HAUSDORFFNESS AND VANISHING OF THE FIRST
COHOMOLOGY GROUP HY(G, M)

ANTHONY J. NARKAWICZ (VIRGINIA TECH)

Abstract. This paper characterizes the first cohomology group H'(G, M) where
M is a Banach space (with norm || ||a) that is also a left CG module such that
the elements of G act on M as continuous C-linear transformations. We study
this group for G an infinite, finitely generated group. Of particular interest are
the implications of the vanishing of the group H'(G, M). The first result is that
H'(G,CG) imbeds in H'(G, M) whenever CG C M C L?(G) for some p € N.
This is an unpublished result and shows immediately that if H'(G, M) = 0, then
G can have only 1 end. Secondly (also a new result), we show that H'(G, M) is
not Hausdorff if and only if there exist f; € M with norm 1 (||f;||ss = 1) for all
i with the property that ||gf; — fillsy — 0 as i — oo for every g € G. This is
then used to show that if M and || ||5s satisfy certain properties and if G satisfies
a “strong Fglner condition,” then H'(G, M) is not Hausdorff. For the second half
of this paper, we give several applications of these last two theorems focusing on
the group G = Z". These applications were the main source of motivation for this

project.
1. Introduction

Motivation for this paper comes from two papers, one by Mohammed E.B. Bekka
and Alain Valette ([3]) and the other, an expository paper, by Edward G. Effros ([2]).
The first paper examines the group H'(G, L?(G)) and focuses on the implications
of the vanishing of this group. It shows the following:
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(1) H'(G, L*(@)) is Hausdorff if and only if G is non-amenable.

(2) The G-module imbedding CG — LP(G) induces an imbedding of
H'(G,CQG) into HY(G, L*(G)),p > 1.

(3) If HY(G, L*(G)) = 0, then G is non-amenable with just one end.

The first of these results is due in part to the following result by A. Guichardet
([1],Corollary 2.3 of Chapter I1I): H'(G, LP(G)) is not Hausdorff if and only if there
exists a sequence e, in LP(G) such that ||e,||, = 1 for all n with the property that
llgen — enll, — 0 for all g € G. We show that LP(G) (with norm || ||,) may be
replaced by any Banach space M (with norm || ||5/) that is a CG module and has the
property that the elements of G act on M as continuous C-linear transformations.
This is not trivial from Guichardet’s theorem. In fact, the topology on H'(G, LP(G))
(induced by the LP-norm topology on LP((G)) is entirely different from the topology
on H'(G, M) which is induced by the norm topology on M. This can be used to
show that if G satisfies a “strong Fglner condition,” then H*(G, M) is not Hausdorff.

As for the second result, we also show that when CG C M C LP(G) for some p €
N, the G-module imbedding CG — M induces an imbedding of groups H!(G, CG) —
H'(G, M). This (along with a minor result in [3]) shows that if H'(G, M) = 0, then
G can have only one end.

The second paper (by E.G. Effros) characterizes the C algebra C*

red

(Z™) and pro-
vides a very explicit description of this algebra. He shows first that C ,(Z") =
C(T") as C algebras (where T™ is the n-torus). Showing that C? ,(Z") has no non-
trivial idempotents of course then shows that neither does C'(T™), which shows that
T™ is connected. Though this result is completely trivial, it ensues some interesting
mathematics and gives rise to the paper’s title: Why the Circle is Connected: An
Introduction to Quantized Topology. What Effros’s paper does mainly for ours is

give us an explicit isomorphism from C(T™) onto C7, ,(Z").
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Our first criterion for the Hausdorffness of H'(G, M) (Theorem 3) and the isomor-
phism between C(T™) and C?,,(Z") allow us to show that for n > 1, HY(Z", C*, ,(Z™))

red
is not Hausdorff and so dim¢ HY(Z", C 4(Z")) = .
Secondly, the isomorphism from C(T") onto Cf,,(Z"™) allows us to describe the

groups H"(Z",C"

* J(Z™)) explicitly. This in turn shows that there is a natural se-

quence of imbeddings
0— Hl(Z red(Z)) - HQ(Z27 red(z’2>> - H3(Z37 red(Z3))

This and the fact that H*(Z, C*

red

cach n > 1, dim¢ H"(Z",C},,(Z")) = o0

(Z)) is not Hausdorff allows us to show that for

Finally, our second criterion for the Hausdorffness of H'(G, M) (Theorem 4) gives

another (more simple) proof that H'(Z,C* ,(Z)) is not Hausdorff.

red

I would like to give special thanks to my advisor, Dr. Peter Linnell. His accessi-
bility and the opinions that he gave me about the problems I was working on during
this project were absolutely crucial to this paper. I consider myself lucky to have

had the opportunity to work with him and to know him.
2. Preliminaries and Definitions
Let G be an infinite, finitely generated group.

Definition 1. By a G module M, we will mean a C vector space M along with a

homomorphism of G into Aut(M).

Definition 2. G satisfies the strong Folner condition means that for every finite
subset S of G and every € > 0, there exists an N € N such that for every M € N
there exists a finite subset X of G such that | X| > M and | X —g- X| < N for every
ges.

Because this definition may seem tedious, we should note that if G satisfies this
condition, then G must be amenable. Also, a simple calculation shows that Z

satisfies the strong Fglner condition.
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Definition 3. CG is the free C vector space with basis G. In other words, CG is
the set of all finite formal sums of the form Zg agg where the ay are in C and the

g are in G.

CG is a G module in the obvious way (G acts on an element of CG by multipli-

cation).

Definition 4. For 1 < p < oo, LP(G) is the set of all formal sums (not necessarily
finite) of the form 3  a,g with the property that 3 |ag|P < oc.

Definition 5. The norm || ||, on LP(G) is given by
1> agglly =1 lag1?.
g g

LP(G) is complete in the topology induced by the norm || ||,, so LP(G) is always
a Banach space. There is a multiplication defined on CG in the natural way (a;g; -
a;jg; = (a;a;)(gig;)). While CG is a ring (under componentwise addition and this
multiplication as its ring multiplication), L?(G) is not necessarily a ring. One can
have a, 3 € L*(G) with o - 3 ¢ L*(G). However, it is well known that if « € CG
and 3 € L*(G), then a - 3 € L*(G). L*(G) is certainly a Banach space over C and
via this multiplication, CG may be considered a subset of B(L?(G)) (the bounded

linear operators on L*(@G)).

Definition 6. The operator norm of an element o € CG 1is given by
llallop = Sup{[|a- Bll2 - B € L*(G),[|B]|> = 1}

Definition 7. CF ,(G) is the metric space completion of CG under the operator

norm || || op-

We immediately have that C7 ,
erators on L*(G) and that C*

red

(G) is composed entirely of bounded linear op-

(G) is complete and therefore a Banach space. In
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addition, CG c C*

red

(G) C L*(G). We also know that G acts on C*

red

(G) (in the
obvious way) as continuous C-linear transformations.

Now we turn our attention to the groups H'(G, M). We will view these groups in
two different (though of course equivalent) ways.

First, let Ag be the set of set maps f: G — M with the property that for all a
and bin G, a- f(b) — f(ab) + f(a) = 0. Let B¢ be the set of all such maps given by
f(b) =b-a— « for some fixed @« € M. Then we have the following first definition of
HY(G,M).

Definition 8. H'(G, M) is the quotient group Ag/Beg.

Now consider the ring ZG of all finite formal sums of the form g %99 With z, € Z
for all g € G. Recall that for an arbitrary ring R, an R module is projective if and
only if it is a direct summand of a free R module (there are several definitions). We
say that an infinite exact sequence of ZG modules --- — P, — F, is a projective
resolution of Z as ZG modules if it extends to an exact sequence - -+ — P, — Py —
7 — 0 of ZG modules. The ZG module structure on Z is given by ¢ - z; = z; for
g€ G,z €Z. Let ... Lt P ik Py % 7 — 0 be an exact sequence of ZG modules
with --- — P, — Py a projective resolution of Z. This first sequence induces another
sequence

d* d* *
0 — Homza(Z, M) & Homye(Py, M) S Homye(P, M) S ..
which gives us our second definition of H'(G, M).
Definition 9. H'(G, M) = ker(d})/im(d}).

As it turns out, this definition is independent of the choice of projective resolution
. — P, — Py of Z as ZG modules. For the final part of our paper, we will also

need the following definition of H"(G, M).

Definition 10. For n > 1, H"(G, M) = ker(d})/im(d}_,).
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Note that the two definitions of H'(G, M) are equivalent.

To define the topology on H'(G, M), we employ the first definition of this group,
Ag/Bg. The topology is induced by the topology of point-wise convergence on Ag.
That is for f, € Ag, fn — 0 means that f,(g) € M converges to 0 in the norm
|| [|ar on M for every g € G. We should note that this is where the topologies on
HY(G,L*(G)) and on H'(G, M) differ. The basic open sets in Ag are the f € Ag
such that ||f(g1) —a1||ar, - -, || f(gn) —anl||p < € for some choice of fixed g; € G, a; €
M e > 0 and n € N. In other words, the set of all such sets forms a basis for the
topology on Ag.

Finally, we will need to view C'(T") as a subset of C'(T"*!) (especially in the proof
of Theorem 8). We do this as follows. For f € C(T") and (z1,...,2,41) € T

define f(21,...,2n41) = f(21,---, 2n).
3. The group H'(G, M)

Keep supposing that G is infinite and finitely generated. In addition, suppose that
M is a Banach space with norm || |[5; that is a left CG module and satisfies the
property that G acts on M as continuous C-linear transformations. Note that this

implies that M is a G module.

Theorem 1. Suppose that CG C M C L*(G) for some p € N. Then the G-module
imbedding CG — M induces an imbedding of groups H'(G,CG) — H* (G, M).

Proof: Our result stated above has not been published to date and could prove
to be useful. We will, however, follow the proof of Z. Q. Chen as described in [3]
(Proposition 1), which shows that the imbedding CG — L?(G) induces an imbedding
HY(G,CG) — HY (G, L*(@)). Since G is finitely generated, suppose that S is a finite
generating set for G. For an arbitrary G-module N, we define C"(G, N) to be the
set of all set maps from G™ to N. In the case n = 0, we set C°(G,N) = N. We
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have maps
dy: C°(G,CG) — CHG,CQ), &: CG, M) — C*(G, M) and
d,: C1(G,CG) — C*(G,CQ),d,: CHG, M) — C*(G, M)

defined by [do(a)](g) = g-a—a,a € CG, [0o(f)|(9) = g-f—f, [ € M, [d1(h)](91,92) =
g1h(g2) — h(g192) + h(g1), [01(F)) (91, 92) = 91 (92) — f(g192) + f(g1). Then
_ ker(dy) ker(dy)

HY(G,CG) = n(do) and H'(G,M) = (6]

The proposed imbedding is of course a + (im(dy)) — a + (im(dy)), so define the

natural homomorphism
ker(él)
via a — a + (im(dp)). Since CG C M, we have that im(dy) C im(dp), so im(dy) C
ker(6).

Let b € ker(6). Then im(b) C CG and b € im(dg). So there exists f € M such that
forall g € G,b(g9) = g- f — f € CG. We aim to show that f must lie in CG and thus

0: ker(dy) —

b € im(dy). Thus, we want to show that f has finite support. Suppose f = > ayg.
Note that for all h € G, b)Y a9 — > a,9 = > (a; — apg)hg € CG. Thus, for for all
heG,oh)={geG:a;—an # 0} is finite. Since S is a finite set, it follows that

ses
is finite as well. We may assume that for all s € S,s7! € S. Let X be the Cayley
graph of G with vertex set G and edge set {(g,sg) : s € S}. By assuming that S
is closed under inverses, it follows that X can be viewed as an undirected graph.
Thus, if r and ¢ (elements of GG) are connected by an edge, it follows that r = sq
for some s € S. Now consider the graph X — F(G). F(G) is finite, so there are
finitely many connected components of X — F(G). Then there exists a component
of X — F(G) that is infinite (since G is infinite). Let ¢ and 7 be in this connected

component. So there exist sy,...,s, € S such that s;---s,qg = r, and this path
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cannot pass through F(G), so we have the property that for all 7, s;---s,q ¢ ©(s)
for any s € S. Since s;_1 € S for every i, it follows that as, ,s,...s,q = Qs;..s,q fOT
every ¢ and so g = Gs,q = s, 15, = - - = Qp. Thus, all of the a,’s are equal for all
the ¢’s in X — F(G). By virtue of there being infinitely ¢’s in X — F'(G) and since
f=22,a,9 € M satisfies ) |ay|P < oo, it follows that for all g in this connected
component of X — F(G), a; = 0. Thus, if a; # 0, it follows that ¢ lies in one of the
finite connected components of this graph, and there are only finitely many such
components (Since F'(G) is finite), so there are only finitely many such ¢. i.e. a; =0

for all but finitely many ¢, and thus f € CG. O

Lemma 1. dim¢c H'(G,CG) = |b(G)| — 1 where |b(Q)| is the number of ends of G.

Proof: For a proof of this, see [3](Lemma 2). [J

Theorem 2. Suppose that CG ¢ M C LP(G) for some p € N. If H'(G, M) = 0,
then G has ezactly 1 end.

Proof: If H'(G, M) = 0, then by Theorem 1, H'(G, CG) = 0. The previous lemma
then tells us that |b(G)| = 1 (G has exactly 1 end). O

Theorem 3. H'(G, M) is not Hausdorff if and only if there exists f; € M with
norm 1 (|| fillsr = 1) for all i with the property that ||gfi — fillm — 0 as i — oo
for every g € G.

Proof: For this proof, we think of H'(G, M) as the set Ag of set maps f from G to
M satisfying a - f(b) — f(ab) + f(a) = 0 for all a,b € G modulo the set Bg of maps
h of the form h(g) = g - e — e for some e € M. Saying that H'(G, M) is Hausdorff
is equivalent to saying that 0 is closed in H'(G, M) which is of course equivalent to
saying that Bg is closed in Ag. This is equivalent to saying that B¢ is complete and

is thus a Frechet space. Remember that the topology on Ag is that of point-wise
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convergence, that is f,: G — M tends to zero if and only if f,(g) — 0 for every
g € G in the norm || ||y on M.

We have a continuous one-to-one map h: M — Ag whose image is B (the obvious
map). Since we are no longer talking about a topology on B¢ induced by || ||,, saying
that this map is continuous needs justification. Suppose that (e,) € M satisfies
lealar — 0. Fix g € G. Then [|[(en))(9)llsr = llgen—enllnr < Ilg—1]1xr-llenlln —>
0 as n — oo, since ||g— 1|5 is fixed. Since the topology on Bg is that of point-wise
convergence, it follows that h(e,) — 0, so h is continuous.

Now M is a Banach space, so M is certainly complete and a Frechet space. Since
a continuous, bijective map between Frechet spaces has a continuous inverse, saying
that Bg is a Frechet space is equivalent to saying that the inverse map from B¢ to
M is continuous. We claim that this is equivalent to saying that there does not exist
a sequence e, € M such that such that ||e,|[ns = 1 for all n and ||ge, — en||sr — 0
for all g € G.

The inverse map from Bg to M is given by the following. Say f € B. Then f is
given by f(g) = g-e — e for some e € M. This inverse map sends f to e. Suppose
that there exists such a sequence e, € M with ||e,||ps = 1 and ||ge, — en|lsr — 0
for all g € G. Thus, the maps in B determined by e, converge to 0 (point-wise).
However, their image under this inverse map does not, which means that this map
cannot be continuous.

Conversely, suppose that this map is NOT continuous. Noting that the topology
on Bg is that of point-wise convergence, this means that there exists a sequence
a,(g9) = gen, — e, € Bg such that ||a,(g)||];y — 0 for all ¢ € G, but e, does not
converge to 0 in M. Then there exists € > 0 such that for all N > 1, there exists
m > N such that ||e,,||ar = €. Multiply e, by 1/e and call the new sequence e,,. Note
that since € > 0 is fixed, the sequence of pre-images of the new e,, under this map still
converge to 0 for each g € G. Now we can choose a subsequence b, of e, such that

[|bn||ar = 1 for all n. For each m, multiply b,, by the unique real number 0 < y,, <1
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such that the new element of M (rename it X,,) has norm 1. Since y,, < 1 for all
m, it follows that for all m, || X,,||x = 1 and ||gXm — Xm||m < ||9bm — bml||lsr — 0
forall g e G. I

Theorem 4. Keep the same assumptions as above about G and M and suppose that
CG C M C L*(G) for some p > 2. Suppose further that for every a € CG, ||a|]; =
llallar = lellp. If G satisfies the strong Falner condition, then H*(G,M) is not
Hausdorff.

Proof: Since G is finitely generated, we may let G = {g1, 92, ... }. For each n € N|
let G, = {9g1,...,9,}. Because G satisfies the strong Fglner condition, for each
n € N, we may pick NN,, € N such that for every M € N, there exists a finite subset
X of G such that | X| > M and | X — g, - X| < N, for every g; € S,,. Given any such
n, choose a finite subset X, of G such that | X,| > (n- N,)? and | X, —g;- X,,| < N,

for every g; € S,,. Let

ZmeXn Z

T sex, 7wl

Note that for each n, ||5,|/as = 1. Fix any ¢g; € G. Then for n > 4, we have

On

192 e, © = 2nex, ©llm

1 2 ex, @llar h

||g erXn T — erxn xHM < Hg erxn L = erxn IE||1 _

12 sex, @l h 12 e, 2llp
21X, — g - X, 2- N, 2- N, 2- N, 2
= < = - < - =——0.
1 eex, 2l 2 eex, 2l (IX,D)r  ((n-Np)p 7

Then ||B,||p = 1 for all n and ||g - 5, — Bullmr — 0 for every g € G. By the
previous theorem, H'(G, M) is not Hausdorff. (J

Corollary 1. Suppose that G satisfies the strong Felner condition. Then HY(G, C*
is not Hausdor{f and dimc(H'(G, M)) = oco. U

red(G))
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4. An Application: What Do the Groups H'(Z",C?,,(Z")) and H"(Z",C*, ,(Z"))
look like to C?

Let S(T™) be the square integrable functions on T". In other words, S(T") is the

set of functions f: T™ — C such that the following integral exists and is finite:

/ / |f(Zla'~~7Zn)|2dzn"'d2’1.
|21]=1 |zn|=1

Effros’s paper ([2]) shows us that we have isomorphisms 6,,: S(T") — L*(Z") and
¢n: C(T™) — C* (Z™) both given by

-----

1
Z_1 T ZT e f 2) — - dz, - -dx
b /|21 =1 /|Zn =1 (2m2)"

For f € S(T"), Effros’s paper ([2]) shows us that we also have the following.

16,(F)]]z = / / (s zn) Pz - - dz) 2,
|z1|=1 |zn|=1

Lemma 2. For f € C(T"), [|¢n(f)llop = sup.ern [f(2)]-

Proof: Let d be the usual distance metric on C". First, suppose that g € S(T")
satisfies ||0,(g)|]2 = 1.

= [[0n(£)0n(9)]2 =

. g(z1,. .., zn)|2|f(zl, . ,zn)|2dzn e dzl]1/2 =
|z1]=1 |Zn\_1
< sup | f(2) l9(21, -, z2)Pdzy - - da ] =
zeTn |z1|=1 |zn|= 1
= sup |f(2)].
z€Tn
= [|on()lop < Sélglf( z)|.

Now, without loss of generality, ||¢,(f)||op = 1. Suppose that sup,cpn |f(2)] > 1.
So there is an € > 0 such that sup,cpn [f(2)] > 1 4+ . Then there is a w € T" and
1 > § > 0 such that |f(2)] > 1 + ¢ for d(z,w) < 0 where d is the usual distance
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metric on C" (This is due to the continuity of f(z)). By [ --- fd(z w)<s» We will mean

[ (d(=w) <y the integral over the intersection of the § disk around w (in C")

1 / / 1/2
- 1-dz, - -dn)V? =1,
[(27r)” |21 ]=1 2 |=1 !

and since 6 < 1, {z € T" : d(z,w) < ¢} is properly contained in T". Thus, there
exists a k € RT such that k¥ > 1 and a g € S(T") defined by g(z) = 0 for d(z,w)
> § and g(z) = k for d(z w) < 6 with the property that

16(g)|2 = / / 19Crs e 2Pz dzy = 1.
(2m)n |21 ]=1 2n|=1

Also, by the definition of g,

with T™. Since

Thus,
1—|I¢>n( Nlop = 10n(9)bn(f)ll2 =
92| fPdz, -+ - dza]? =

/ / Pz, s -
d(z,w)<

// (1+€) lg|?dz, - - - dz ]1/2

(1 Az, - dz)Y? =
+Ol / /( lg%dz, - - - da]

:(1+€)[—/ / 9|%dzn - dz V2 =146 > 1,
(2m)" Jiz=1 lzn|=1

A contradiction. Thus, ||¢n(f)|lep = sup,ern |f(2)]. O

|z1|=1 zn|=1

H/‘\

2[(2

Theorem 5. Let n > 1. Then HY(Z™, C* ,(Z™)) is not Hausdorff and so
dime HY(Z", Cr 4(Z")) = oo.
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Proof: Again, let d be the usual distance metric on C". Suppose that H*(Z", C* ,(Z"))
is Hausdorff. By Theorem 3, there cannot exist (f;) € C.,(Z™) = C(T™) such that
[|on(fi)llop = 1 for all i with the property that ||¢,(gfi — fi)|lop — 0 as i — oo
for every g € Z". We will exhibit such an (f;).

Since given an i, {(z1,...,2,) € T" : d((z1,...,24),(1,...,1)) > 1/i} and {(z1,...,2,) :
d((z1,...,2n),(1,...,1)) < 1/(2i) for all j} are disjoint open subsets of T" with
positive distance between them (this distance is 1/(2i)), for each i we have a
function f; € C(T") with image contained in the closed unit disk that is identi-
cally 0 on the first set and identically 1 on the second. By the previous lemma,
l|&n(fi)llop = sup,epn |fi(2)| = 1 for all i. Choose (myq,...,m,) € Z". Let B; =
{(z1,...,2n) € T" : d((21, ..., 2n), (1,...,1)) < 1/i} Then since each f; is zero on
the set A; = {(z1,...,2,) € T" : d((21,...,2n),(1,...,1)) > 1/i},

(27" -+ 2" fiz1s - 2n) = filzn, - 20))llop =
= sup |Z" 20 iz, zm) — filzn, o )| =
=sup |27 - 27 fi(z1, o z0) — filz1, o 20)] <
< S}S}P|Z{nl o Zy =1 - Supp,|fi] =

=sup|Z{"---Z" — 1] — 0 as i — oc.
i

This is due to the fact that on B;,d((Z1,...,2Z,),(1,...,1)) < 1/i and the fact
that the mq,...,m, are fixed. In other words, ||gf; — fillop — 0 as i — oo for
every g € Z". U

Now we turn our attention to the groups H"(Z",C.,

(Z")). We view T™ as
{(#z1,...,2n) ¢ |z| = 1 for all i}. Again from Effros’s paper ([2]), we know that
for all n, C*,,(Z") = C(T™) as Z™ modules. But what is the Z" module structure on

C(T™)? We view Z" as the free abelian group on the generators 1, . .., x,. Then the

action of an element z7* - - - 25" on an element f(z1, ..., z,) of C(T") is given trivially



14 ANTHONY J. NARKAWICZ (VIRGINIA TECH)

by (z7* - x8) - f(z1y. .oy 2n) = (27" - 25) f(21, - . ., 2,). First, we must recall a case

of the Kunneth theorem for projective resolutions.

Theorem 6. (Kiinneth Theorem) Let G be a group and let P: --- — Py LN

Py,Q: - — LN Qo be projective resolutions of Z. as Z.G modules. Then P ® @)
is a projective resolution of Z as ZG modules where [P ® Q|, = ®yj=nP; @ Q;. The
boundary maps O, are given by O,(p; ® q;) = d;(p;) ® ¢; + (—1)7p; ® §;(q;) on simple

tensors p; & q;.

Proof: This is Theorem V.2.1 of [4]. O
We aim to give an explicit description of the groups H™(Z", C'*

red

(Z™)) and to show

that there is a natural sequence of imbeddings

0 — HYZ,Cr (7)) — H*(Z?, CF ,(Z?)) — H*(Z?,C* (7)) — ...

red red red

In order to do so, we must prove the following lemma.

Lemma 3. Let G = Z" be the free abelian group on Xy,...,X,. Then there ex-
ists a projective resolution of Z as Z.G modules with exactly n+1 nonzero modules
(including Z.): 0 — ZG 25 (ZG)" — --- — Z — 0 where the map p, is given by
pul1) = [ = 1), ~(X, = 1), (X, = 1)
Proof: Note that for all n, ZG = Z[ X1, ..., X,, X; ', ..., X }]. For n = 1, we know
that there is a projective resolution of Z: 0 — ZG L7267 - 0, where d is
given by d(f(X1)) = (X7 — 1) f(X3). Suppose that n is at least 2.

Next we must note that for any n, ZG = ZZ ®y, 27 Qy, - - - @z ZZ where there are
n terms, and the isomorphism is an isomorphism of ZG modules. The isomorphism
0: 2G — 21 ®y, - - - Qy ZZ is given explicitly by 1 — 1 ® --- ® 1. The action of G
(the free abelian group on Xj,..., X)) on ZZ ®y - - - ®z ZZ is as follows:

X{’lX;’Ln *a1®...®an:X{la1®"'®X;:nan-
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Let us look again at the projective resolution of Z as a ZG module for n = 1
given by 0 — ZG L 76 ™ 7 — 0. In order to properly view this resolution as a

resolution, we will call the first ZG P, and the second F,. Thus, we have a resolution

aug

0— P %P ™7 -0, where P, = P, = ZZ.
The Kiinneth theorem tells us that the tensor product of resolutions of Z is again

a resolution, so by induction on n, for all n at least 2, there is a resolution of Z:
0— (PLQgz - ®zP) @)(P1®ZP1®Z"'®ZPO)@"'@(PO®ZP1®Z"'®ZP1)—>

-—7Z —0

where everywhere . .. appears implies that there are exactly n objects being either
@ed or ®ed together, except the last ... which implies that there are exactly n + 1
(including Z) nonzero terms in the sequence. The map d,, is given explicitly from

the definition of tensor products of resolutions by
dp(a1 ® - ®ay,) =

[(X1—1)a,®a:®- - -®an, —(a1@(Xo—1)ae®- - -®ay), ..., —(a1®- - -®a,_1®(X,—1)a,)].

Note that the map d,, is just a generalization of our original map d : P, — F.

We know that
(P1®Z“'®ZP1®ZP0)@"'@(P0®ZP1®Z"'®ZP1)g(ZG)n

via a map ¢ where the isomorphism is as ZG modules (and where G is still the
free abelian group on Xi,...,X,). The map ¢ sends d,(1 ® ---® 1) = [((X; —
Nele---01),-1X—-1)®---®1),—...,—(1®---®1® (X, —1))] to
[X1—1,—(X3—1),...,—(X,—1)]. Translating back into ZG lingo, it follows directly
from the Kiinneth Theorem that we have a projective resolution of Z as ZG modules

with exactly n + 1 (including Z) nonzero modules

0—ZG 2% (Z2G)" — - =7 — 0.
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The map p, : ZG — (ZG)" is then of course given by a composition of maps:
pu(1) = C(dn(8(1))) = C(du(1® -+ © 1)) = [X1 = 1, =(Xa = 1),...., —(X, = 1)]. O

Now we are able to give an explicit description of the groups H"(Z", C* ,(Z")).

red

Theorem 7. Let G = Z" be the free abelian group on Xi,...,X,. Then we have
that

C(T")

red

*J(Z™) = C(T™), it suffices to prove the statement for

red

H™(G,C(T™)) in the place of H"(G, C

red

Proof: Since for all n,
(@)). From the previous lemma, we have a

projective resolution of Z with n + 1 nonzero terms (including Z):
0—ZG 5B (ZG)" — - —= 7 — 0.
From this, we get a new sequence B:
0 — Homyg(Z,C(T")) — - -+ — Homya((ZG)", C(T™)) P Homye(ZG,C(T™)) — 0.
Using this sequence, we may compute the cohomology group

H'(G, C1uG)) = H'(G. (1) = — 0@ LT

Define 0: Homgzq(ZG,C(T™)) — C(T™)/[(Z, — )C(T™) + -+ - + (Z, — 1)C(T™)]
by ¢ — ¢(1) +[(Z1 — 1)C(T™) + - - - + (Z,, — 1)C(T™)]. This map is certainly onto,
because if F' € C(T"), we may just define 0 € Homgzq(ZG,C(T")) by (1) = F.

Now we can compute ker(6).

Suppose that ¢ € Homgzq((ZG)™,C(T")). Then
(b(pn(l)) = (b(Xl -1, _<X2 - 1)7 T _(Xn - 1)) =

(X7 —1)*¢(1,0,...,0) +---+ (X, — 1) % ¢(0,...,0,-1) €

€ [(Z = DC(T") + -+ + (Zn — HO(T)].



HAUSDORFFNESS AND VANISHING OF THE FIRST COHOMOLOGY GROUP H'(G, M) 17
= pr (Homza((ZG)",C(T"))) C ker(0).

Now suppose that ¢ € ker(0). So ¢(1) = (Z1—1)f1+---+(Z,—1) f, for some f; €
C(T™). Define m € Homye((ZG)™,C(T™)) by 7(1,0,...,0) = f1,7(0,1,0,...,0) =
—fay...,m(0,...,0,1) = —f,. Then 7(p,(1)) = ¢(1), and therefore we have that
¢ = 7(pn) € pj(Homza((ZG)",C(T™))).

— H"(G,C}y(G)) = H'(G,C(T")) =

red

Homyq(ZG,C(T)) N C(T™)

o (Homae(ZG)", C(T) ~ (Zi ~ DO + -+ (Zo — )OI

Theorem 8. There is a sequence of group (and C algebra) imbeddings

0— HYZ,Cr (7)) S H2(22,Cr (7%) & H¥(Z3,C% ,(7%) — ...

red red red

Proof: By the previous theorem, for all n > 1,
C(T™)
(z1 = 1)C(T") + -+ - + (2, — 1)C(T")

H™(Z", Cr(Z7)) =

Fix an n and define
o)
(z1 — 1)C(T?) + - -+ + (2, — 1)C(T™)
(T
" (= DO ) £ + (zwps — DO(THH)
via f+(z—DC(T") + -+ (2, — DHCO(T")]

Q:

— [+ (21 = DOT"™M) 4+ 4 (201 — 1)C(T™H)].

Since (z;—1)C(T")+ - -+(z,—1)C(T") C (2,—1)C(T" ™)+ - -+ (2,11 —1)C(T™H),
¢ is certainly well defined. To see that ¢ is injective, we just let n = 1 (the other
cases are identical). If f € C(T) and f(2z1) = (21 — 1) f1(21, 22) + (22 — 1) fa(21, 22)
with fi, fo € C(T?), then since f doesn’t vary at all with zy, it follows that we can
set zp = 1 and then we have that f(z1) = (21 — 1)f(21,1) € (21 — 1)C(T). Thus,
ker(¢) = 0 and so ¢ is injective. [J
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Theorem 9. Forn > 1,

dime¢ H"(Z",C4(Z")) = .

Proof: For all n, by the last theorem H'(Z,C* ,(Z)) imbeds in H"(Z",C*_ ,(Z")).
Since dim¢ H'(Z, C!,;(Z)) = oo, the result follows. O

Finally, using Theorem 4, we are able give a more simple proof of the following

result (one proof is given above in Theorem 5).

Theorem 10. H'(Z,C",

red

(Z)) is not Hausdor{f and dim¢c HY(Z,C* 4(Z)) = cc.

Proof: We know that for a € CZ, ||a||1 = ||t|op = ||¥||2- Thus, Theorem 4 tells us
that HY(Z,C* (7)) is not Hausdorff. [J

red

5. Our Results (Summarized)

Let G be an infinite, finitely generated group. Let M be a Banach space (with norm
| ||ar) that is also a left CG module such that G acts on M as continuous C-linear
transformations. In summary, the following useful results were proved in this paper

and do not appear in any papers to date.

(1) Suppose that CG ¢ M C LP(G) for some p € N. Then the G-module
imbedding CG' — M induces an imbedding of groups H'(G,CG) — H* (G, M).

(2) If CG c M C L*(QG) for some p € N and if H'(G, M) = 0, then G has exactly
1 end.

(3) H'(G, M) is not Hausdorff if and only if there exists f; € M with norm 1
(Il fillar = 1) for all ¢ with the property that ||gf; — fillsr — 0 as i — oo for every
geqG.

(4) f CG C M C LP(G) for some p > 2, ||af|1 = ||a||ar = |||, for every a € CG,
and if G satisfies the strong Fglner condition, then H'(G, M) is not Hausdorff and
therefore dime¢ H'(G, M) =
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We have used these results (with our motivation coming from Effros’s paper ([2]))

to show the following for n > 1.

(1) HY(Z",C"

red

(Z™)) is not Hausdorff and thus dim¢e H*(Z", C*

red

(Z™)) = oo (with
two proofs for n = 1).

(2) dime H™(Z", C*

red

(Z")) = oo.

(3) There is a natural sequence of imbeddings

0 — HYZ,C;4(Z)) — HX(Z?, Cog(Z7)) — H(Z,Croy(Z%)) — ...
(4)
C(T")

Hl(Z"7 * (Zn)) = (Zl — I)C(Tn) 4+t (Zn — 1)C(Tn)

red

6. Conjectures and Future Work

Conjecture 1. Let G be an infinite, finitely generated group. Let M be a Banach
space (with norm || ||ar) that is also a left CG module such that G acts on M as
continuous C-linear transformations. Then G is amenable if and only if H'(G, M)

1s not Hausdorff.

We should note that the proof given in [3] of this with L?(G) is specific to that
case.

Of course this would show that if M; and M, both have these properties, then
the Hausdorffness of H'(G, M) is equivalent to the Hausdorffness of H!(G, My).

Motivation for this conjecture comes from several places. The paper by Mo-
hammed Bekka and Alain Valette entitled Group Cohomology, Harmonic Functions
and the First L?-Betti Number is one source of motivation for this conjecture. The
paper shows that this conjecture holds for M = L*(G), and notes that the vanish-
ing of H'(G, L*(G)) is remarkably applicable ([3]) in electrical engineering. Thus,
it would be very helpful to have an easier way to compute groups of the form

HY(G, L*(G)). Since for some M # L*(G), H'(G, M) may be more computable than
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HY(G, L*(@)), it would be helpful to know that for any such M, H'(G, M) is Haus-
dorff if and only if H*(G, L*(G)) is as well.

Also due to the fact that H'(G, M) may be more computable for some M #
L*(G), my conjecture would lead to another way (possibly faster than given in [3])
to decide the amenability of groups. Thus, a proof that this conjecture does hold

would be very useful in several ways.
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