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A Brief Introduction to Goldbach’s Conjecture

In 1741 Goldbach made his most famous contribution in mathematics with the
conjecture that all even numbers can be expressed as the sum of two primes (currently,
his conjecture is stated as “all even numbers greater than 2 can be expressed as the sum
of two primes” since 1 is no longer considered a prime as it was in Goldbach’s time [1].)
As of yet, no proof of Goldbach’s Conjecture has been found. This conjecture has been
shown to be correct for a large amount of numbers using numerical calculations. Some
examplesare 10=3+7,18 =7+ 11, 100 = 3 + 97, and so on.

The study of Goldbach’s conjecture has led to very great achievements since
1920. For example, I. M. Vinogradov proved in1937 that every sufficiently large odd
number can be expressed as the sum of three primes. Also, the investigation of
Goldbach’s conjecture has been a catalyst for the creation and development of several
number-theoretic methods which are useful in number theory and other fields of
mathematics.

In 1900, the mathematician Hilbert gave a famous speech at the 2" International
Congress of Mathematics held in Paris where he proposed 23 problems for
mathematicians in the 20" century. Goldbach’s conjecture was part of one of those
problems. Then in 1921, Hardy said that Goldbach’s conjecture is not only one of the
most famous and difficult problems in number theory, but also in the whole of
mathematics.

The first great achievements toward Goldbach’s conjecture were obtained in the

1920s. The first of which was in 1923 when, using the “circle method”, British



mathematicians Hardy and Littlewood proved that every sufficiently large odd integer is
the sum of three odd primes and almost all even integers are sums of two primes,
provided that the grand Riemann hypothesis is assumed to be true. In 1919, Norwegian
mathematician Brun established, using his sieve method, that every large even number is
the sum of two numbers each having at most nine prime factors. Then in 1930, using
Brun’s method along with his own idea of the “density” of an integer sequence, Russian
mathematician Schnirelman proved that every sufficiently large integer is the sum of at
most ¢ primes for a fixed number ¢. Then in 1937, the Russian mathematician
Vinogradov was able to remove, using the circle method and his method on the
estimation of exponential sum with prime variable, the dependence on the grand Riemann
hypothesis and therefore provide unconditional proofs of Hardy and Littlewood’s
findings. And finally, after improvements on Brun’s method and his result, Chinese
mathematician Chen Jing Run was able to prove that every large even integer is the sum
of a prime and a product of at most two primes in 1966 [2].

Unfortunately, my mathematical background is not sufficient to understand the
advanced methods of these mathematicians. However, this did not end my curiosity for
the problem. Since learning about it in high school | have fiddled with it much in my
spare time. In fact, it was in high school that I realized an equivalent statement to
Goldbach’s conjecture which seemed to make it more approachable. It was not until the
latter part of my college years that | had the mathematics background to start attacking
this equivalent statement. The purpose of my research was to approach Goldbach’s
Conjecture using this equivalent statement in hopes of discovering insight into an

alternative way of proving Goldbach’s Conjecture. For my research Mathematica was the



primary tool to collect data. The different functions used to generate the data can be

found in the Appendix.
An Equivalent Statement of Goldbach’s Conjecture

An equivalent statement to Goldbach’s Conjecture is that for every integern > 2
there exists an integer ; such that »+ j and »n— j are prime numbers.
Theorem 1: For n>2, 2n = p+q where p and ¢ are prime numbers if and only if there
exists an integer j such that »+ j and n —j are prime numbers.

Proof: Suppose 2n = p+ g where p and ¢ are prime numbers. Observe that
n—(g—n)=2n-g=pandn+(qg—n)=gq. Thus there exists an integer j=g—n
such that n + j and n— j are prime numbers. Now suppose there exists an
integer j such that »+ j and n—j are prime numbers. Then

(n+))+(n—-j)=2n.

Choose an integern >2. Let k = ﬁ(\/ﬂ ) where 7z(x) equals the number of
primes less than or equal tox. The Chinese Remainder Theorem guarantees that there
exists an integer j such that »+ j and n — ;j are not divisible by the primes 2, 3, ..., p,.
Theorem 2: For alln > 2, there exists an integer j such that »+ j and n— j are not
divisible by the primes 2, 3, ..., p,.

Proof: Choose «, such that a, # £n(mod p,) forl<i< k. By the Chinese
Remainder Theorem there exists a solution modulo ¢, (where a, =2-3-...- p, IS
the i primorial, and a, =1 for convenience) to the following system of

congruence equations:



j =a;(mod2)
j =a,(mod3)

j=a,(modp,)

So then, j=a, #tn(modp,). Thus n=£ j#0(modp,) forl<i<k. Therefore

n+ jand n—j are not divisible by the primes 2, 3, ..., p,.

If n+ j<2n,then n+ j is prime since \/n+ j <+/2n and n+ j is not divisible by all of

the prime numbers less than or equal to+/2n (this is the sieve of Eratosthenes.)
However, j is a solution modulo¢,, so j can be such that »n £ ; is significantly greater

than 2n. Its value is dependent on how gq;, is chosen forl<i < k. However, if j is in the
right range, particularly if|j| <n-2,then n+; and n—; are prime. Moreover, if for
every n > 2 there exists such a j then Goldbach’s conjecture is true.

Let’s look at an example. Let n =52, thenk = n(\/z . 52): 4. Observe that

+n =0(mod2)

+n=1,2(mod 3)
+n=2,3(mod>5)
+n=3,4(mod7)

One possible way of choosing a, isto havea, =1,a, =0,a; =0,a, =0. This gives
j =105 which is greater than52 — 2 =50. However, if we instead let
a,=1a,=0,a,=4,a, =2 we get j =9<50 and thus n+ j =52+9 =61 and

n+ j=52-9=43 are both prime.



The Sequence Approach

A special sequence was created to generate a j, given an integer seed s, such that

n+ j and n—j are not divisible by the primes 2, 3, ..., p,. Itis defined as follows:

(1) Given a positive integern, let k = n(\/ﬂ) and let s be some integer. Then ;' is

defined as follows:

Jian IF jiy #£n(mod p,)

Jo=S,J = Jiat o, If j =+n(mod p) and j, + e, # £n(mod p,)

Jia+2a., 1t j, =xn(mod p;) and j, +a,, =*n(mod p,)

Theorem 3: Given n>2, let k = ﬂ(ﬂ) and let s be some integer. Then n+ j; is not

divisible by the primes 2, 3, ..., p,.

Proof: If j, #+n(mod p,), then ;7 = j', #+n(mod p,) . If ', =+n(mod p,)
and j', +a,, #+n(mod p,), then j = j’, + o, ; # tn(mod p,) . Observe that p,
is relatively primeto o, , =2-3-...- p,,. Suppose j’, = +n(mod p,) and
Jia+o, =xn(mod p,;). This is only possible if i >1. Thus 2 < p,. So then
Ja#Jja+a(modp,) and ;' # j, +2a,,(mod p,), but since
Jja=xn(modp,) and j’, +a,, =+n(mod p,), j’ =j, +2a,, #tn(mod p,).
Therefore, in all cases j # tn(mod p,) . Furthermore, forl<i<r,

ji=j +ca, +c 0, +...+c,,a,,,Where ¢, c,,,...,c, , are constants (which

are 0, 1, or 2.) But, p,divides «,,a,,;,...,a,. Thus



Jji=Jj +0=j’ #+n(mod p,). Then j; #+n(mod p,) for 1<i < kand therefore

n* j;is not divisible by the primes 2, 3, ..., p,.

For an example, again let’s look at » =52. Thenk = 72'(\/2 . 52)= 4. Observe that

0(mod 2)

2(mod 3)
,3(mod5)
,4(mod7)

H H+ +
S S S =

1
2
3

Let’s use the seed s =1. Then j = jo =1. Observe that 1# +n(mod2). So then

Ji = jo=1. Observe that 1=n(mod3)and 1+, =1+2=0%+n(mod3). So then
J»=ji +a,=1+2=3. Observe that 3=-n(mod5) and 3+ a, =3+6=2=n(mod5).
So then ji = j; +2a, =3+2-6=15. Observe that 15=1% +n(mod7). So then

Ja=Jj:=15. 52+15=67 and 52-15=37. 67 and 37 are not divisible by 2, 3, 5, or 7.
Also note that 37 and 67 are prime numbers.

Foragiven n, j, (where k = z(ﬂ)) behaves somewnhat erratically for varying

values of s. The following are values for j; , given n =100 ands :



Table 1 n=100, {s,j }

{-100,-99} (69,2241} {383} 7.3} 24,27} {5557} {86,297}
{-09,-99} {-68,-63} {-37,-3} {-6,-3} {2527} {56,57} {87,297}
{-98,-63} {-67,-63} {-36,-3} {5,-3} {26,27} {57,57} {88,123}
{-97,-63} {-66,-63} {353} {-4.-3} {27,271} {58,63} {89,123}
{-96,-63} {-65,-63} {-34,-3} {33} {28,63} {59,63} {90,123}
{-95,-63} {-64,-63} {-33,-3} (2,3} {29,63} {60,63} {91,123}
{-94,-63} {-63,-63} {3227} (1,3} {30,63} {61,63} {92,123}
{-93,-63} {6257} {3127} {0,3} {31,63} {62,63} {93,123}
{92,123} {-61,-57} {:30,-27} {1,3} {32,63} {63,63} {94,99}

{01,123} {-60,-57} {-29,-27} 2,3} {33,63} (64,2379} {95,99}

{00,123} {5957} {2827} (3.3} (34,39} {65,2379} {96,99}

{89,123} {5857} {2727} {4,39} {35,39} (66,2379} {97,99}

{88,123} {5757} {26,189} {5,39} {36,39} {67,2379)} {98,99}

{87,123} {56,189} {25,189} {6,39} {37,39} (68,2379}

{-86,-81} {55,189} {24,189} (7,39} {38,39} {69,2379}

{-85,-81} {54,189} {23,189} {8,39} {39,39} {70,81}

{-84,-81} {53,189} {22,189} {9,39} {40,81} (71,81}

{-83,-81} {52,189} {21,189} {10,231} {41,81} (72,81}

{-82,-81} {51,189} {20,231} {11,231} (42,81} {73,81}

{-81,-81} {-50,-39} {19,231} {12,231} (43,81} (74,81}

{-80,2241} {-49,-39} {18,231} {13,231} (44,81} (75,81}

(79,2241} {-48,-39} {17,231} {14,231} {45,81} (76,81}

(78,2241} {-47,-39} {16,231} {15,231} {46,81} (77,81}

(77,2241} {-46,-39} {15,231} {16,231} (47,81} (78,81}

(76,2241} {-45,-39} {14,231} {17,231} {48,81} {79,81}

(75,2241} {-44,-39} {13,231} {18,231} {49,81} {80,81}

(74,2241} {-43,-39} {12,231} {19,231} {50,81} {81,81}

(73,2241} {-42,-39} {11,231} {20,231} {51,81} {82,297}

(72,2241} {-41,-39} {10,231} {21,231} {52,57} {83,297}

{71,2241) {-40,-39} {9,231} (22,27} {5357} {84,297}

(70,2241} {-39,-39} {83} {2327} {54,57} {85,297}

The values that are bolded are ones where j; is such that » + j; are prime numbers. A

good portion of the values in the table fit such a condition. This observation combined

with other observations of data leads to the following conjecture:
Conjecture 1: For all integers n > 2 there exists an integer s such that‘j,‘j‘ <n-—2 where
Ji isas defined in (7). Thus implying thatr + j; are prime numbers. It follows from

this that Goldbach’s conjecture is true since (n + i )+ (n - j,j)z 2n.

Also, note from the data in Table 1 that there is a great amount of repetition in the values
for j; for n =100 (but as we will see soon, there is repetition in values of j; foralln.)

If we look at values of » modulo 6 we get some explanation for the repetition. We are



looking at » modulo 6 because «, =6 (we also could look at » modulo
a, =30,a, =210, etc.) However, before we do that, we must show that for » > 2and

two integers s, and s,, 1<s, <5, <k,if j* = ;2 where 1<u <v<k,then j! = j*

v

Suppose ;* = ;2. Observe that, as was shown in the proof for Theorem 3,

Jr=j2 #+n(mod p,) for 1<i<v. Thus by the definition of ;',
Jr=jn =g, =..=j Sothen ;= ;. Itfollowsthat;* = j*.

Now let » =0(mod6). Then n=0(mod2) and » =0(mod3). We will consider
the seeds s,s +1,5+ 2,5 + 3,5 + 4, and s + 5where s = 0(mod 6) in order to discover the
behavior of all seeds modulo 6. Then j; =s=0=nr(mod2) and
s+a,=s+1=1#+tn(mod2). Thus j; =s+1. Observe that s +1=1# tn(mod3).
Then ji=s+1. Now consider the seed s +1. j;™ =s+1,butj’ =s+1. Then
j& = j:**. Consider the seed s +2. Then j;** =5+ 2=0(mod2) and
s+2+a, =s+2+1=1#+n(mod2). Then j;** = s+3. Observe that
s+3=0=n(mod3) and s +3+a, =s+3+2=2%#+n(mod3). Thus j; =5+5.
Now consider the seed s +3. j.;™ =s+3=j’". Sothen j** = j***. Consider the seed
s+4. M =s+4=0(mod2) and s +4+a, =s+4+1=1%+n(mod2).

s+4

Thus j;** =s+5=j;". Sothen j** = j***. Finally, consider the seed s +5.

Ji¥ =s+5=j5" . Thus j** = j*°. Therefore for n=0(mod6) and s =0(mod6),

Ji=jand ji? = 7 = j* = j**°. This approach can be used on the other values of

n modulo 6 to get similar results. The results can be summarized as follows:



(2) For s =0(mod6),

If n=0(mod6)
If n=15(mod6)
If n=2,4(mod6)
If n=23(mod6)

.5 es+l o542 o543 _ es+4 _ .s5+45
Ji=Jiand it =57 = =g
cs+l _ es42 _ es+3 _ es+4 _ .s+5 _ -s546
Ji =J T T T Tk
es—2 _ es—1 s _ oes+l 0 542 es43
Je Tk T =Jk T Tk

-s+1 . 5+2 .5+3 - s+4

At=gi= gt =% and S0 =

This result can be tested on an example. Let » =126. So then n = 0(mod6) .

Table 2 n=126, {s, j, }.

So the pattern in (2) seems to hold. Note that the relations in (2) do not indicate when

new values for j; will occur, but rather which ones are definitely the same. A more

{0,217}
{1217}
{2,2315}
{32315}
{4,2315}
{52315}
{6,217}
{7217}
{817}
{917}
{1017}
{1117}
{12,283}

specific set of relations can most likely be found by looking at » modulo higher

primorials.

Another interesting aspect of the ;' series is that forn > 2, it does not converge.

Theorem 4: For n>2 and an integer s, j; does not converge.

Proof: Suppose ;' converged. Then j; =j,, = j., =... forsome / >1. Itwas

shown in the proof for Theorem 3 j; # tn(mod p,) for 1<i </.

Thenn+ j; = p, py -...- p, forsome ¢ >1where p,,p, ...

primes with, 7, r,,...,r, being their respective non-negative exponents and with

p,, are distinct



m;,>1 . Butthen n+j’ =p. p; -..-p, =0(mod p, ). Thus
Ji =-n(modp, ). Thenj > j' +ea, > j . Thisisa contradiction. Therefore

J; does not converge.

Now we will investigate, for a givenn , which values of s give j; such that |j;|<n—-2.

Ji

The following table is a table of values of j; such that|;|<n—2 for » =250 and

Jx
for—3000 < 5 < 98.
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Table 3 n=250,{s, j,}, —30000 <s<248.

{-29858,207} {-2503,-189} {-408,-189) {-197,-189) {-88,-87} (15,21} {166,171}
{-29857,207} {-2502,-189} {-407,-189) {-196,-189) {-87,-87) (16,21} {167,171}
{-29856,207) {-2501,-189) {-406,-189} {-195,-189} {-68,147} {17,21) {168,171}
{-29855,207} {-2500,-189} {-405,-189) {-194,-189) {-67,147) (18,21} {169,171}
{-29854,207} {-2499,-189} {-404,-189) {-193,-189) {-66,147) (19,21} {170,171}
{-29853,207} {-2498,-183} {-403,-189) {-192,-189) {-65,147) {20,21} {171,171}
{-29852,183) {-2497,-183) {-402,-189} {-191,-189} {64,147} {21,21) {172,207}
{-29851,183} {-2496,-183} {-401,-189) {-190,-189) {-63,147) 22,27} {173,207}
{-29850,183} {-2495,-183} {-400,-189) {-189,-189) {6257} 23,27} {174,207}
{-29849,183} {-2494,-183} {-399,-189) {-188,-183) {-61,-57} (24,27} {175,207}
{-29848,183) {-2493,-183) {-398,-183} {-187,-183} {-60,-57) (25,27} {176,207}
{-29847,183) {-2348,207} {-397,-183) {-186,-183) (59,57} 26,27} {177,207}
{-29828,207) {-2347,207} {-396,-183) {-185,-183) {-58,-57} {27,.21) {178,183}
{-29827,207} {-2346,207} {-395,-183) {-184,-183) {5757} (52,57} {179,183}
{-29826,207} {-2345,207) {-394,-183} {-183,-183} {-56,-21) (5357} {180,183}
{-29825,207) {-2344,207) {-393,-183) {-182,-147) {55,-21} (54,57} {181,183}
{-29824,207} {-2343,207} {-338,-123) {-181,-147) {-54,-21} 55,57} {182,183}
{-29823,207) {-2342,-27) {-337,-123) {-180,-147) {5321} 56,57} {183,183}
{-2750,-189} {-2341,-27) {-336,-123) {-179,-147) (52,21} (57,57} {184,189}
{-2749,-189} {-2340,-27} {-335,-123} {-178,-147} {51,-21) {82,87) {185,189}
{-2748,-189) {-2339,-27} {-334,-123) {-177,-147) {-38,207) 83,87} {186,189}
{-2747,-189} {-2338,-27) {-333,-123) {-176,-171) {:37,207) 84,87} {187,189}
{-2746,-189} {-2337,-27) {-272,57) {175,171} {-36,207) (85,87} {188,189}
{-2745,-189} {-2318,207) {-271,57} {174,171} {-35,207} 86,87} {189,189}
{-2744,-189) {-2317,207} {-270,-57} {173,171} {-34,207) (87,87} {202,207}
{-2743,-189} {-2316,207} {-269,-57) {172,171 {-33,207) {88,123) {203,207}
{-2742,-189} {-2315,207} {-268,-57) {171,171 {-32,-27) 89,123) {204,207}
{-2741,-189} {-2314,207) {-267,-57) {-152,-147} {-31,-27) {90,123} {205,207}
{-2740,-189) {-2313,207) {-248,-213) {-151,-147) {-30,-27} {91,123) {206,207}
{-2739,-189} {-2222,123} {-247,-213) {-150,-147) {-29,-27} {92,123) {207,207}
{-2720,-189} {-2221,123} {-246,-213) {-149,-147) {-28,-27) {93,123) {208,213}
{-2719,-189} {-2220,123) {-245,213) {-148,-147) {2727} {94,99) {209,213}
{-2718,-189) {-2219,123) {-244,-213) {-147,-147) {-26,-21} 95,99} {210,213}
{-2717,-189} {-2218,123} {-243,-213) {-128,-123) {-25,-21} 96,99} {211,213}
{-2716,-189} {-2217,123} {-230,-189) {-127,-123) {-24,-21} 97,99} {212,213}
{-2715,-189) {-2192,123) {-229,-189} {126,123} {-23,-21) {98,99) {213,213}
{-2714,-189) {-2191,123) {-228,-189) {-125,-123) {2221} {99,99)

{-2713,-189} {-2190,123} {-227,-189) {-124,-123) {2121} {112,147}

{-2712,-189} {-2189,123} {-226,-189) {-123,-123) {-20,21} {113,147}

{-2711,-189) {-2188,123) {-225,-189} {12287} {19,21) {114,147}

{-2710,-189) {-2187,123) {-224,-189) {-121,-87) {-18,21} {115,147}

{-2709,-189} {-2138,207} {-223,-189) {-120,-87) {17,21} {116,147}

{-2708,-183} {-2137,207} {-222,-189) {-119,-87} {16,21} {117,147}

{-2707,-183) {-2136,207) {-221,-189} {-118,-87} {-15,21) {118,123}

{-2706,-183} {-2135,207} {-220,-189) {-117,-87) {-14,21} {119,123}

{-2705,-183} {-2134,207} {-219,-189) {-110,-99) {13,21} {120,123}

{-2704,-183} {-2133,207} {-218,-213) {-109,-99} (12,21} {121,123}

{-2703,-183) {-2108,207) {217,213} {-108,-99} {11,21) {122,123}

{-2540,-189) {-2107,207} {-216,-213) {-107,-99) {10,21} {123,123}

{-2539,-189} {-2106,207} {-215,-213) {-106,-99) {9,21} {142,147}

{-2538,-189} {-2105,207} {-214,-213) {-105,-99) {8,207} {143,147}

{-2537,-189) {-2104,207) {-213,213} {-104,-99} {7,207} {144,147}

{-2536,-189) {-2103,207} {-212,-207) {-103,-99) {6,207} {145,147}

{-2535,-189} {-440,-189) {-211,-207) {-102,-99) {5,207} {146,147}

{-2534,-189} {-439,-189) {-210,-207) {-101,-99} {4,207} {147,147}

{-2533,-189) {-438,-189} {-209,-207} {-100,-99} {3,207} {154,189}

{-2532,-189) {-437,-189) {-208,-207) {-99,-99} {2213} {155,189}

{-2531,-189} {-436,-189) {-207,-207) {-98,147) {1,213} {156,189}

{-2530,-189} {-435,-189) {-206,-171) {-97,147) 0,213} {157,189}

{-2529,-189} {-434,-189) {-205,-171} {-96,147} {1,213) {158,189}

{-2510,-189) {-433,-189) {-204,-171) {-95,147) {2.213) {159,189}

{-2509,-189} {-432,-189) {-203,-171) {-94,147) {3,213} {160,171}

{-2508,-189} {-431,-189) {-202,-171) {-93,147) {10,21} {161,171}

{-2507,-189) {-430,-189} {201,171} {-92,-87) {11,21) {162,171}

{-2506,-189} {-429,-189) {-200,-189) {-91,-87} {12,21} {163,171}

{-2505,-189} {-410,-189) {-199,-189) {-90,-87} (13,21} {164,171}

{-2504,-189} {-409,-189) {-198,-189) {-89,-87} (14,21} {165,171}
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n—2 is an obvious upper bound for s since we want

Ji|$n—2. However, the
lower bound is not so obvious. Moreover there are curious gaps of values for s which

give

Ji| £ n—2 which we can see in Table 2 where the gap is between s = —440 and

s =-2103. It will be shown that these gaps can be predicted and that a lower bound for

s, such that <n-2, can be found. However, first we must show that

Ji

if j7, =£n(mod p,) and j’, + &, , = xn(mod p,) (or in other words j; = j', + 2, ;)
then2n + ¢, , =0(mod p,) or2n—ca, , =0(mod p,). Suppose j;, =+n(mod p,) and
jii+a,,=xtn(mod p,). Then either ', =n(mod p,) and j', + e, , =—n(mod p,) or
ji,=-n(modp,) and j', +a,, =n(mod p,). If j', =n(mod p,) and

Ji,+a,, =-n(modp,), then n=-n—a,,(mod p,) and 2n+a,, =0(mod p,). If
Jjiy=-n(modp,) and j'; +a,, =n(mod p,), then —n=—-a, , + n(mod p,) and
2n—a,, =0(mod p,). Therefore 2n+ ¢, , =0(mod p,) or 2n—¢«, , =0(mod p,).

Again, let us look at n =250. Observe the following table:

Table 4 n=250, k= z{s/2-250)=8.
[ 2n+a, (mod p,) 2n—a, ,(mod p,)
1 1 1
2 1 0
3 1 1
4 5 1
5 6 4
6 2 10
7 15 16
8 5 7
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So then for n =250, ;' =j',+2¢, , isonly possible for i =2. Then j; equals a
sum comprising of the terms s, ¢, , o, O 2¢,, @,, a5, @,, as, o, and a,. The
maximum value for j; involving only the terms s,¢, , a, Or 2¢,, @,, a,,ande,, is

s+1+2(2)+6+30+210 =5+ 251. Thus in order for

Jji|Sn—2=248, |s+ 251 < 248
or s > —499. The next largest possible value for j; is s+ a, =s+2310. If

Ji =s+ 2310 then in order for |;

<248, |s +2310| < 248 or s <-2062. Thus there is

a gap [-2061,450] where for all s € [-2061,450], > 248. If we look at Table 3 we

Ji
see that this true. Similarly, when considering maximum values for j; involving only
theterms s, ¢, , ¢, Or 20, @,, a,, ,,and «a., we find that for s € [-29781,-2810],
‘j,f‘ > 248 which again is verified by Table 3. The lower bound can be found by looking
at the maximum possible value for j; whichis j, =s+a, +2a, +1a, + o, + a, + o

+as +a;, =s+543101. So then if s <-543349, then |;;| > 248. This method can be

Jk

used for other values of .
A Counting Approach

Another way to try and show that there always exists a j such that |]| <n-2
(and therefore n+ j and n— j are prime) is by using counting methods. For a given
n>2,let k= n(Jz_) We want j such that ;j # tn(mod p,) for 1<i< k. Then for
each ithere is either one or two “bad” values for j; modulo p,. More specifically, if
n=0(mod p,) then there is one bad value and if n # 0(mod p,) there are two bad values.

The maximum number of solutions for jthat give 0< j<n—-2is
(n - 2)+1: n—1. The idea is to cut out the bad values modulo p, starting with p, =2
for 1<i <k and hopefully being left with a positive amount of good values. Let’s look
at n=100. Then k = 72'(\/2_)= E(M)= 6 and the maximum number of solutions
for j is 100-1=99. Observe that 100 = 0(mod 2). So we want to cut all ; where
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j=0(mod2). Thisisatmost [1-£]=50. This leaves j where j=1(mod2). From
these we cut the bad values modulo 3. Observe that +100 =1,2(mod 3). So then we cut
from the remaining values, values of ;such that j =1(mod?2) and j =1,2(mod3) which
is at most [1-2-%]=33. This leaves jwhere j =1(mod2)and j =0(mod3). From
these we cut the bad values modulo 5. Observe that +100 = 0(mod5). So then we cut
from the remaining values, values of jsuch that j =1(mod2), j =0(mod3), and

j =0(mod5) which is at most [1-1-1--% |= 4. This method is continued all the way up
to p, = ps =13 where find that there are at least 4 good values for ;. Therefore there

are at least four ways to write 2-100 = 200 as the sum of two primes (there are in fact 8

ways.) In general, we find the following:

For n>2,

(3) Let G(n)be defined as the number of distinct ways 2x can be written as the sum
of two primes (for example, G(5) =2.)

(4)  Let ¢/ be defined as

1LIf plnori=1

2,1f p, | n

& (n-1) [0, ~€l)

(5) LetH(n)z(n—l)—[n;ﬂ—

k
i=2 OCi

Then G(n) > H(n).
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Table 4 {n,H(n),G(n)}, 2<n<300.
2013 @258 8225 12229} {162,11,20} (202511} (242,614} (282,15,24)
311 {43.25) (83,26} {123.9,16} (16357} {2035,13} (243,15,23) (283.7,13)
@11 {44.1.4) (84.9,13) (1243,6) (164,410} (2041320} (2445,9) (284.6,13)
(502} {45,7.9) (85.3.9) {1255.9) (165,19,24) (205,813} (24511,19) (285,26,31)
6,11 {46,2,4) (86,16} {126,13,16) {166,5,6} {206,5,11) (246,16,22) (286,8,11}
712} {47,1,5) (87,611} (127,4,9) (167,411} {207,13.21) (247,713} (287,7,16)
80,2} {48,5.7) 88.3.7) (128.3.8) (168.14,19) {208,6,10} (248.4.13) (288,16,26)
9.2.2) {4933} 89.2.7) (129914} (169,59} {209,611} (249.15,23) (289712}
{1012 (50,3.6) {90,9,14) {130,7,10} {170,7,13} {210,23,30} {250,10,13} {290,819}
{11,1,3) (51,6,8) {91,4,6) (131,4,9) (171,12,17) (211711} {251,5,15) (291,17,25)
(1233 (52.2.5) 92,1.8) (132.12,16) {1725,10} (212412} (2522027} (292.7,12)
{1313} (53,2,6) (936,13} (1336,8) (173.4.9) (2131321} (2538,15) (2937,13)
{14.0.2} (545.8) {94,2,5) (134,4,9) (174,11,16) (214,59} (2545,14) {294,19,29)
{1533} (55.4.6) {95.3.8) {135.15,19} {175.10.13} (215.7.14} {255.25,32} {295.10.16}
(16.1.2) (56,3.7) (96.7,11) (1365,7) {176.5,10} (216.14,19) (256.6,11) {296.6,15)
(17,04} (57,6,10} 9737 (137,411} {177,11,20) (217613} (257,514} (297,20,27)
(182,4) (58.3.6) (98,2,9) {138,11,16) (178,49} (2185,11) (258,17,23) (2987,12}
{19.1.2) (59.3.6) {99.8,13) {1395,7) (179410} 2191321} {2509,11} {299.9.15)
2013} {60,10,12} {100,4,8) {1409,14) (1801822} (2201014} (260.11,17} {300.25,32}
213.4) (6134} {101,3.9) {141,12,16) (181,4,8) (221713} (261,17,24)
2213} (62,15} {102,8,14} (142,4.8) (182,514} (222,14.21) (262,6,11}
23,14} (63.7.10} (103,47} (143,6,12) (183,10,18) (223,6,12} (263,6,15)
(24.35) (64.2.3) {1043.7) (14411,17) (1843,8) (224,613} (264,18 25)
(25.2,4) 652.7) {105,15,19) (145,610} (185.4,14) (225,20,27) (265,814}
(26,03} (66,7.9) {106,4,6) (146,38} (186,11,18) (226512} (266,817}
(27,25 (67,3.6) {107,2,8) (147,11,19) (187,510} (227,412} (267,15,22)
28.1.3) (68,25} (108.8,13} (148.4.8) (183,11} (228.15,24) (268,6,13)
(29.1,4) (69,6,8) (109,37} (149,411} (189.13,22) (22959} (269.6,14)
(30,4.6) 7047} {110,5,9) {150,14,21) {190,6,13} {230,9,16} {270,21,30}
(31,23} (71.38) {111.9,11} {15159} {191,4,10} (231.21,28) (271710}
{3205} (726,11} (11247 {152,3,10} (192.12,19) (232.5,12) (272,613}
(333,6) {733.6) {11327} (153.12,15) (193512} (233413} (27321,30)
(3412} {74,2.5) (1148,12) (154,5,8} (194,49} (234,15,24) (274611}
(35,25} (75,10,12} {115,6,9) {155,6,12} {195,19,27) (235,10,15) (275.10,19)
(36,4.6) {76.3.4) (1162.7) (156.12,17) {196,5,11) (236.4,13) (2761723}
(37,15} (7738} (117,915} (157,4,9) (197411} (237,14,23) 277711
(3805} 78.7,11) (118,39} {158,3,10} {198,13,21) (2389,14} (2786,11)
(39.3.7) {79.2.5) {1195.9) {159.10,15} {1995,7) (239511} (2791623}
{40,2,4) (80,3.8) (1201318} (160,6,11) {200,6,14} (24022,29) (280.11.18}
{41,1,5) (81,7,10} {12158} (161511} {201,12,17) (241611} (2817,14)
Table 5 {n, H(n),G(n)}, 10000 < n <11000in increments of 10.
{10000,200,231) {10150,258,283] {10300,210,228) {10450,250,272) {10600,221,229) {10750,223,239) {10900,225,239)
{10010,301,329} {10160,205,232} {10310,208,232} {10460,211,233} {10610,216,223} {10760,221,226} {10910,224,248}
{10020,422,443} {10170,432,467} {10320,447,464} {10470,443 456} {10620,456,491} {10770,455,478} {10920,610,635}
{10030,223,239} {10180,203,220} {10330,209,219} {10480,214,231} {10630,216,237} {10780,205,318} {10930,223,232}
{10040,201,223} {10190,202,239} {10340,241,249) {10490,213,235) {10640,277,297} {10790,242,266} {10940,223,237}
{10050,430,460} {10200,458 477} {10350,450.480} {10500,533,547} {10650,457 475} {10800,458.470} {10950,469.473}
{10060,201,225} {10210,205,225} {10360,260,273} {10510,214,234} {10660,242,248} {10810,237,254} {10960,224,232}
{10070,222,237} {10220,252,274} {10370,228,247} {10520,213,249} {10670,245,266) {10820,222,244} {10970,222,237}
{10080,511,527} {10230,498,524} {10380,437,460} {10530,485,490} {10680,457,450} {10830,483,502} {10980,470,487}
{10090,203.219} {10240,206.234} {10390,211.231} {10540,238.254) {10690,217.232} {10840,222.228) {10990,271.300}
{10100,206,240} {10250,215,233} {10400,230,260} {10550,216,233} {10700,220,240} {10850,279,289} {11000,248,272}
{10110,426,455) {10260,459,483} {10410,438,453} {10560,497,521} {10710,581,605) {10860,458,467}
{10120,241,250} {10270,233,255) {10420,212,232} {10570,257,279} {10720,223,241} {10870,221,249)
{10130,204.221} {10280,209.227} {10430,257.276) {10580,225.255) {10730,235.255) {10880,235.256}
{10140,465,497} {10290,524,554} {10440,458,457} {10590,449,481} {10740,454,476} {10890,510,527}
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The values in bold in Table 4 are the values of nwhere H(n) =0. Notice the last
of these values is » =38. Also, H(n) is a fairly close lower bound of G(n) that grows

as G(n) grows. From this the following conjecture is made:

Conjecture 2: For n>38, H(n) > 0. And thus since G(n) > H(n), this implies

Goldbach’s conjecture is true for n > 38.

Conclusions

The purpose of this research project was to approach Goldbach’s Conjecture by
using the equivalent statement: For every integer n > 2, there exists an integer j such
that n+ j and n—j are prime numbers. Two approaches were by using this statement
which resulted in two conjectures.

The first approach was creating the sequence ;' to generate a j, namely j; for a
given integer n > 2. This sequence was interesting in that it had a few irregularities,

particularly that values for j; were often repeated for succeeding values of s, the
distinct values of j; could vary greatly in size, and also that there were curiously large

gaps between groups of values of s which gave

Ji| £ n—2(the bound which determined
whether n £ j, are prime numbers. The repeated values and gaps between groups of

values were explained. And finally, it was conjectured that for all integers n > 2 there

exists an integer s such that

Ji|<n—2 where j' isas defined in (7). Thus implying
thatn + j; are prime numbers. It follows from this that Goldbach’s conjecture is true

since(n+j,‘j)+(n—j,j)= 2n.
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The second approach was counting or “cutting out” the “bad” integer values from
0 to n—2 and hopefully being left with a positive number of “good” values thereby
proving Goldbach’s conjecture for that particular ». This resulted in a lower bound for
G(n) , namely H(n). This lower bound turned out to actually be generally very close to
the value of G(n), but more importantly H(n) seemed to be greater than 0 for » > 38. It
was then conjectured that for n > 38, H(n) > 0. And thus since G(n) > H(n), this
implies Goldbach’s conjecture is true for n > 38.

The conjectures made in this paper are essentially two equivalent statements to
Goldbach’s conjecture. Hopefully these conjectures reveal new approaches to solving the

problem and to make solving this old problem a much easier task.
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Appendix

Function for calculating Primorials:

PrimeFact[0]=1;
PrimeFact[n_]:=Prime[n]*PrimeFact[n-1]

Function for calculating j, :

JsIn_,s_1:=(k=PrimePi[Sqgrt[2n]];si=s;i=0;
While[i<k,a=Mod[n,Prime[i+1]];b=Mod[-
n,Prime[i+1]]; I f[Mod[si,Prime[i+1]]#a &&Mod[si,Prime[i+1]]#
b,u=0, If[Mod[si+PrimeFact[i],Prime[i+1]]#a
&&Mod[si+PrimeFact[i],Prime[i+1]] #
b,u=1,u=2]];si=si+(u*PrimeFact[i]);i++];Return[si])

Function for calculating G(n):

Gn[n_]:=(s=0;i=1;m=PrimePi[n];While[i<m, If[PrimeQ[2n-
Prime[i]],s++];i++];Return[s])

Functions for calculating H(n):

cni[n_,i_]:=(c=0; If[Mod[n,Prime[i]] #0]]i=1,c=1,c=2];Return[c])

GnEst2[n_]:=(k=PrimePi[Sqrt[2n]];sum=Ceiling[(n-
1)/2];Do[s=1;t=1;Do[t=t*(Prime[j]-cni[n,j1).{J.1,i-
1}1;s=Ceiling[(t*cni[n,i]*(n-
1))/PrimeFact[i]];sum=sum+s,{i,2,k}];est=n-1-sum;Return[est])



