Lesson 13

Solving Debnite Integrals



How to bnd antiderivatives

We have three methods:
1. Basic formulas
2. Algebraic simplibcation

3. Substitution



Basic Formulas

If f(X) isE E then arantiderivativeisE
o L x""  except ifni=1BL
k kx (assuming the variable x)
cogkx) sin(kx)/k
sin(kx) Brogkx)/k
g ex/k
. In|x|
X
ax a*/In(a)




Algebraic Smplibcation

"(x! D(x+1)dx="x"! ldx=1x! x+C
| (3x+1) dx =

J9x2+6x+1dx:%x3+§x2+x+C:3x3+3x2+x+C

2 +
JX+X dx = Ix(1 x)dx:!1+xdx:x+%x2+C

X ] X



Integrals by Substitution

Start with J f (g( x)) 2’ (x)dx ;
u
Let ul=!g(X). % =gl(x) so du= g!(x)dx /

Jf(g(x))g'(x)dx = If(u)[g’(x) dx] — Jf(u) du

| xsin(x*)dx - u=x*> = du=2xdx

[ xsin(x)c = % [sin(x) 2x = % [sin(uydu= —%COS(XZ) +C



Antiderivative Practice

Problem1  "2sin(3t)! e* +4'dt Use basic formulas:

[2sin(3t)—e* +4'dt = -3 cog(3t) - 3" + 4 + C

Problem2 | ¢ +2Z dz Simplify algebraically brst, then integrate.
Z 2
7' +2z2 27
I dz—l 2dz:|1+—dz:z+2ln\z\+C
* 7 Z " Z
6t o
Problem3 Make a substitution: Let=4+2, sodu=2tdt.
-2t = =31 = du 3Inju[+C =3In[4+t*|+C

4+1°



Antiderivative Practice

Problem4 J dy Make a substitutiona=In(ky), sodu=dy/y.

yln (ky)
2 2 1. 2 )
! yIn(ky) = | In(ky)?dy I udu 2In|u[+C = 2In|In(ky)|+C

Problem5 Find the particular functiof(x) such thaF'(x)!=!x? and
the graph of(Xx) passes through (1, 2).

The generaantiderivativeis | x’dx=1x°+C

Then to PndC, we must have F()=31+C=2
Thus,C!=15/3, and our function i§=(x) = 1 x> X+ 3




Solving Debnite Integrals

Theorem: (Fundamental Theorem Ijb F’'(x)dx=F(b)—F(a)

Or: If F is anantiderivativefor f, then jj J(x)dx = F(b)—F(a)
Example
We determined using Simps8rRule : C3x+5dr =276
Now use the fundamental theorem: :
An antiderivativefor f(x)!=13x + 5 is F(x) =3 x" +5x

So: [ “3x+5dx = F(12) - F(0) = 276 - 0= 276



Example

j3x3 dx We have to

: ¥ pPnd arantiderivative
¥ evaluate at 3;

¥ evaluate at 2;

¥ subtract the results.

This notation means: Don® need to includ&*'COin our
evaluate the function at antiderivative becausany
3 and 2, and subtract the antiderivativewill work.

results.



Examples

j " 2sin(x) + 3xdx —'Dl
)23m(x)+3xdx $Zcosx+— —o,§5 —&$($ Cos0+0)
s
2

Alternate notation = o/§2($1) + —?$ ($2(1) +0) =4+ 7

" = ds=In|s||, =In1! In2="1In2



Practice Examples

"3sds = |39 %ds= 25"

(o) 2(2) =54 a4

9
2

-152” +]
J.—

ds

- --'2les clas=(e+ In|s)|,, =e'*+Inl! (2 +In2)
! S '

=ty 21 2
€ 62



Substitution in Depbnite Integrals

¥ We can use substitution in dePnite integrals.
¥ However, the limits are in terms of the original variable.

¥ We get two approaches:
P Solve an indePnite integral brst

b Change the limits
Method I:
First solve an indePnite integral to Pndaatiderivative
Thenuse thatntiderivativeto solve the debnite integral.

Note: Do not say that a dePnite and an indebnite integral are ec
to each other! They c@ne.



Example

2 3
[
s ul=1t21+14
First: Solve an indebPnite integral. dt
o t*+ 4 dul= 2tldt
3t 3 2t 301
j 2 dt:_.[ 2 dt==—J —dU=[§1n‘t2+4‘+C]
t+4 2 rt +4 \2 u
Pull out the 3, 2tldt Heres an

and putina2. becomesiu antiderivative

Second: Use thantiderivativeto solve the dePnite integral.

3 >
!12t2 +4dt = (éln‘tz +4‘)1 = (gln‘S‘) § (%In‘s{) =2|n$
Here® theantiderivative

we just found.



Example

When discussing population growth, we worked backwards to Pna
what we got from evaluating J-b P’(f)

P'(t)

Let@ bnd arantiderivativeusing substitutionj at
P(t) dul= P'(t)!dt
11 l 11
LU —1du=In\u\+C:In\P(t)\+C
P(?) u

Of courseP(t) is always non-negative, so we @need absolute
values

So we get: "ab%(;)) dt=In(P(1)’ =In(P(b))#In(P(a)) = In;;&%'%



Method |1: Convert the Limits

We start withx!=la andx!=Ib, and a substitution formula='E
Just puta andb into the substitution formula and get new limits.

Note: You do not have to go back:xdhen!

2 X . L
Examplej >—— dt Start with the same substitution
LT +4

dul= 2tldt

2 3t 3 2 1 3 1
v Y ‘Esud”‘(iln\”u =3n3
becomesiu Whent!=11, ul=I5.

Whent!=!12, ul=18.
What happens td=!1? And whent!=12,

becomesi

ul=1t21+ 4 = 17M2+141= 5 Ul=1t2l+ 4 = 2/2+141= 8.



Example

yl=15y2 yl= 1. ul=I5
1y (V557 v ¢ o
du'=!10y!dy yl=18: ul= 320 .
)fy(@);y y( )3dy——) (5y )3 Oydy——) —Lﬁ
55
31 4 4n

-4—cygzo3 #5° 8$163.5

Note that we canlso do . L . :
this problem withouti-sub 8 [ 3lev2 N\ [ 2z — (8 =343 = 2
--try algebraic simplibcation J.1 y( 24 )dy— .[1 y(5y ) dy = J.l (5 y® [ydy=>5 L y=ay

8

§+1

3 1 E
L = 532(83 —1%)~163.5

Wik

=5

+1

Wl o




P, Practice Example

4 X

e
Method I: Firstly compute ! ——dx
y p 1+e4X "11
u=1+e* e 1. 4e¥ 1, 1 1, ! 1 u?
| dx=—1 dx=—|—=du=—1u 2du=— +C
du = 4e™ dx “A1+e 471+ 4* Ju 4" 4nl
2
l 4 X
1 C_\/1+e .
1 l 1
|1 \/1+e4x |1—— 1+¢* 1+ ¢° 1+ ¢* f
\/l+e4x 2 2
Method II: u=1+¢&* u(O)—1+e“*°—2u(1)—1+e4*1:1+e4 |
——+1
Lo 1 4e™ (+¢) 1 et = 1 u? ;
L —du=— u2du=————|*
J.‘)\/1+e J "V1+e” 4‘[2 S
1+e V1+e \/_




Using Debnite Integrals

We can now evaluate many of the integrals that we have been al

to set up. 1
Example ”/\

Find area between= sin(x) and the N
xBaxis fromx!=!0 to x!=!", and from -
x!=10 to x!=12" . .

The area from O tb Is clearly: ;I:U}I'-Sin(x) dx =" Cos(x)|; =1+1=2
The area from 0 to'"2is more complicated. We note thgtsin(X) dx =0

But this is obviously not the area!
The area from 0O to"2can be found by:

s i 4 mc= s, ) sl -



Summary

¥ Used the fundamental theorem to evaluate
debnite integrals.

¥ Made substitutions in debnite integrals
P By solving an indebnite integral brst
P By changing the limits

¥ Used the fundamental theorem to evaluate
Integrals which come from applications.



