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Mathematical modeling has become an integral part of understanding how
biological systems work. Some biological systems involve large numbers of com-
ponents but it is difficult to observe the state of each of these components. In
particular, gene regulatory networks i.e. systems of DNA strands and proteins,
often involve a large number of components but the number of observations that
may be taken are limited. Biologists are currently collecting data by acquiring
different quantities of DNA and proteins then mixing them together and mea-
suring how the quantities change over a series of time steps. Often thousands of
quantities may be relevant to one another. Unfortunately in these experiments,
biologists are only able to take measurements of the proteins and DNA at a
small number of time steps, relative to the number of quantities. Given these
constraints on the amount of data acquired, the problem of determining a sys-
tem of functions that describes how the components interact becomes a purely
mathematical one. Ideally, we would like to devise a computer program that al-
lows biologists to enter their data along with some constraints on what is known
about the way the data interacts. Then the program should return a network of
functions that best fits the data and the constraints. The functions should map
each observed time step to the next time step. Additionally the biologist should
be able to choose what indeterminates each function is dependent upon, and be
as simple as possible. The biologist could then change the constraints based on
interpreting the network of functions and repeat the process until satisfied with
the network.

A experimentalist observes the values of agents S1, 59, ...,.5, in a gene reg-
ulatory network at times 1,2,...,t
A Ay ... A,
time 1 Q11 01,2 s Q1
time 2 Qg1 Q292 ... Q2
timet ap1 o ... Qin

such that o; ; € RT



We represent the quantities at each time step as points Py, Ps,..., P, €
R™ where t is the number of time steps and n the number of quantities of
proteins or DNA. We assume that t << n.

P1 = (0[1’170[1’2,...,0[17774)
P2 = (0271,04272,...,042%)
Pt - (Oét71,04t72,.. .,Oztm)

We then discretize the data by rounding it. Then we map the discretized
points into (Z/q)" for some appropriately large prime q. The mapping of dis-
cretized points that one uses 7 : Z™ — (Z/q)™ should be one thats reversible for
all discretized points in the range of experimental data. For instance m could
be the natural projection. So Discretising gives us points Pj, Pj,..., P/ € Z™.
Then we map 7(P}) = p; to obtain p1,pe,...,pn € (Z/q)™

P = (al,l,a172,...,a17n)
b2 = (a2,1, az 2, ... 7a2,n)
bt = (at,17 at,2, .- - 7at,n)

So now the problem is to find functions F : (Z/q)™ — (Z/q)™ that best fits
what we know about the biological situation. More specifically we must choose
F such that F(p;) = p;y1 for alli € {1,...,t—1}. We may write F': (Z/q)" —
(Z/q)™ componentwise as F = (f1, fa,..., fn), where f; = fi(z1,22,...,2p) :
(Z/q)™ — Z/q. Tt is know that all functions f : (Z/q)™ — 7Z/q are polynomials.
Since z! = z; in (Z/q)™ we may limit the choices for f; to those polynomials
where the degree of each variable is bounded by n — 1. Consequently there are
only a finite number of choices for F'. We show that when p, ..., p; are distinct
there exists F' = (f1, fa,..., fn) such that F(p;) = p;+1 with the total degree of
fi less than or equal to t — 2. We then go onto explain a method for obtaining
an f; of lowest degree and only dependent upon a chosen set of variables.

Given a set S = {p1,...,ps} of t distinct data points in (Z/q)™, such
that p; = (ai1,6i2,...,a4in), Vi € {1,...,t}. Then there exists a func-
tion F' : (Z/q)" — (Z/q)". F = (f1, f2,..., fn) such that F(p;) = p;41 for
j e {l,...,t —1}. Where each f; = fi(z1,22,...,2,) is a polynomial in n
variables and the total degree of f; <t —2. The proof of this is an extension of
Lagrange interpolation to the multivariate case, which will work over any field
not just Z/q

Proof:



Vpi,pj €S, with ¢ 75]
Choose k € {1,...,n} such that a; r # a;
Such a k exists since p; # p; when i # j.

Tk — A5k
—=—2% such that a; # aj

Viand Vj #ilet g, ; = pPAP——
i, 7,

Then g; j(p;) =1 and  g;;(p;) =0

Let hi = H 9i,j

j#i
§<t—1

Then h;(p;) =1 and h;(p;) =0, Vj # 1,5 € {1,...,t — 1}. The degree of h;
ist—2.

t—1
Let fj = Zai-‘rl,jhi
i=1

Then fj(pi) = Qi+1,55 V] (S {1,...,t—1}.
Therefore F(p;) = (fi(pi), ..., fu(pi)) = (@ix1,1,-- -5 aix10) = piy1, fori €
(... t—1}

For each i the degree of f; is t — 2.

Now that we have established an upper bound for the degree of existing f;’s,
lets consider another approach for finding simpler f;’s of lower degree.

Let f € Klxy,za,...,%,)

T
Let f = c;x" where v; = (vi1,...,%.n) 1S an exponent in n variables.
1 5 Vi,

i=1
n
Such that 27 = H x)
i=1
Let Z = (2",27%,...,2"") and ¢ = (¢1,co,...,¢.) then f=%-C

f is a solution for the k** component of F' iff

fe(p1) = Z(p1)-¢ = aop
fe(p2) = Z(p2)-¢ = asp
fk(p-t—l) : f(pt—.l) -C = a't.,k



this is equivalent to.

C1 a2 k
M .ooxr ’
.(pl) '(pl) co ask
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(e 1) (pt 1) e ark
This is written as [ (p;)] - €= ak

[ (p;)] - €= @k is a t — 1 by r matrix whose 4, j entry is 2% [p;] and ¢ is the
column vector associated with f. The rows of [z (p;)] correspond to the points
and each column corresponds to a monomial. So it follows that if we would like
to find an fj restricted to a certain set of monomials S = {z", 272, ..., 27}
Then all we must do is solve for & in the matrix equation [z [p;]] - € = ak.
If the equation yields no solutions then there are no solutions for fj in those
monomials.

One obvious biological constraint on the function F' that we end up with
is that when p ~ p’ then F(p) ~ F(p’). So small perturbations in the data
should not dramatically change the out come over one time step. A simple way
of accommodating this constraint is to limit our choice of f; to those of low
degree. So one may decide that any f; over a certain degree d is not biologically
relevant.

So we can find a solution for each f; of lowest degree restricted to set of
variables. The program I wrote utilizes standard linear algebra techniques to
find such a solution. I will outline the method that my program uses to quickly
obtain solutions. Let S = {z", 27 ... 27} be the set of all monomials of
degree less than or equal to d and only in the variables that prior biological
understanding allows. Also order the monomials from lowest degree to highest
degree. Let M be the t — 1 by ¢ — 1 matrix made up of the first £ — 1 columns
of [x7(p;)]. Compute the reduce row echelon form of M adjoined with @; =
(a2,i,a34,-..,a:;)T. If the columns of M are linearly independent there will
always be a solution. So if there is no solution we may throw out one of the
columns of M and replace it with the next unused column in [z (p;)]. A
linearly dependent column is one where there is no leading one in the reduced
row echelon form. The program remembers the row operations that were already
used and performs them on the next column before substituting it into M for one
of the linearly dependent columns. Then continue performing row operations
and replacing columns until either a solution exists or there are no unused
columns from [277(p;)]. The first solution that exists will be of lowest degree
since we ordered the monomials from lowest degree to highest degree. If we run
out of columns without producing a solution then no solution exists given the
constraints.

Proof: Let v1,vs,...,v, be the columns of [z (p;)]

Let vy, , v, - .., vi,_, be the columns used in M at the point that the last column
substituted was vy for some k, such that ¢t < k <r.
Only linearly dependent columns have been substituted for in M, which implies



span({vy, , viy, ..., v, , }) =span({vi,ve,...,vx}) a solution exist for f; in the

monomials 27, 272, ..., 27 iff @; espan({vi,va,...,v})

Also a solution exists to the equation M¢c = a; at this iteration iff @; <
span({vy,, vy, -V, }) = span({v1, va, ..., Vg }).

So a solution exists in the monomials z7i1, 272, ..., 27*-1 iff a solution exists
in the monomials ", 272, ... x"*

It follows that since no solution existed at the previous iteration then a solution
does not exist in the monomials 27, z72,... x7%-1,

The monomials are ordered from lowest to highest degree so if a solution exists
after the current substitution then it is a solution of lowest degree.

If the columns span (Z/q)'~! then that is a sufficient condition for a solu-
tion to exist since they span the whole space. The probability that m random
columns of size ¢t — 1 will span (Z/q)!! is

ﬁ (1 - qii)

=0

when m > t this probability is approximately 1.

Proof: This is the same probability that ¢t — 1 random row vectors of size m
will have rank ¢ — 1 let vy,...,V;_1 be linearly independent vectors in (Z/q)™.
the probability that a random vector v; will be linearly independent is.

# of choices for v; that are linearly independent

# of possible vectors for v;

# of possible vectors for v; — # of vectors in span(vy,...,v;—1)

# of possible vectors for v;

m _ -1 1
_ 4 q -1 _
qm qu(zfl)

So the total probability is the product from i equals 1 to ¢ — 1

(- ) I (- )

i=1 =0

Thus probabilistically we need to only use on the order of ¢ columns to find
a solution for each f;. Although it is simple to create large sets of non-spanning
columns it is not likely to occur in experimentation, which retains some elements
of chaotic behavior.

As a side note. Given points {p1,...,pm} in (Z/q)™, ¢ a prime, if we
are concerned with finding all Functions F : (Z/q)" — (Z/q)™ such that
F(p;) = F(pix+1). All functions F : (Z/q)" — (Z/q)™ may be written com-
ponentwise as F' = (f1,..., fn) where each f; = f;i(z1,...,2,) is a polynomial
in n variables over Z/q. Let p; = (®1,...,Q;in). Given any two such func-
tions F' = (f1,...,fn) and F' = (f1,..., f}), fi(p;) = f{(p;) = 041, implies



(fi—fHpj) =0 (Vje{l,...,m—1}). Let Z(V) be the ideal of a variety V.
Forall finZ(py,....pm-1), (fi+f)(p;) = filp;)+f(p;) = ajr1,+0 = aj11,.
There for, given a particular solution F = (fi,..., f,) all solutions are of the
form F = (fi +g1,-.., fn + gn) where g1,...,9n € Z(p1,.- ., Pm—1)-

Thus given a particular solution the problem of finding all solutions then
becomes one of representing the ideal Z(p1,...,pm—1) in a nice way, which tra-
ditionally means finding a grobner basis.

Here is are sample input and output files for the program.
file input.txt

0132

2031;

3402

0232

2032

400 2

The rows correspond to points.
file inputs.txt
1 2 4 1 4

The first number is indicates the program is looking for fi.

The second number indicates the solution will be based on two variables.
The third number is the maximum degree to check for solutions.

The last two numbers correspond to the numbers or variables to be used.

file output.txt
fi = —5x] + —6xy + —4a?
0 -5 -4 0 -5 -3
This solution was computed over Z/7. One can check that the row of numbers
after the function , which is the output for the function when one enters the

points is the same as the first column of the data over Z/7.
The code in C++ follows.



#i ncl ude <i ostream h>
#i ncl ude <fstream h>
#i ncl ude <mat h. h>

typedef int Bool;

const int prinme=7;

const int Var=60;

const int Points=27;
const int pl=20;

int nunvar( ifstream& );

int numPoints( ifstream& , int&);

int readData( ifstream& , ifstream& , int nyData[Points][Var] , int&, int&,
bool BtwoPrinme[pl],

int theData[Points][Var] , int solVar , int

nunRel Var , int Power |,

int InTermsof[Var] , int Al Exp[Var][Points-1]);

void init RREF(int nyData[ Points][Var], int Matrix[Points - 1][Points - 1], int
swaps[ Points - 1],
int curSol[Points - 1], int& V, int& P, int

funcVars[Points - 1] , int& curVar);
void linlndy(int nyData[Points][Var] , int Matrix[Points - 1][Points - 1],
int curRow 2], int swaps[Points - 1] , int

mul ts[ Points - 1],
int adds[Points - 1][Points - 1] , bool BtwoPrine[pl]

int funcVars[Points - 1] , int& curVar , int&V,
int& P, int solRed[Points -1] ,

int& solVar , int theData[Points - 1][Var] ,

of strean®) ;

int Swap(int nyData[Points][Var] ,int Matrix[Points - 1][Points - 1], int&
Gm

int swaps[Points - 1] , int nmults[Points - 1],int
adds[ Points - 1][Points - 1] ,
int funcVars[Points - 1] , int curRow2] , int& P, int& V ,
i nt sol Red[ Points -1] ,
int& solVar , int theData[Points - 1][Var] , ofstrean®);
int Reduce(int Matrix[Points - 1][Points - 1], int& Cdm
int swaps[Points - 1] , int mults[Points - 1],int
adds[ Points - 1][Points - 1] ,
bool BtwoPrime[pl] , int& P, int& V , ofstreamd);
voi d makeFunc(int swaps[Points - 1] , int mults[Points - 1],int adds[Points -
1][Points - 1] ,
int& P, int& VvV, int funcVars[Points - 1] , int
funcCoef[ Points - 1][Var] ,
int nmyData[Points][Var] , int theData[Points][Var]
, ofstream,
int AllExp[Var][Points-1] , int& solVar , int
inTermsCf[Var] , inté& nunRel Var);
voi d rowReduce(int swaps[Points - 1] , int nults[Points - 1],int adds[Points -
1][Points - 1] ,
int& P, int&V, int newdn{Points - 1] , int&
upt o) ;

int main()



nt Vv,

nt P;

nt sol Var = 0;

nt Power = O;

nt nunRel Var = 0;
nt InTermsCOf[ Var];
nt All Exp[Var][Points - 1];

nt cur Var=1;

bool BtwoPrine[pl];

int funcVars[Points - 1];

nt funcCoef[Points - 1][Var];

nt curSol[Points - 1];

nt nyDat a[ Points][Var];

nt theDat a[ Poi nts][Var];

nt swaps[Points - 1];

nt mults[Points - 1];

nt adds[Points - 1][Points - 1];
nt Matrix[Points - 1][Points - 1];
nt newDat a[ Poi nts] [ Var];

nt sol Red[ Points - 1];

nt cur Row 2];

i fstream Dat a;
i fstream Paraneters;
of stream Resul t;

Dat a. open("input.txt");

Par anet ers. open("inputs.txt");
Resul t. open("out put.txt");
V=nunVar ( Dat a) ;

P=nunPoi nts(Data , V);

Dat a. cl ose();
Dat a. open("input.txt");

Paraneters >> sol Var >> nunRel Var >> Power;
cur Row 1] =P;

V=readData(Data , Paraneters , nybData , V, P, BtwoPrine , theData ,
sol Var , nunRel Var
Power , InTermsCf , Al Exp);

i nit RREF(nyData, Matrix , swaps , curSol , V, P, funcVars , curVar);

linlndy(nmyData , Matrix , curRow, swaps , mults , adds , BtwoPrine ,
funcvars , curvar , V, P, solRed , solVar , theData ,
Resul t);

makeFunc(swaps , mults , adds , P, V, funcVars , funcCoef , nyData ,
theData , Result ,
Al Exp , solVar , InTermsOf , nunRel Var);

return O;

}
int nunvar( ifstream& Data)
{

int V,

char inChar;

int x;

V=1,

Data >> x;

Dat a. get (i nChar) ;



while (inChar !'=";")

{
V++;
Data >> Xx;
Dat a. get (i nChar);
return V,
}
int nunmPoints( ifstream& Data ,int& V)
{
int P
Data.ignore(5*V,"';");
P=1;
whi | e (Data)
{
Dat a.ignore(5*V,"';");
P++;
return P,
}

int readData( ifstream& Data , ifstream& Paranmeters , int myData[ Points][ Var]

int&VvV, int& P,
bool BtwoPrinme[pl] , int theDatalPoints][Var]
int solVar , int nunRel Var , int Power , int
InTernsCf [ Var]
int Al Exp[Var][Points-1])

nt x;

nt N

nt Sorter[Points];

nt Exponent[ Poi nts];
nt i;

nt j;

char newChar;

i nt curPow=1;

for (i=1; i <= P; i++4)

for (j=1; j<=V; j+4+)
{

Data >> x;
theDatal[i][j]=(x % prine);

}
Dat a. get (newChar) ;

}
for (i=1; i<= pl; i++4)
if (((prinme - 2) %int(pow(2, i))) >= pow(2, i - 1))
{
Bt woPrine[i]=1;
}
el se
{
Bt woPri me[i] =0;
}
}
cout << solVar << " " << nunRel Var << " " << Power

for (i=1; i<= nunRel Var; i++)
Paraneters >> I nTernsOf [i];

for (i=1; i<= P; i++)

—~

nyDatali][1]=1;

—



N=2;
Sorter[ 1] =1;
Exponent [ 1] =1;

for (1=2 ; i<= Power+1l ; i++)
{
Sorter[i]=0;
}
for (i=2 ; i<= nunRel Var ; i++)
{
Exponent [i] =0;
}
for (i=1; i<=nunRel Var; i++)
{
Al Exp[1][i]=0;
}
while ((N<=(Var - 1)) && (curPow<=Power))
{
for (i=1; i<=nunRel Var; i++)
{
Al Exp[ NI [i] =Exponent[i];
}
for (i=1; i<=P; i++)
{
nyDat a[i] [N =1;
for (j=1; j<=nunRel Var; j++)
{
nyData[i ][N =(nyData[i][N *(int(pow(theData[i]
[InTermsOf[j]], Exponent[j])) Y% prine)) %
pri me;
}
if (Sorter[1] ==nunRel Var)
{
i =1;
ile (Sorter[i]==nunRel Var)
¢ i ++;
b
i=i-1;
i f (i==curPow)
{
cur Pow++;
for (j=1; j<=curPow, | ++)
Sorter[j]=1;
Exponent [ 1] =cur Pow;
Exponent [ nunRel Var] =0;
}
el se
{
Sorter[i+1] ++
for (j=1; j<=i; jJ++)
{
Sorter[j]=Sorter[i+1];
}
Exponent [ nunRel Var ] =0;
Exponent [ Sorter[i +1]] =i +1;
}
}
el se
{
Exponent [ Sorter[1]] =Exponent[ Sorter[1]] - 1;
Sorter[ 1] ++;
Exponent [ Sorter[ 1] ] =Exponent [ Sorter[1]] +1;
}
N++;
}



return N-1;

}
void init RREF(int nyData[ Points][Var], int Matrix[Points - 1][Points - 1], int
swaps[ Points - 1],
int curSol[Points - 1], int&V, int& P, int
funcVars[ Points - 1] , int& curVar)
{
for (int i=1; i <= P-1; i++)
curSol[i]=nyData[i][curVar];
for (int j=1; j<= P-1; j++)
} Matrix[i][j]=myDatali][j];
for (i=1; i <= P-1; i++)
funcvars[i]=i;
swaps[i]=i;
}
}
void linlndy(int nyData[Points][Var] , int Matrix[Points - 1][Points - 1],
int curRowf 2] , int swaps[Points - 1] , int
mul ts[ Points - 1],
int adds[Points - 1][Points - 1] , bool BtwoPrine[pl]
i nt funcVars[Points - 1] , int& curVar , int& V,
int& P, int solRed[Points -1] ,
int& solVar , int theData[Points - 1][Var], ofstream&
Resul t)
{
int dmel;
int i;
int j;

1))
i{f (Matrix[ O ni[d nj==0)

\{Nhile( COm<= (P -

cout << swaps " << Om<< "™ " ;;
A meSwap( nmyData , Matrix , Gm, swaps , mults, adds
, funcvars , curRow, P, V ,
sol Red , solVar , theData , Result);
cout << "row " << curRowf1] << " " ;
}
el se
{
cout << " reduce " << Om<< " ",
G m= Reduce(Matrix, Om swaps , mults , adds ,
BtwoPrine , P, V, Result);
}
[*for (i=1;i<=P-1;i++)
{
j<=P-1; | ++)

for (j=1;
{

Result << Matrix[i][j] << " ";

Result << endl;

Result << endl; */



}

int Swap(int nyData[Points][Var] ,int Matrix[Points - 1][Points - 1], int&
am

int swaps[Points - 1] , int mults[Points - 1],int
adds[ Points - 1][Points - 1] ,
int funcVars[Points - 1] , int curRow2] , int& P, int&V,

i nt sol Red[ Points -1] ,
int& solVar , int theData[Points - 1][Var] , ofstrean&
Resul t)

int entry=0;

int ron=C m1;

int newd nf Points - 1];
i col um=C m1;

int i;
int j;

int cur;

while ((entry == 0) && (colum < P-1))
{

)}
—

col umm++;

ronw=Cl m1;

while ((entry == 0) & (row < P-1))
{

I OWH+;
entry=mMatri x[row] [ col um];

}

/*Result << "swaps " << entry << endl;*/
if ((entry==0) && (curRow 1] <= V))
{

for (i=1; i<=P-1; i++)
{
sol Red[i]=theData[i +1][sol Var];

}

i nt upto=Cl m1;

rowReduce(swaps , nults , adds , P, V, solRed , upto);
cout << " solution " << solRed[CIN] << " "

i f (sol Red[d m ==0)

{

funcVar s[ C nj =0;

a m++;

/*Result << "swaps 1.1 Odm" << dm<< " Linearly
dependent solution " << endl << endl;*/

el se
{
funcVar s[ C n] =cur Row 1] ;
for (i=1; i <= (P-1); i++)
{
newCl nfi]=nyDatali][curRow 1]];
int upto = dm- 1;
rowReduce(swaps , nults , adds , P, V, newd m,
upt o) ;
for (i=1; i <= (P-1); i++)
{
Matrix[i][C n=newd nfi];
/*Result << "swaps 1.2" << " substituted nyData clm"
<< curRowf 1] << " for cIm" << Om<< endl << endl;*/
cur Row 1] ++;
}

}else if ((curRowf1] > V) && (entry == 0))



for (i=1; i<=P-1; i++)
{
sol Red[i ] =theData[i +1][sol Var];
int upto=C m1;
rowReduce(swaps , mults , adds , P, V, solRed , upto);
i f (sol Red[ d nj==0)
{
funcVar s[ C nj =0;
/*Result << "swaps 2.1" << endl << endl;*/
a mt+;
}
el se
{
for (i=1; i<=P-1; i++)
{
for (1 j=1; j<=P-1; j+4+)
Matrix[i][]j]=0;
}
Matrix[i][i]=1;
/*Result << "swaps 2.2 no solution" << endl <<
endl ; */
Result << "no solution" << endl;
}
}
el se
{
swaps[ C mM =r ow,
for ( cur=l; cur <= P - 1; cur++)
{
entry=Matrix[d m[cur];
Matrix[C m[cur]=Matrix[row][cur];
Matrix[row] [cur]=entry;
}
entry=funcVars[Cl ni;
funcVar s[ C n] =f uncVar s col um] ;
funcVar s[ col um] =entry;
for ( cur=1; cur <= P - 1; cur++)
{
entry=Matrix[cur][Cni;
Matrix[cur][d m =Matrix[cur][colum];
Matri x[ cur][col um]=entry;
}
/*Result << "swaps 3" << endl << endl;*/
}
return Cm

i nt Reduce(int Matrix[Points -

1][Points - 1],

P,

int swaps[Points - 1] , int
adds[ Points - 1][Points - 1]
bool BtwoPri ne[pl] inté&
{

int inv = 1;

int invList[pl];

i nvList[ 1] Matmx[CIrr][CInj

if (BtwoPrine[1]==1)

{

inv = invList[1];

}

for (int i=2; i<=pl - 1; i++4)

{

int& dm
mul ts[Points - 1],int

int& V, ofstream& Result)

invList[i]=(invList[i-1]*invList[i-1]) % prine;



i{f (Bt woPri me[i]==1)

}

}
mul t s[ A nj =i nv;
for (i=Cm i<= P-1; i++4)

inv = (inv¥invList[i]) % prine;

Matrix[Anm[i] = (Matrix[Anj[i]*inv) % prine;
for (i=1; i<=Cm- 1; i++)

{ adds[CIn{[i] = Matrix[i][Cni;
EOI’ (lnt J:CIm j<:P-1; j++)

Matrix[i][j] = (Matrix[i][j] - adds[Cm[i]
} *Matrix[Am[j]) % prine;
(}adds[CInj[i] = Matrix[i][dn];

adds[ A n [ A n] =0;
for (i=dm+ 1; i<=P-1; i++)

adds[Anj[i]= Matrix[i][Cn;
Eor (int j=Cm j<=P-1; j++)

Matrix[i][j] = (Matrix[i][j] - adds[Cm[i]
*Matrix[Am[j]) %prine;

return d ml;

1] [ Points - 1] ,

voi d makeFunc(int swaps[Points - 1] , int mults[Points - 1],int adds[Points -

int& P, int& VvV, int funcvVars[Points - 1] , int
funcCoef[ Points - 1][Var] ,
int nmyData[ Points][Var] , int theData[Points][Var]
, ofstream Result ,
int AllExp[Var][Points-1] , int& solVar , int
inTermsCf[ Var] , inté& nunRel Var)

int upto = P-1;

int v;

int p;

int Xx;

int i;

int j;

int c;

int k;

i

nt newd nif Points - 1];
for (p=1; p<= P - 1; p++)
{

} newCl n{ p] =t heData[p + 1][sol Var];

rowReduce(swaps , mults , adds , P, V, newCdm, upto);
Result << "f " << solVar << " =",

i =1;

while ((newdnfi] == 0) & (i<=P-1))

{

i ++;



if (i<=P-1)
{

Result << newd nfi];
for (int j=1; j<=nunRel Var; j++)

if (AllExp[funcVvars[i]][j] '= 0)

Result << "x_" << inTermsOF[j] << "A" <<
Al Exp[ funcVars[il][j];
}

}
for (j=i+1; j<=P-1; j++)
i{f (newd nij] !'= 0)

Result << " + "

Result << newd n{J]

for (i=1; i<= nunReIVar; i ++)

{
if (AlExp[funcVars[j]][i] !=0)
{

Result << "x_" << inTermsOf[i] << "A"
<< All Exp[funcVars[j]][i];
}

}

Result << endl << endl;
Result << theData[ 1] [ sol Var];
for (i=1; i<=P-1; i++)

{ x=0;

for (j=1;, j<=P-1; j++)

{ c=newd nfj];
for (k=1; k<=nunRel Var; k++)
{ c = (c*(i t(povv( heData[|]

[inTermsOfF[K] ], Al Exp[fuchars[J]]

} [k])) %prine))%
X = (x+c) %oprine ;

Result << " " << x;

Result << endl << endl;

[*for (i=1; i<=P; i++)

{
for (j=1; j<=V; |++)
{
Result << nyDatali][j] << " ";
Result << endl;
pel
}
voi d rowReduce(int swaps[Points - 1] , int nults[Points - 1],int adds[Points -
1][Points - 1] ,
int& P, int&V, int newn{Points - 1] , int&
upt o)
{ .
int entry;
int j;
int k;
for (j=1; j<= upto; j++)
{

entry=newd ni swaps[j]];



newd ni swaps[j]]=newd n{j]:
newCl nij]=entry;

newC nij ] (newCIn{J] mults[j]) % prine;
Eor (k=1; k<=P-1; k++)

newCl n{k] = (newd n{k] - adds[j][k]*newd n{j]) %
prime;
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