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Abstract

In this article, we show theoretically and numerically that a linear penalty function
approximation to a power-law Stokes problem yields a higher order accuracy over
the known nonlinear penalty method. The linear penalty function method is shown
to satisfy a linear order of approximation for finite element approximations on a
fixed grid.
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1 Introduction

In this article we analyze mathematically and numerically an alternative penalty
method for the solution of stationary power-law Stokes problem

—v V- (|Vu|""2Vu)+Vp =1, in Q,
V-u=0,in €,

1)

where QO C R% d = 2, 3 is the computational domain, v the kinematic viscos-
ity, u the velocity vector, p the pressure, and f the body force. The power-law
Stokes equations (1) have been used as a mathematical model in numerous
applications of non-Newtonian flows: in chemical engineering [8], design of
extrusion of dies [19], the study of litosphere [11], and other geophysical ap-
plications [26]. Equally important, the power-law Stokes equations (1) can be
thought of as a simplified, linearized setting for the Smagorinsky model [25],
one of the most popular models in the large eddy simulation of turbulent
flows [7,23].

The penalty method for the power-law Stokes equations (1)

—vV-Vu*+Vp® =1, in Q,
ep*+V-u® =0,in Q,

(2)

where ¢ is a small penalty parameter (typically ¢ ~ 10~ — 1072 in practical
calculations), decouples the calculation of velocity u® and pressure pf, and
thus decreases the computational cost. The penalty method has been used
extensively in the numerical simulation of fluid flows [10,13,21] because of
its computational efficiency. The mathematical and numerical analyses for
the penalty method applied to the Navier-Stokes equations have been also
provided [27,14,24]. Mathematical support for the penalty method applied to
the power-law Stokes equations (1) was provided in a series of papers by Lefton
and Wei [16,28,17]. The authors have considered a nonlinear penalty method

UV (VU V) + V= £, in Q,
ep + (|V-uf" )V -uf =0,in Q

(3)

and proved error estimates of the form

Ce/tr=1 if r > 2,
1,r S (4)
Ce/B ifl <r <2,

lu — u]



where C is a generic constant independent of €. Also, similar estimates were
derived for the stationary power-law Navier-Stokes equations [28]. Note that
the penalty method applied to the Navier-Stokes equations yields higher order,
linear error estimates [13,21]

lu—ufly < Ce. (5)

It is the goal of this paper to show that, in fact, the finite element discretization
of a linear penalty function method applied to the power-law Stokes problem

—v V- (V[ ?Vuf) + Vpf =1, in Q,
ep*+ V. -u® =0,in Q2

(6)

satisfies the linear error estimate

lun = uillir < C(h)e, (7)

where wup, uj are finite element approximations of the continuous solutions
u,u® to (2) and (6), respectively, and C(h) is a generic constant which, for
a given finite element approximation, may depend on the mesh parameter h
but not on €. This is a significant improvement over the nonlinear penalty
method (3), since the computational efficiency is the main reason for using
the penalty method in practical calculations. We also note that a similar lin-
ear penalty method has been used in [22] to approximate power-law flows.
The authors have achieved good numerical results, but have not provided any
mathematical support for their approach.

The paper is organized as follows. In Section 2, we introduce the notation
and functional spaces used in the paper. In Section 3, we introduce the im-
proved linear penalty method for the power-law Stokes flows (6) and prove
the existence and uniqueness of solutions. In Section 4, we prove improved
error estimates with respect to the penalty parameter £ for the continuous
linear penalty method (6). In Section 5, we prove existence and uniqueness of
solutions as well as improved linear error estimates with respect to € for the
finite element discretization of the linear penalty method (6). In Section 6, we
present numerical experiments for the power-law Stokes problem (2), which
illustrate the improved rate of convergence for the linear penalty method over
the nonlinear penalty method. Finally, in Section 7 we present conclusions and
directions of future research.



2 Notation and Mathematical Setting

We present below some of the notations and functional analysis results that
will be frequently used in the paper.

Let L™(Q), Wk (Q), and WE"(Q),1 < r < 00,k =0,1,2,... denote the usual
Sobolev spaces [1]. Let || - || denote the norm on L*(Q), || - |l = || - |l the
norm on L (), and || - ||z, the norm on W*7(Q). Let (-,-) denote the scalar
product in L%(Q). The vector spaces and vector functions will be indicated by
boldface type letters.

1 1
For 1 < r < oo, let 7' denote the conjugate of r: (— +- =1, ie. . 1).
roor r—
Let W5 (Q) denote the dual space of Wy (), and || - ||, the norm on

Wk (Q). Let Li(Q) = {q e1'(Q): [ qdx= 0}.

We will also use the strong monotonicity and Lipschitz continuity of the r-
Laplacian [18,20]:

(|V'u,1|r_2 Vui, V(u; — ug)) - (|V'u,2|r_2 Vuy, V(u; — Ug))

> C V(w1 — w25, Vauy,u, € W(Q),  (8)
(|Vu1|“2 Vu,, Vv) — (|Vu2|r’2 Vus, V'v)

< CV(ur = w)lls, [Volloy Vi, up,v € WH(Q), (9)

where C' is a generic constant depending on d, r, and €2, but not on w, uy or
v.

In the sequel, we will also assume r > 2, although some of our results carry
over to the r < 2 case.

3 The Penalty Method

In this section, we will introduce the improved, linear penalty method for the
stationary power-law Stokes problem (1). We will also prove that there exists
a unique solution to the linear penalty method.

Let X := W' () and Q := Lj (Q).

The mized weak formulation of the stationary power-law Stokes problem (1)



reads

{ v (Va2 Vu, Vo) — (p,V-v) = (fv), VweX, o)

(V'U,q)zo, quQa

The existence and uniqueness of solutions (u,p) € X x @ to (10) was studied
by Baranger and Najib [4] and Barrett and Liu [6].

The mized weak formulation of the linear penalty method applied to the sta-
tionary power-law Stokes problem (6) reads

v (|[Vus["?Vus, Vo) — (p°,V - v) = (f,v), VoeX, 1)
(V-us,q) +e(pfq) =0, VqeQ,
To study the existence and uniqueness of solutions (u¢,p®) € X x @ to (11),
we follow [16,6,9].

First, define the functional J, : X — R given by

1
J(w) = 2 [Vulls, + 5= IV - ul = (£.u) VueX.  (12)
Note that J, is well defined. Indeed, since u € X = Wy"(Q) and r > 2, it
follows that V - u € L*(Q).

Let (-, -) denote the duality pairing between X and X*. It is a straightforward
calculation to check that J.(-) is Gateaux differentiable on X. Indeed,

(Jl(u),v) = ddf (u+tv) = (Au,v) — (f, v), Vu,ve X, (13)

where A : X — X* is such that

1
(Au,v) := v (|Vu|" ?Vu,Vv) + B (V-u,V- o). Vu,veX, (14)

Moreover, J!(-) is strictly monotone. Indeed,

(J,j_(wl) - Jé(wz)a w) — wy) = (Aw; — Aw,, w; — wy)

=v (|Vw,["? Vw; — |Vw,|" "2 Vws,, V(w; — ws))

+§(V-(w1 —wy), V- (w1 — wy))

>C |lwy —wal7, ,

(15)



where in the last inequality we used the strong monotonicity of the r-Laplacian (8).

Therefore, J.(-) is strictly convex. (See Section 3 in [4].) Furthermore, J.(-) is
coercive on X.

Thus, we have proved the following result:

Lemma 3.1 There exists a unique solution to the minimization problem
min J:(v). (16)

Remark 3.1 The minimization problem (16) is the variational formulation
of (6), the linear penalty method for the power-law Stokes problem.

We will prove now that the existence and uniqueness of the solution to the
variational formulation (16) implies the existence and uniqueness of solutions
to the mixed weak formulation of the power-law Stokes problem (11). First,
we note that the Euler-Lagrange equation of (16) is

(Au,v) = (f,v), Vo eX. (17)

Let (u®,p®) be a solution of (11). Then, by using (115) with

1 ,
q::@/v-vdx—V-UELTCLT (since 7 > 2), (18)
Q
we obtain
(Au®,v) = (f,v), Vo eX, (19)

which implies that u® is a solution to (17).

Conversely, let u be a solution to (17). Pick u® := u and

1 1
£.— . ar€ S -uf). 2
p 6|Q|/Qvudx ~ (V- ) (20)

It is a simple calculation to check that (u®,p®) is a solution to (11).

In order to prove the uniqueness of p°, however, we require the Ladyzhenskaya-
Babuska-Brezzi (LBB) inf-sup condition [12,13]. Amrouche and Girault [2]
proved the following result:



Theorem 3.1 Let Q) be a bounded, connected, Lipschitz continuous domain
in R® and let r be any real number with 1 < r < oo, and r' its conjugate.
There exists a constant B > 0 such that

(21)
9€LF (D) pewl™ (@) lgllo,r [lv

|1,r.

In the sequel, we will assume that the domain {2 satisfies the conditions in
Theorem 3.1, and thus the LBB condition is satisfied. We are now in the
position to prove the uniqueness of p°. Assume that p§, p§ € @ satisfy (11).
We know that u® is unique (Lemma 3.1). Thus, (115) for pf and p§ yields

(P —p5,V-v)=0 VoveW," (22)

By picking ¢ := p} — p§ in (21), we get

V- , e £
sup ( v, P p2)

VEWET(Q) [v]1,r

> B|p — p5

lo.r7- (23)

Thus, (22) and (23) imply 0 > 0. This contradiction proves the uniqueness of

£

P°.
Thus, since ¢ > 0, we have proved the following result:

Theorem 3.2 There erists a unique solution (u®,p) to the mized weak for-
mulation of the linear penalty method for the power-law Stokes problem (11).
Moreover, the unique pressure p*inL{(S2) is given by the following formula

1 1
5 V - ut V - uf). 24
P 5\52\/9 u dx 5( w’) (24)

4 FError Analysis for the Continuous Linear Penalty Method

In this section, we prove that (u®,p®), the solution to the continuous linear
penalty method (11) converges to (u,p), the solution to the power-law Stokes
problem (10) strongly with respect to .

We start by proving an a priori bound for w and wu®.



Lemma 4.1 Let (u,p) be the solution of (10) and (uf, p°) the solution of (11).
Then

Jull,, <C and  [[uffl, <C, (25)
where C s a generic constant depending only on r,€), and f.

Proof. The a priori bound for u was proved in [16]. Setting u = v = u®
in (17), and using the strong monotonicity of the r-Laplacian (8) and the
Cauchy-Scwartz inequality, yields

1

r—1

1
o < (G100 ) (26)

luf

which proves the lemma. O

The next theorem proves the strong convergence of u® to u as ¢ — 0 in the
WLT(Q) norm, provided that p is contained in L?(€2).

Theorem 4.1 Let (u,p) solve (10) and (uf,p®) solve (11). Then, provided
that p € L*(Q), u® — u as € — 0 strongly in the WL (Q) norm. Specifically,

|u — uf|,, < Cer. (27)
where C' is a generic constant depending on v, but not on €.

Proof. First, by subtracting (11;) from (10;), we get

v(|Vul|"?Vu, Vo) — v (Ve[ 2Vus, Vo) — (p—p°,V-v) =0. (28)

By setting v := u — u® in (28), we obtain

v (|Vu|" 2Vu, V(u — uf)) — v (|[Vuf|" ?>Vus, V(u — u))
—(p— 1,V - (u— u)) = 0. (29)
Next, by using the continuity equation (102), (29) becomes
v (|[Vu|""2Vu,V(u — uf)) — v (|Vu|"?*Vus, V(u — u))
—(p—p°,V-u’)=0. (30)

By using (11,), equation (30) reads



v (|[Vu|" 2Vu,V(u — uf)) —v (|[Vuf|" ?>Vus, V(u — u))
+e(p",p%) = e(p, p°) (31)
By Theorem 3.2, p* € L"()). Since r > 2, this implies that p* € L*({). Next,

by using the strong monotonocity of the r-Laplacian (8), the regularity of p°,
the regularity assumption p € L?(Q2), and Young’s inequality, we have

gllr £ €
viw—wllt, + e llpfl* < 5 lIpll” + 5 P71 (32)

€
2

from which (27) clearly follows. O

5 Error Analysis for the Finite Element Approximation of the Lin-
ear Penalty Method

In this section, we turn our attention to the finite element discretization of
the linear penalty method (11). First, the existence and uniqueness result as
well as the preliminary error bound follow, provided that the approximating
subspaces satisfy the discrete LBB condition. Next, we prove that the discrete
form of the linear penalty method possesses a linear order of convergence via
the discrete Sobolev inequalities.

Let X, € X = Wy"(Q) and Q C Q = Lj () be two conforming finite
element spaces satisfying the discrete LBB condition:

There exists a constant 3, > 0 such that

V-
0<py,< inf sup (V- o, 01)
hEQn veX, ||Qh

(33)

logr lvnll,r

The mized weak formulation for the finite element discretization of the power-
law Stokes problem (10) reads

v (|V’U,h|r_2 Vuh, V’Uh) - (ph, V- ’Uh) = (f, ’Uh), W vy € Xh,

(34)
(V- un,qn) =0, V qn € Qn,
The existence and uniqueness of solutions to (34) was studied in [3,4,6,5].

The mized weak formulation for the finite element discretization of the linear
penalty method (11) reads:



Find (uj,p;) € Xj x @ such that

v (|Vus =2 Vus, Vo) — (5, V - v,) = (f,v3), V oy, € Xy,
(V- uy, qn) + (phs an) = 0, V gn € Qn.

(35)

Theorem 5.1 Let X, C X = W"(Q) and Q C Q, = L (Q) be two con-
forming finite element spaces satisfying the discrete LBB condition (33). Then,
there erists a unique solution (u5,p5) € Xp X Qp to (35).

Proof. The proof follows along the same lines as the proof of Theorem 3.2.
We just sketch it below.

We start by constructing the functional J : X;, — R given by
v 1
T2 (up) = CIVaunllo, + 51V up||” — (£, un), Vuy, € X;. (36)

Next, we prove that J" is strictly convex, and therefore the minimization
problem

min J"(vy). (37)

v EX)

has a unique solution wj; € Xj. Then, by using the discrete LBB condi-
tion (33), we prove that (37) and (35) are equivalent. Since (37) has a unique
solution, we infer that (35) has a unique solution as well, which proves the
theorem. O

We now establish the main result which is that (35), the discretization of the
linear penalty method, satisfies the error estimate ||up — u}||1, < C(h)e. We
start by proving some supporting lemmas.

The first lemma is an a priori bound for V - uj.

Lemma 5.1 Let (up,pn) solve (34) and (u}, p5) solve (35). Then

IV -l < C(h)e, (38)
where C' s a generic constant depending on h,r, <), and f, but not on ¢.

Proof. First, by subtracting (35;) from (34;), we get

v (|Vuy|""?Vuy, Vo) — v (\Vum’_?Vui, V)
—(pn —py, V-vp) =0. (39)

10



By setting v := up, — uj, in (39), we obtain
v (|Vun""*Vun, V(un — u3)) — v ([Vus "> Vg, V(u, — u;))
— (pn = P, V - (un — up)) = 0. (40)
Next, by using the continuity equation (34s), (40) becomes
v([Vun" *Vun, V(up — ug)) —v (|[Vui|" *Vui, V(u, — uf))
— (o — 1, V - up) = 0. (41)

From (35;) and (41), we immediately have

v (|Vun| "> Vg, V(ur — up)) — v (Vg " ?Vug, V(w, — uj))
1
+(p2+gV-ui,V-u2) =0. (42)

Rearranging and using the strong monotonicity of the r-Laplacian (8), we
obtain
£ 1 € £
(ph + gv Uy, Veuy) <0 (43)

Since u$, € W'(£2), we have

Vul € L (). (44)

Thus, (43) and the Cauchy-Schwartz inequality yield

1 € £ £
IV willz < llpalle 1V - il (45)
Now, from the discrete Sobolev inequality, e.g. that found in [15], we have
IV - upll, < CR)|IV - upl2,
from which (38) is readily obtained. O

Remark 5.1 Notice that Lemma 5.1 does not require that p € L*(2), as in
Theorem, 4.1. The only requirement is that p§, € Q = Lf ().

The next lemma bounds the W1 norm of (p, —p5) in terms of the W norm
of (up — uj}).

11



Lemma 5.2 Let (un,pp) solve (34) and (u5, p;,) solve (35). Then

lIpn = pilloss < C llun — il (46)

where C' s a generic constant depending on v,r, B, €2, and £, but not on €.

Proof. By letting g := p, — p, € L} () in the discrete LBB condition (33),
we get

Ph—Dpj, Vv
lon—pilln < C sup AP Vowh) (47)
v EXY, ”Uh”l,T

By using (39), (47) becomes

v (|Vu,|""2Vuy, Vo) — v (|Vui["2Vug, Vo
Ipn = pill < € sup LTV, Von) —v (Ve Ve, Von),

v €EXp ||vh||1,7‘

(48)

Finally, (46) follows from (48) and the Lipschitz continuity of the r-Laplacian (9).
a

The next lemma bounds the W norm of (uj, — u$) in terms of the L™ norm
of V- uj.

Lemma 5.3 Let (up,py) solve (34) and (u}, p5) solve (35). Then

lun = whllie < CIIV - ugllr, (49)
where C' s a generic constant depending on v,r, 8,2, and £, but not on €.
Proof. Equation (41) implies that

v (|[Vun|"*Vun, V(up — uf)) —v ([Vui|" Vg, V(us — uj))

<lpn = Phll IV - wi |l (50)
By using Lemma 5.2, equation (50) becomes
v (|Vun| 7 Vun, V(up — uf)) — v ([Vug| Vg, V(u, - uj))
<Clun = will5 IV - uillr- (51)

Therefore, the result follows from (51) and the strong monotonicity of the
r-Laplacian (8). O

The next theorem, which is the main result of this paper, proves error estimates
for the convergence of (uj, p5) to (un, pn).

12



Theorem 5.2 Let Q) be a bounded, connected, Lipshitz continuous domain in
RY. Let 2 < r < oo and ' be its conjugate. Let (uy,pp) be the unique solution
of (34), u® the unique solution of (37), and

£ 1 £ 1 £
ph:zm/gv-uhdx—gv-uh. (52)

Then, there exists a generic constant C, depending on v,r,€), B and f, but
not on €, such that

lup —upll1, <Ce and (53)
Ipn = Pilloss < Ce™ (54)

Proof. The estimate (53) clearly follows from Lemmas 5.1 and 5.3. Next, the
estimate (54) clearly follows from Lemma 5.2 and (53). 0

6 Numerical Experiments

In this section, we present numerical experiments which investigate the rate of
convergence of uj, to uy, with respect to the penalty parameter c. Here uy, and uj,
are the finite element approximations of the power-law Stokes problem (34)
and linear penalty method applied to the power-law Stokes problem (35),
respectively.

In our numerical experiments, we will treat u, the solution to the power-law
Stokes problem (10), as an unknown, since our main objective is to investigate
the rate of convergence of u;j to uj, and not to w. Thus, we investigate the
convergence rate for

uy, — upll,r < [lun — wj i, + lun — upl]l1,-

As model problem, we consider the power-law Stokes problem with homoge-
neous Dirichlet boundary conditions

~V - [(|Vu[""?)Vu] + Vp=f, inQ (55)
V-u=0, inQ (56)
u=0, on 09, (57)

13



€ [us —uillir | cvge. || |Ju§ —ui1, | cvge. || [|lu§ —ui€l1, | cvee.
(r=23) rate (r="7/2) rate (r=4) rate

1074/4 || 2.252099 - 1073 5.698729 - 103 1.122629 - 102
1074/8 || 1.517193 1073 | 0.57 || 4.232039-1073 | 0.43 | 8.871262-103 | 0.34
107%/16 | 9.917802-10~% | 0.61 || 3.148196 - 10~3 | 0.43 | 7.030412-103 | 0.34
10=%/32 | 6.219753 -10~% | 0.67 || 2.335926 - 10~3 | 0.43 | 5.567619 -10~2 | 0.34
107%/64 || 3.710372-10~* | 0.75 | 1.689801-1073 | 0.47 | 4.393043 -10~3 | 0.34
predicted 0.50 0.40 0.33

Table 1

Numerical results for the nonlinear penalty method (58), r > 2.

where the computational domain Q(0,1) x (0,1) C R? and f = [f1,0]%, with

sin(2rx), if y > 1/2,2 < 1/2,
fl(xay) =

0, otherwise.

We discretize the resulting system (55), (58) using the Taylor-Hood finite
element pair and use a mesh of characteristic length h = 1/32. For the non-
linearities in our models, we use a Newton iteration.

Nonlinear Penalty Function Method. For the nonlinear penalty function
method, equation (56) is replaced by the nonlinear relationship

e+ (V- uf|"H)V-u = 0. (58)

In [16], it was proved that the expected convergence rate for this method
is O(e'/("=Y). Table 1 presents numerical results for the convergence rate of
|us, — w1, ase = 0, for v > 2 (r = 3,7 = 7/2 and r = 4). It is clear
that the numerical results follow the theoretical convergence rate of O(ev"%l)
proved in [16].

Linear Penalty Function Method. For the linear penalty function method,
equation (56) is replaced by the linear relationship

ept+V-u=0. (59)
The predicted convergence rate for this method is O(e), as proved in The-

orem 5.2 (equation (53)). Tables 2 and 3 present numerical results for the
convergence rate of ||uf, — ui||;, as e — 0, for r > 2 (r = 3,7 = 7/2 and

14



€ [us —uillir | cvge. || |Ju§ —ui1, | cvge. || [|lu§ —ui€l1, | cvee.
(r=23) rate (r="7/2) rate (r=4) rate

10-%/4 | 3.252774-10°° 3.607812 - 10° 4.125926 - 10~
1074/8 | 1.626424 -1075 | 1.00 | 1.803949-10° | 1.00 | 2.063023-103 | 1.00
10~%/16 | 8.132209-107% | 1.00 | 9.019856 - 10~% | 1.00 | 1.031527 -10=° | 1.00
10=%/32 | 4.066128 - 1075 | 1.00 || 4.509955- 1076 | 1.00 || 5.15767-107% | 1.00
107*/64 | 2.033070-1075 | 1.00 || 2.254984 -1076 | 1.00 | 2.578846-10—¢ | 1.00
predicted 1.00 1.00 1.00

Table 2

Numerical results for the linear penalty method (59), r > 2.

€ |us, — w2, | cvge. || [Ju§ — ui€|1, | cvge.
(r=3/2) rate (r="1/4) rate

1074/4 | 2.745215 - 107° 2.731418 - 1075
1074/8 || 1.372631-107° | 1.00 || 1.365725-10~° | 1.00
107%/16 || 6.863214 - 106 | 1.00 || 6.828667 - 10~6 | 1.00
107%/32 | 3.431622-10°% | 1.00 || 3.414344-10°% | 1.00
107%/64 || 1.715815-107% | 1.00 || 1.707175- 1076 | 1.00
predicted 1.00 1.00

Table 3

Numerical results for the linear penalty method (59), r < 2.

r=4),and r > 2 (r = 3/2 and r = 7/4), respectively. In both cases, the
expected (linear) order of convergence is verified.

7 Conclusions

In this paper, we have analyzed both mathematically and numerically, an
improvement in the penalty method for the power-law Stokes problem. In
particular, we proved that the finite element discretization of a linear penalty
method for the power-law Stokes problem yields higher order accuracy than
the finite element discretization of the known nonlinear penalty method. The
theoretical error estimate were supported by numerical experiments. We also
proved the existence and uniqueness of solutions to the continuous and finite

15




element discretization of the linear penalty method applied to the power-law
Stokes problem.

The extension of the improved linear penalty method to the Navier-Stokes
equations will be the subject of a future study. This could have a signifi-
cant impact on turbulent flow computations, were computational efficiency is
paramount.
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