714
2.797
3.269
2.769

2.775
2.921
3.526
4.482

5.644
2.516

5.351
3.026

1.357
1.447
1.531

TaBLE 1. Comparison of full linear theory with Longuet-Higgins’ (1967)

response [A4,| in the surface elevation

The results for the frequencies and depth ratios § considered by LH are listed in table
1. For 6 =  there were not very large differences between the predictions of the two
theories. At § = &, however, the LH theory predicted very large responses, especially
at larger values of m. The matrix equation was then sensitive to approximations
inherent in shallow-water theory, mentioned toward the end of §4, and the two

theories produced very different results.

1t is of interest to delineate the parameter ranges for which the shallow-water
theory may be useful. This theory is based on the smallness of the parameter Do?/g
and the practical range for which the theory appears to be useful is limited to values
of this parameter rather less than 0.1 (Silvester 1974, table 4.1). On the other hand,
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the dimensionless frequencies ac/(gd)} at which resonance occurs lie close to the zeros
of J,,(z); the smallest zeros of J,,(2) increase as m increases, and for m greater than
6 the first zeros are greater than 10. Since the shallow-water parameter is related to
ac/(gd} by Do?/g = (ac/(gd)})? (d/a)?/8, the LH theory is likely to be useful for an
appropriate combination of (i) d/a small, (ii) é not too small, and (iii) m not too large.
The large, narrow, ‘resonant’ peaks predicted by the LH theory, however, occurred
for parameter ranges not satisfying these restrictions. For instance, table 1
(d/a = 0.008) shows that the most spectacular peaks occurred for larger m and smaller
& and that these peaks were not predicted by the more accurate linear theory.

6. Weakly viscous effects

Consider a periodic flow above the sill at a frequency . At the solid boundary there
will be a Stokes boundary layer of thickness (v/o)}, where v is the kinematic viscosity
of the fluid. For laboratory scales, v is assumed to be 0.01 em? s7! (for water) and for
the field scales, v may be the eddy viscosity, perhaps of the order of 10 cm? s 1. In
the sill geometry of BPP, (v/o)t/d = 0.05, and, for the case considered by LH, this
parameter was an order of magnitude smaller. The effect of viscous dissipation at the
bottom boundary outside the sill region is expected to be small compared with that
inside. In order to estimate the effect of viscosity on the total flow, it is therefore
plausible to take the boundary layer into account for r < 1, and to neglect it forr > 1.
Following the work of Mahony and Pritchard (1980) the boundary condition to be
posed at z=—1,r < 1,0 < 8 < 2x is found to be

) 0

22 = —eleii"a?.}- O(eie3),

where €, = (v/o)t/d and ¢, = (d/a)®.

Computations for the sill geometry studied by BPP showed approximately a 1%,
difference in E, (as defined by 4.1)) from the inviscid case, over the entire frequency
range. Thus it would appear that the effect of viscosity is not important under their
conditions. The suggestion by Pite (1977), who used a quasi-empirical theory that
involves a fluctuating body force, that viscous effects were significant on his
laboratory scales, does not appear to be justifiable since his values of ¢, and ¢, were
similar to those of BPP.

The author isindebted to Professor J. J. Mahony (University of Western Australia)
for suggesting this topic and for many helpful discussions. Thanks are also due to
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indrafting this paper, and to Professor R. E. Meyer (University of Wisconsin—-Madison)
for advice on the presentation.
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Appendix
_ {1 (m =0),
bm =12 (m+0),
0
fik) = f cosh?k(z+1)dz
-1
A
Eml " <OZ\> W (%)
Fp=—r———, Fh=—Fr
m 2AsinhA = ™ 2A sinh A

0 0
g(A k) = _[ coshA(z+1) coshk(z+1)dz, h(A) = j cosh? A(dz+ 1) dz,
-1 ~1/8

alA al , [(aX <a)(>
(1) (1)’
H’"(D) He (D) H’"<D> Ha'\B)

ak
“lm (d) cosh)lé‘z+1) ( )
R
D
n(5)
D Jcos A,{dz+1) .
1 ad,\ A, h(iX,) )9(1/\,,,10) (p =0),
n= n
()
lmp(z)=
2
E, ™\ d /| coshA(8z+1) S iky)
S (?ﬁﬂ) AR(A) ( A)
™\ d
()
2 "™\ D /cos Ay (82+1 .
+Z al, COS/\ ﬁ)&z) )g(m”’lkp) (p * 0).
n=1 Sin n n
()
, (ak,
1 | FAmog . ), (a—k>+§:°kA R (A, ik, | — P2
Bmo H/ @ 8/\h(A) mog ’ m d et n mﬂl (%)g s n n
(m=0,17---), (A la)
v N
a .
By = SALR(AP) kA pog(idy, k) Iy, (d>+ S kyAnn, ; giA,, iky)
K —C—LAE n=1 I (h)
p=12,..). (Alb)
A _—____1___{[3 H, (a,\)+F] (/\,K)+§ang(i/\n,k)} (m=0,1,...),
™ T ulak/d) fik) L™\ D z
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where f(k), F,, and ¢g(A, k) are defined above;

Ay = f(i;cp){[Bmon (“—l’)‘>+Fm] g(A, ik,) + g Bunglids, ik,p)} p=12..).
(A 2b)
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