A BOUNDED ARTIFICIAL VISCOSITY
LARGE EDDY SIMULATION MODEL
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Abstract. In this paper, we present a rigorous numerical analysis for a bounded artificial vis-
cosity model (7 = ud? a(d]|V4u||p)V*u) for the numerical simulation of turbulent flows. In practice,
the commonly used Smagorinsky model (1T = (¢s6)%||Veu||r V*u) is overly dissipative, and yields
unphysical results. To date, several methods for “clipping” the Smagorinsy viscosity have proven
useful in improving the physical characteristics of the simulated flow. However, such heuristic strate-
gies rely strongly upon a priori knowledge of the flow regime. The bounded artificial viscosity model
relies on a highly nonlinear, but monotone and smooth, semilinear elliptic form for the artificial
viscosity. For this model, we have introduced a variational computational strategy, provided finite
element error convergence estimates, and included several computational examples indicating its
improvement over the overly diffusive Smagorinsky model.
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1. Introduction. Turbulence is central to many important applications. Di-
rect numerical simulation is not feasible for the foreseeable future in many of these
applications. Indeed, Kolmogorov’s 1941 theory (K-41) of homogeneous, isotropic
turbulence predicts that small scales exist down to O(Re~3/%), where Re > 0 is the
Reynolds number. Thus, in order to capture all scales on a mesh, we need a mesh-size
h ~ Re=3/* and consequently (in 3D) N ~ Re®/* mesh points.

Large eddy simulation (LES) is one of the most successful approaches in the
numerical simulation of turbulent flows. LES seeks to calculate the large, energetic
structures (the large eddies) in a turbulent flow. The large structures are defined
by convolving the flow variables with a rapidly decaying spatial filter g5s. To derive
equations for @, the large eddy flow structure, we convolve the NSE with gs(x). The
resulting system is not closed, since it involves both u and w. The tensor 7(u,u) =
uul — U’ is often called the subgrid-scale stress (SGS) tensor. Thus, the closure
problem in LES is to model the SGS tensor 7(u,u).

The simplest and most commonly used approach to the closure problem is the
Eddy Viscosity (EV) model. EV models are motivated by the idea that the global
effect of the SGS stress tensor 7(u,u), in the mean, is to transfer energy from resolved
to unresolved scales through inertial interactions [19, 42, 47].

V- -1(u,u) # -V - (vrV®n) + terms incorporated into p,

where V°u is the deformation tensor and vy > 0 is the “turbulent viscosity coeffi-
cient”. The most common EV model is known in LES as the Smagorinsky model [33,
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34, 37, 49, 53] in which

VT = Vsmag(T, 8) 1= (c50)2]|V*]| . (1.1)
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Figure 1: The amount of artificial viscosity introduced by the Smagorinsky and the
bounded AV models against ||[6V*@]|.

Although the Smagorinsky model is easy to implement, stable, and replicates
energy dissipation rates, it is quite inaccurate for many problems. Probably the most
common complaint for the Smagorinsky model (1.1) is that it is too dissipative. The
reason is clearly illustrated in Figure 1: for large values of the velocity deformation
tensor, the Smagorinsky model introduces an unbounded amount of artificial viscosity
(AV). This behavior is manifest in practical computations of flows displaying large
velocity deformation tensors, such as wall-bounded flows. For example, for turbulent
channel flows and pipe flows [42], the Smagorinsky model yields unphysical results.

Different approaches have been devised to cope with this limitation: the “clip-
ping procedure” [2, 10, 11, 23, 32, 54], the van Driest damping [6, 28, 29, 42, 52], the
Ri-dependent Smagorinsky model [14, 18, 38, 46, 48, 50] (where Ri is the Richard-
son number, the square of the ratio of the buoyancy frequency and the vertical
shear), the dynamic SGS model [22], and the Lagrangian dynamic SGS model [39,
43]. All of these approaches target the same deficiency of the Smagorinsky model —
its overly diffusive character.

In this paper, we consider a bounded artificial viscosity model for the numerical
simulation of turbulent flows with high velocity deformation tensors. The bounded
AV model has a general form: it can be used to reduce the overly dissipative nature of
the Smagorinsky model without massive a priori knowledge of the flow regime. The
bounded AV model reads

vr = pd° a(d||VoT|| p) Vo, (1.2)

where a(-) is a general function whose graph resembles that in Figure 1.

The bounded AV model was proposed in [27] as an alternative to the Smagorinsky
model and yielded improved results for convection-dominated convection-diffusion
problems. In this paper, we analyze and test the bounded AV model (1.2) in the
numerical simulation of incompressible fluid flows.
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The paper is organized as follows: In Section 2, we discuss the commonly used
eddy viscosity model. We note the benefits and limitations of heuristic procedures in
which a “clipping” of the Smagorinsky artificial viscosity is performed, and present
(1.2) as a viable alternative to such strategies. In Section 3, we provide the variational
setting for which the NSE with (1.2) is solved and introduce the necessary notations.
In Section 4, we present some stability results for the variational solution to NSE
with (1.2), which are generalizations of Leray’s inequality for the usual Navier-Stokes
system. In Section 5, we prove an error estimate for the semi-discrete finite element
approximation of NSE with (1.2). Finally, in Section 6, we include finite element
calculations for NSE with (1.2) which both support the theoretical error estimate of
Section 6, and show that the bounded AV model (1.2) yields better results than the
Smagorinsky model (1.1) in the numerical simulation of channel flows. We provide
both sequential computations for an academic vortex decay problem and parallel
computations for a 3D channel flow, using the Virginia Tech Large Eddy Simulator
(ViTLES).

2. Large Eddy Simulation. LES is connected to a natural computational idea:
when a computational mesh is so coarse that the problem data and solution sought
fluctuate significantly inside each mesh cell, it is only reasonable to replace the problem
data by mesh cell averages of that data and for the approximate solution to represent
a mesh cell average of the true solution. Thus, if § is the mesh cell width, then we
should seek to approximate not the pointwise fluid velocity u(x,t) but rather some
mesh cell average w(x,t). The simplest such average is given by the convolution
of the velocity w with a rapidly decaying spatial filter gs(x). The filters gs(x) most
commonly used are the sharp cut-off, box (top hat), Gaussian, and differential.

Then this is the idea of LES in a nutshell: pick a useful filter g5(x) and define
u(x,t) := (gs * u)(x,t). Derive appropriate equations for @ by filtering the Navier-
Stokes equations (NSE). Solve the closure problem. Impose accurate boundary con-
ditions for w. Then discretize the resulting continuum model and solve it. Generally,
such an averaging suppresses any fluctuations in u below O(d) and preserves those
on scales larger than O(4).

In many flows, the portion of the flow that must be modeled, v’ := u —, is small
relative to the portion that is calculated, w. Models in LES tend to be both simple
and accurate, and the overall computational cost tends not to be much greater than
doing an (unreliable, under-refined) solution of the NSE on the same mesh.

In the case of an incompressible fluid, the non-dimensionalized form of the Navier-
Stokes equations (NSE) is

u;— Re'Au+ (u-V)u+Vp=f, inQ, (2.1)
V-u=0, inQ, (2.2)
u =0, on JfN. (2.3)

where wu is the velocity, p is the pressure, and Re := U L/v is the Reynolds number,
defined as the ratio between the product of a characteristic length-scale L and a
characteristic velocity U, and the kinematic viscosity v.

To derive equations for w, we convolve the NSE with the chosen filter function
gs(x). Using the fact that (for constant § > 0 and in the absence of boundaries)
filtering commutes with differentiation, gives the space-filtered NSE:

U — Re 'Au+ V- (uul) +Vp=—V-71(u,u) inQx(0,7), (2.4)
V-u= 0 in Q x (0,7). (2.5)
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This system is not closed, since it involves both u and w. The tensor 7(u,u) =
wul —aal or 7, (u,u) = W;w; —U; W, is often called the subgrid-scale stress (SGS)
tensor. Thus, the closure problem in LES is to model the SGS tensor 7(u,u), i.e. to
specify a tensor S = S(@, W) to replace T(u,u) in (2.4).

2.1. Eddy Viscosity Models. The most popular approach to the closure prob-
lem is the Eddy Viscosity (EV) model. EV models are motivated by the idea that
the global effect of the subfilter-scale stress tensor 7(u,u), in the mean, is to transfer
energy from resolved to unresolved scales through inertial interactions. EV models
are motivated by Kolmogorov’s (K-41) theory ([19, 42, 47]), and in particular by the
energy cascade. The essence of the energy cascade ([45]) is that kinetic energy enters
the turbulent flow at the largest scales of motion, and is then transferred by invis-
cid processes to smaller and smaller scales, until it is eventually dissipated through
viscous effects. Thus, the action of the subfilter-scale stress 7 is thought of as hav-
ing a dissipative effect on the mean flow: the scales uncaptured on the numerical
mesh (above the cut-off wavenumber k.) should dissipate energy from the large scales
(below the cut-off wavenumber k).

Boussinesq [7] first formulated the EV/Boussinesq hypothesis based upon an
analogy between the interaction of small eddies and the perfectly elastic collision of
molecules (e.g., molecular viscosity or heat): “Turbulent fluctuations are dissipative
in the mean.” The mathematical realization is the model

V- 1(u,u) % =V - (vrV°") + terms incorporated into p,

where V*w := (Vu + Val)/2 is the deformation tensor of @ and vr > 0 is the
“turbulent viscosity coefficient”. The modeling problem then reduces to determining
one parameter: the turbulent viscosity coefficient vr(w, d).

2.2. The Smagorinsky Model. The most common EV model is known in LES
as the Smagorinsky model, in which

VT = Vsmag (T, 8) == (c56)%||V*u||r, (2.6)

where ¢ is the filter radius, ¢, is the Smagorinsky constant, and ||o||F := E;j =1 o35

is the Frobenius norm of the tensor o. This model was studied in [53] as a nonlinear
artificial viscosity in gas dynamics and in [49] for geophysical flow calculations. A
complete mathematical theory for partial differential equations involving this term
was constructed by Ladyzhenskaya [33, 34].

The Smagorinsky model (1.1) where ¢; ~ 0.17 [37] seems to be a universal answer
in LES. It is easy to implement, stable, and (under “optimistic” assumptions) it
replicates energy dissipation rates. Unfortunately, it can be also quite inaccurate for
many problems.

The most successful form of the Smagorinsky model is the dynamic SGS model
of [22], in which ¢; is chosen locally in space and time, ¢; = cs(x,t). An essential
improvement is that the dynamic SGS model introduces backscatter ([41]), the inverse
transfer of energy from small scales to large scales [29, 6]. A yet improved version of
the dynamic SGS model is the Lagrangian dynamic SGS model of [39, 43].

2.3. The Overly Diffusive Character of the Smagorinsky Model. Whether
simplistic or more involved, all these approaches target the same deficiency of the
Smagorinsky model - its overly diffusive character. This negative feature of the
Smagorinsky model is clearly illustrated by the schematic in Figure 1. Plotting the
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amount of AV introduced by the Smagorinsky model against ||6 V®u||, we obtain a
linear profile: Indeed, (1.1) can be rewritten as

VT = Vsmag (W, 0) = c; 8|0 V°ul|r, (2.7)

which yields a linear profile for v (if 4 is held constant). In smooth regions of the flow,
where the deformation tensor is relatively small (||V*@||r < O(1/4)), the Smagorinsky
model will introduce a moderate amount of AV (v < O(d)). In those regions of the
flow where the deformation tensor is large (|V®ul||r > O(1/6%), for example), the
Smagorinsky model will introduce an unphysical amount of AV (vp ~ O(1)).

The overly diffusive feature of the Smagorinsky model is manifest in practical
computations of flows displaying a large deformation tensor, such as wall-bounded
flows. Indeed, for turbulent channel flows and pipe flows, because the velocity de-
formation tensor is very large near the solid wall, the Smagorinsky model introduces
an unphysical amount of AV. Similarly, in stratified flows with large shear (and thus,
large deformation tensors), the Smagorinsky model introduces an unphysical amount
of AV in the vertical direction.

There have been numerous modifications of the Smagorinsky model, all trying to
attenuate its overly diffusive character. The simplest such approach is the “clipping
procedure”

vr = vgIn (@, 8) := min{vsma, (T, 6), C}, (2.8)

where C is a user-defined constant [2, 10, 11, 23, 32, 54].
A more involved approach for wall-bounded flows (such as channel and pipe flows)
is the Van Driest damping [6, 28, 29, 42, 52], in which

+

vr = v§h, . (@,6) = [(1 - e_y2_5)] VSmag (W, ), (2.9)

where y* is the nondimensionalized distance to the wall (see Chapter 12 in [6] for
more details). The main improvement over the ad hoc clipping procedure (2.8) is that
the damping function in (2.9) is chosen so that the resulting flow satisfy the turbulent
boundary layer theory [42].

In stratified flows, the Smagorinsky model is used with a damping function in the
vertical direction [14, 18, 38, 46, 48, 50]

. / Ri
V’% = Vgrlna,g(ﬁ7 6) = 1- ﬁ VSmag(ﬁ, 6)7 (210)

where Rj is the Richardson number, the square of the ratio of the buoyancy frequency
and the vertical shear, and Ri, is a critical Richardson number (a popular choice is
Ri. ~ 0.25) [40, 46].

2.4. The Bounded AV Model. We consider in this paper the bounded AV
model, a general, mathematically sound alternative to the Smagorinsky model. The
bounded AV model reads

vr = pd°a(8||VoT|| ) VT, (2.11)

where a(-) is a general function whose graph resembles that in Figure 1. This new
model, proposed in [27] for convection-diffusion problems, is a clear improvement over
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the Smagorinsky model. Indeed, in the flow regions with large velocity deformation
tensors, the bounded AV model introduces a bounded amount of AV, just enough to
spread the solution onto the computational mesh. This is in clear contrast with the
Smagorinsky model, which introduces an unbounded amount of AV, thus being overly
dissipative. The improvement of the bounded AV model over the Smagorinsky model
is clearly supported by the 3D channel flow experiment in Section 7.

Another distinct advantage that the bounded AV model possesses over other mod-
ifications of the Smagorinsky model is that, when appropriately chosen, the bounded
AV term represents a monotonic semi-linear operator. This property allows for the
existence and uniqueness results as well as the error estimates presented herein. It
is important to note that the results of this paper are very difficult to obtain for the
previously mentioned heuristic AV bounding techniques.

The bounded AV model is general. Indeed, the function a(-) in (1.2) is just re-
quired to be bounded and monotonically increasing (see Figure 1). Thus, the bounded
AV model clearly includes as a particular case the ad hoc “clipped” Smagorinsky
model (2.8). Although the bounded AV model does not directly include the Smagorin-
sky model with Van Driest damping (2.9) (a(-) must be monotonically increasing) or
the Ri-dependent Smagorinsky model (2.10) (a(-) depends on V®u, whereas (2.10)
depends on ‘g—g), it is certainly related to these two models, targeting the overly dif-
fusive character of the Smagorinsky model. Note also that, while models (2.9) and
(2.10) are tailored for specific flows (wall-bounded and stratified, respectively), the
bounded AV model is not restricted to any particular type of flow.

It was shown in [27] that the bounded AV model yields a clear improvement
over the Smagorinsky model in the numerical simulation of convection-dominated
convection-diffusion problems with sharp transition layers. In this paper, we show
that the bounded AV model is a dramatic improvement over the Smagorinsky model
in the numerical simulation of a 3D channel flow.

There are numerous challenges in the numerical analysis of LES, where the study
of classic topics such as consistency, stability, and convergence of the LES discretiza-
tion are still at an initial stage. Only the first few steps along these lines have been
made, some of which are presented in the exquisite monograph of John [30]. A thor-
ough numerical analysis for the finite element implementation of the Smagorinsky
model has been presented in [15, 16]. Further studies have been presented in [35].
In [31], the authors have presented a rigorous numerical analysis for the popular
claim that the Smagorinsky model yields error estimates which are independent of
the Re.

In this paper, we present a rigorous numerical analysis for the finite element
implementation of the bounded AV model:

w; — Re ' Aw — V - (ud? a(8]|Viw||r)Viw) + (w-V)w — Vg =FinQ, (2.12)

V-w=0inQ, (2.13)

w = 0ondN.(2.14)

We also illustrate our error estimates through numerical simulations with the bounded
AV model for the 3D channel flow and the 2D vortex decay problem.

REMARK 2.1. The numerical analysis presented herein is concerned with the

numerical error (i.e., w — wy) associated with the bounded AV model, and not the
modeling error (i.e., W — w) associated with the proposed eddy-viscosity model.

3. The Variational Formulation. In this section, we develop the variational
formulation for (2.12)-(2.14). We will denote by W™P?() the usual Sobolev spaces
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[1] with norms || - ||=.» and semi-norms | - |ym.», and set H™(Q) := W™2(Q) and
LP(Q) := WOP(Q). In the sequel we will denote || - || and (-,-) the norm and inner
product for L2(f2), and || - ||,» the norm for H™(Q).

Specifically, we use the following function spaces for the variational formulation:
Velocity space: X := Hg () := {v € H'(Q) : v=0o0n 00},

Pressure space : Q := L3(Q) := {q € L*(Q) : / gdz = O} .
Q

The variational formulation of (2.12)-(2.14) proceeds in the usual manner. Mul-
tiplying (2.12), (2.13) by a velocity (v) and pressure (\) test function, respectively,
integrating over (2, and integrating by parts (using the fact that v = 0 on 99), we
obtain

(’lDt,’U) +A(w,'u) +B('w,w,'u)
+C(w,w,v) — (¢,V-v) = (f,v), Vve X, tel0,T], (3.1)
(V-w,\) =0, YAeQ, te[0,T] (3.2)

where the bilinear form A(-,-) is defined by
A(w,v) := Re™! (Vw, Vv),
and the trilinear forms B(-,-,-) and C(-,-,-) are defined by

B(u,v, w) := pé? (a(6]|Vullr) Vv, Vw)
Cu,v,w) := (u-Vo,w).

REMARK 3.1. Although the bounded AV model (2.12)-(2.14) depends on Viw,
for clarity we will replace Viw by Vw. The same numerical analysis can be carried
out with the Viw by using Korn’s inequalities, which relates the LP-norms of the
deformation tensor V5w to the same norms of the gradient Vw for 1 < p < oo [21,
31].

In addition, note that the velocity and pressure spaces, X and @, satisfy the
inf-sup condition [24].

inf sup GNAL))

WYY s 5>0. 3.3
AeQuex Aol = 43

The inf-sup condition (3.3), in turn, implies that the space of weakly divergence-
free functions V,

Vi={veX:(\V-v)=0, YA€ Q}, (3.4)

is a well defined, nontrivial, closed subspace of X [24].

3.1. Finite Element Spaces. Let  C IRY, (d = 2,3) be a polygonal domain
and let T}, denote a triangulation of 2 made up of triangles (in IR?) or tetrahedrons
(in R?). Thus, the computational domain is defined by

Q=|JK, KeT,.
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We also assume that for a particular triangulation T}, of Q, there exist constants ¢, ¢o
such that

ah < hg <capk,

where hg is the diameter of K, px is the diameter of the greatest ball (sphere)
included in K and h = maxger, hix. Let Px(A) denote the space of polynomials on
A of degree no greater than k. Then we define the conforming finite element spaces
associated with the velocity and pressure spaces as follows:

Xy = {v, € XNCQ)?: vy, € Pu(K), VK € Ty},
Qn = { M €QNCQ) : M|, € Py(K), VK € T},

where C(Q2) denotes the set of continuous functions on the closure of Q2. Analogous
to the continuous inf-sup condition, we also assume that the spaces X}, Q) satisfy
the discrete inf-sup condition [17, 24]

inf  sup 7()\;“V-vh)

>3 >0. 3.5
AEQR wrexy, || Al |Uallt 2P 33

The discrete inf-sup condition (3.3), in turn, implies that the space of weakly
divergence-free functions V;,,

Vh = {'Uh € Xh : (Ah,v "Uh) = 0; VAh S Qh}: (36)

is a well defined, nontrivial, closed subspace of X}, [17, 24, 25].

We now note the usual approximation properties for the finite element spaces
Xh,Qn. For (w,)\) € H¥1(Q) x HIT1(Q), we have that there exist interpolants
(Ipw, In\) € Xp, x Qp, satisfying [8, 24]

||w - Ih'w|| < thk+1|’w|Hk+1, (37)
lw — Iyw|), < Crh¥|w|grs, (3.8)
IX = I\ < Crh9|\| st (3.9)

From [8], we have the following useful results concerning interpolation:

LEMMA 3.1. Let {Th} (0 < h < 1) denote a quasi-uniform family of subdivisions
of a polyhedral domain Q C R¢. Let (K, P, N) be a reference finite element such that
P C W”p(K) me,q(f() where 1 < p,q < 00 and 0 < m < 1. For K € Ty, let
(K, Pk, Nk) be the affine equivalent element and

Vi = {U : v is measurable and ’U‘K € Px, VK € Th} .
Then there exists C = C(l,p, q) such that

1/p
l Z ||U||€Vz,p(K)

KeTy

1/q
m—Il+min(0,4 -2
< Opm-tmin(0.4-2) lz ||v||qu,q(K)] , (3.10)

KeTy,

The following result proves useful in bounding the L>® and W* norms for the
piecewise polynomial interpolants of w.

LEMMA 3.2. Let Inv denote the interpolant of v. Then for all v € W™P(Q2) N
C™(Q2) and 0 < s < min{m,r + 1},

”'U - Ih'U“WS,oo S Chm_s_d/pl’U|W7n,p.



A BOUNDED ARTIFICIAL VISCOSITY LES MODEL 9

4. Stability Results. In this section, we prove some stability results concerning
the variational problem (3.1)-(3.2), as well as its semi-discrete finite element approx-
imation. Useful in the following analysis are the following three lemmas:

LEMMA 4.1. (Monotonicity of B(-,-,-) [27].) For w,v € X, and the function
a(-) satisfying

0<a(z)<1, a'(z) >0, YV z € [0,00),
we have

B(u,u,u —v) — B(v,v,u —v) >0

Proof. Consider the functional I : X — IR, defined by

- / A(IVU | 5) dx
Q

where the function A : [0,00) — IR is defined by

Az) = /0 *ta(t)dt.

First, note that

vU

aw.v) = [ 20Vl oz

VV dx = / (VU ) VUV dx,
Q

where dI(U, V) is the Géateaux derivative of I at U in the direction of V.
Therefore, setting Uy := du, Us := dv, and V := U; — Us, we have

o

B(u,u,u —v) — B(v,v,u —v) = 5

@dI(Uy,V) —dI(U,, V).  (41)

However, we can rewrite this expression as
Ld
AI(UL, V) — dI(Uy, V) = / AI(U, + 1(Uy ~ ), V) di
0

- / 1 % / a(|V(Us + t(Us = Us))[|#)V(Us + t(Us = U))VV dx dt

V(U + (U — U3))VV
/ / UV + U = Vo)l 1o, + 4w, = 0))v Vs

V(Us + t(Uy — Ux))VV dxdt

+ /0 /Q a(IV(Us + H(U — Ux)) || [VV|3 dxdt. (4.2)

As a(z),d'(z) > 0, it is clear that the expression in (4.2) is nonnegative. Finally,
using (4.1) we obtain the stated result. [ |

REMARK 4.1. Notice that Lemma 4.1 states that the bounded AV operator B(-,-,-)
is monotone, but not strongly monotone. The Smagorinsky AV operator

B (y, v, w) := ((cs 0)? || Viul||p Viv, Viw),
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on the other hand, is strongly monotone [16, 31, 35]. Indeed, YVu,v € [W1’3(Q)]d, d=
2,3

B5™% (y u,u — v) — BS™Y (v,v,u —v) > C ||V (u —v)|]35.

Therefore, the error estimate we prove in Theorem 5.1 for the bounded AV model
assumes higher regularity for the solution w (w € L*(0,T; W%>(Q))) than the reg-
ularity for w assumed for the Smagorinsky model [31] (w € L?(0,T; WH>(Q))).
Note, however, that in the limit as § — 0, the bounded AV model resembles the
p-Laplacian. Indeed, if 6 — 0, then ||0Vu||r — 0, and the function a(d||Vul|r) in
Figure 1 resembles the graph of the p-Laplacian.
LEMMA 4.2. For uy,us,v,w € X, and the function a(-) satisfying

0<a(e) <1, 0<d(@) < M, vz € [0,00),
we have

|B(u1,v,w) = B(uz,v,w)| < Mopd”*' (|[Vur = Vo |[p[|Vollr, [Vwllr)  (4.3)
and

[B(u1,v,w)| < Mopé” (|VudllplIVoll7, [[VwllF) (44)

Proof. Without loss of generality, we assume that ||Vu1||r > |[|[Vuz||r. Imme-
diately, we have

|B(u1,v, w) — B(uz, v, w)| = pé” |([a(d]|Vuil|r) — a(8]|Vus||r)| Vv, Vw)| . (4.5)
Now, by the mean value theorem, there exists ¢, € [6||Vuz||r,d||Vu1||F], such that
a(0]|Vullr) = a(d]|Vuzllr) = a'(ca) § ([[Vuallr = [[VuellF).

Combining this with the reverse triangle inequality, ||z| — |y|| < |z — y|, we have
|a(0|Vuillr) — a(8]|Vuallr)| < a'(ca) 8 [IVur — Vs ||p. (4.6)

Finally, substituting (4.6) into (4.5) and noting that a'(c,) < M,, we obtain (4.3).
The result (4.4) follows directly. [ |
REMARK 4.2. Again, the bounded AV operator B(-,-,-) satisfies a weaker inequal-
ity than the Smagorinsky AV operator BS™9(. . .) [16, 31, 85].
LEMMA 4.3. (Leray’s inequality for the bounded AV model.) A solution of (3.1)-
(8.2) satisfies

1 Lo 1 ¢
Sl + [ Re HIvwlPdr < SOl + [ (f.0) .

Proof. The stated result follows by setting v = w and A = ¢ in (3.1) and (3.2),
noting that
B(’LU,’LU,’U)) ZOJ C(’lﬂ,’lﬂ,’lﬂ) :0a

and integrating from 0 to t. |
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We now establish the semi-discrete approximation as the solution of (3.1)-(3.2)
restricted to the finite element spaces Xy, Q-

DEFINITION 4.4. (The semi-discrete approzimation.) The semi-discrete approz-
imation is defined to be an element (wy,qn) € C(0,T; X;) N C(0,T;Qr) such that

(wh,tavh) + A(wha Uh) + B(wha ’LUh,'Uh)
+C(wn, wh,va) — (an, V- vn) = (f,vn), Von € X, t€[0,T], (4.7)
(V-wp, Ap) =0, VA € Qn, t€1[0,T]. (4.8)

We immediately obtain the following two lemmas.
LeEMMA 4.5. (Leray’s inequality for wy.) A solution of (4.7)-(4.8) satisfies

1 t
s + [ B IVl v < Jon O + [ (7).
0

Proof. Setting vy, = wy, and A = gy in (4.7)-(4.8), we immediately have

1d _
§£||wh(t)||2 + Re Y| Vws|]* < (f,wn). (4.9)
Integrating from 0 to ¢ thus yields the stated result. |

LEMMA 4.6. (Stability of wy.) A solution wy, of (4.7)-(4.8) satisfies
t
lwn(®)|? + Re~! C(@) / w3y o ds
Re L
§w02+—/ £)|2, -1, ds. 4.10
llwn (0)]] c@ Jo €l -1 () (4.10)
t
(@[ +2Re™ [ [Tun P ds
0

t
< e lwn (O)|” + / o= |E| ds, (4.11)
0

where C(2) denotes a generic constant depending on Q. Also, we have that wp(t) €
*(Q) for allt > 0.
Proof. By using the Cauchy-Schwartz and Young’s inequalities, we have

(F,wn) < 5 ||wh||H1(Q) +5z |I?II§1—1(Q)- (4.12)
By using Poincaré’s inequality [20], we get

Re™ C(9) a3y ) < Re™ Vol (413)
Inserting (4.12) with ¢ := Re™1 C(2) and (4.12) in (4.9), we obtain

”2+Re’10( ) Re

5 5l 5 lonlline) < gy @y 419

By integrating (4.14) from 0 to ¢, we get (4.10).
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By using the Cauchy-Schwartz and Young’s inequalities, we have
S 1 2 Loz
(£, wn) < 5 [lwnll” + 5 [1F]°- (4.15)

By using (4.15) in (4.9), we obtain
1d
2dt

The positivity of the exponential implies

€]

N | =

1 _
llwn||* — §||wh||2 + Re ! ||V, ||” <

s [ d - —s||If
= (g Il = P + 2= [Wan?) < = [EIP

By integrating from 0 to ¢ < T and then multiplying by ef, we get (4.11). Finally,
from (4.10) we have that

IVwg | < Cllfllz-1(0)-

The interpolation property (3.10) implies therefore, that

lwhll Lo (@) < CA 2| £|| sr-1(q)-

[ |

LeEmMMA 4.7. (Existence of (wp,qr).) There exists a solution (wp,qp) of the
semi-discrete approzimation (4.7)-(4.8).

Proof. Since dim(X}) < oo and any possible solution (wy,qy) satisfies the a
priori stability estimates in Lemma 4.6, Schauder’s fixed point theorem [36] implies
existence of a solution (wp,gp) of the semi-discrete approximation (4.7)-(4.8). [ |

REMARK 4.3. (Uniqueness of (wp,qp).) The uniqueness of the solution (wp, qn)
of the semi-discrete approzimation (4.7)-(4.8) would follow by using a general ar-
gument: Assume that there exist two distinct solutions (win,q1n) and (wap,gon)
of (4.7)-(4.8); Subtract equations (4.7)-(4.8) corresponding to the two solutions; Use
the coercivity of the operators in the error equation to obtain inequalities of the form
lwin — wan|| <0 and [|gin — g2n|| < 0.

This approach fails for (4.7)-(4.8) because of the nonlinear term C(-,-,-) and the
bounded AV operator B(-,-,-) being just monotone, and not strongly monotone (see
Lemma 4.1).

Note, however, that when 6 — 0, the bounded AV operator B(-,-,-) becomes
strongly monotone (see Remark 4.1), which could in turn allow us to prove uniqueness
of (Wh,qn)-

5. An A Priori Error Estimate. In order to prove an a priori error estimate
for the semi-discrete approximation (wy, qp), we will assume that the solution to the
continuous problem satisfies w € L*(0,T; W1>°(Q)).

THEOREM 5.1. Assume that the system (3.1)-(3.2) has a solution (w,q) € X X Q
which satisfies

w € LY0,T; WH>(Q)). (5.1)

Let b(t) :== 1 + §||[Vw|3 « + |[Vw||L~ + 3||w||3« + 2 Re~!|wh ||} . Then, there is a
constant Cy := C1(w, Re) such that

16()| L1 0,7y < C1(w, Re). (5.2)
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Furthermore, the error w — wy, satisfies for T >0

llw — w70 0,7;2.2) + Re™ IV (w — wn) |72 (0,7, 2)

< C exp(Ci(w, Re)) [|(w — wy) (x,0)|” (5.3)
+C _ inf F(w —w,q — A, 6, Re),
WEVL, AL EQR

where
F(w — w,q — A\, 9, Re)
= |Jw — B[ o 7,12) + Re IV (w — )72, 7;22)
+C exp(Cy (w, Re)) [[l(w — )il[32(0,7,22)
Hlw = @|320,1;22) + IV(W = B)Z20,7,L2)
+O(Q) IV (w = B)|[Fa(0,7,22) + la = Ml?]

Proof. First note that, for standard piecewise polynomial finite element spaces,
it is known that the LP-projection of a function in L?,p > 2, is in LP itself and the
L?-projection operator is stable in L?,2 < p < oo [12].

Let the error in w be denoted by e := w — wp, and w denote a stable approxi-

mation of w in Vj, for example, the L2-projection under the conditions of [12].
The error e is decomposed as

e=(w—w)+ (W—wy) :=n+ ¢p, (5.4)
where 17 := w — w and ¢y, := W — wy, € Vj. By subtracting (4.7) from (3.1) and
using that w € V', we obtain an error equation

(et7 ’Uh) + A(ea Uh) + [B(wa w, Uh) - B(wh7 Whp, Uh)] (55)
+ [C(wawavh) - C(whawhavh)] - (q - A, V- 'Uh) =0, V(’Uh, )\h) € Vi X Qp.

By adding and subtracting terms, and setting vy := ¢y, (5.5) becomes

(n,ts 1) + Aln, dn) + [B(w, w, ¢rn) — B(wn, wh, dn)]
= — (M, o) — A, ¢n) — [B(w, w, pn) — B(w, w, ¢n)]
— [C(w,w, ¢r) — C(wh, wh, dn)] + (@ — A, V - @n). (5.6)

By using the monotonicity of B(,-,-) (Lemma 4.1), we have
B(w,w, ¢n) — B(wh, wh, ¢r) > 0.
Thus, the left-hand side of (5.6) can be bounded from below as follows:

(Dh,ts Dr) + AlDn, Pn) + [B(W, W, dn) — B(wh, wh, Pn)]

1d 2 -1 2
> S llgnl? + Re ™! [Vepul (57)

We now start bounding from above the five terms on the right-hand side of (5.6). By
using the Cauchy-Schwartz and Young’s inequalities, we obtain

~(m,60) < 1000, 60)] < 5 18all? + 5 P, (58)

Re !

A 2
—Ivnlt. 69)

~A(m, ¢n) < [Am, ¢n)| < Re™e1 [[Vonll* +
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By adding and subtracting terms and using Lemma 4.2, we get
B(waw)¢h) - B(ﬁaﬁad)h) S |B(waw7¢h) - B(ﬁa{ﬁad)h”

< |B(w7w>¢h) - B(ﬁawad)h)' + |B(ﬁ;7w>¢h) - B(ﬁ/&;:(ﬁh)'

< Mapd™t (IVallr [Vwllr, [[VénllF)

+ Mopd” (VD] # [Vnlle, [[Vénllr) - (5.10)
Note that the stability estimates in [12] imply

IV@lz= < C|Vew|lp. (5.11)
Thus,
B(’LU, w, ¢h) - B({an7 ¢h)
< Mopd™* [Vl pes [Vl IV all + Mopd” O [Vl L= [Vl [V all

~ 1
< C(Ma, pt,6,0,C) 1, IVwllZe IVall* + &2 [Venll*. (5.12)

By adding and subtracting terms, we obtain
C(w7 w, d)h) - C(wh7 Wh, ¢h)
< |[C(w,w, pr) — C(wh, w, ¢n)| + [C(wh, w, dn) — C(wn, wh, P
= |((m+ &n) - Vw, @n)| + [(wr - V(0 + b1), dn)|
<|(m-Vw, dn)| + [(@n - Vw, dn)| + [(wh - V1, dn)| + [(wh - Vdu, dn)|
<

(n
1 2 1 2 2 2 2
Il + SVl 1ol + (IVwl|Z [|onll*)
1
2

+ (G190 + SITwle 10n1?) + (=2 19017 + o w8l 519
By using the Cauchy-Schwartz and Young’s inequalities, we obtain
(€= 2.7 9) < llg =M V- )| S eal|Vnl + o= Ml (519)
Inserting estimates (5.7)-(5.14) into (5.6), and picking &1 := 1/8, €9 := Re™1/8, &3 :=
Re 1/8, ¢4 := Re™'/8, we get

Re 1

1d - R
IVl

2 @
1 ~
< (3+2Re +2ReCOM, 18,0, 0) [Vl ) 19

[l +

1 1
+ 5 Il + 5 llnll> + 2 Re la = Ml

1 1 1
+ (5 + 5 IVl + [Vwlen + 5 ol + 2Re e ). (615)

In order to apply Gronwall’s lemma, we need

1 1 1
00 = (5 + 5 IVl + [Vl + 3 ol +2 e sl

e LY(0,T). (5.16)
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This follows immediately from the hypothesis (w € L*(0,T; W%>(Q))) and the sta-
bility estimate for w;, (Lemma 4.6).

Hiding all constants in generic C’s, Gronwall’s lemma now implies, for almost all
t € [0,T], that

llén (%, )II* + Re ™ IVnllZ20,4L2)
< Cexp ([b(®)llz10,5) lln(x, 0)]1?

1 1
+C exp (I0llr0) |5 sy + 3 110
1 —1 1 2 ! 2 2
+ (5 420) Il + COwa) [ 2Rel|Vwl~ [Vl ds
0
+2Rellqg - )\hHQ]- (5.17)

By using the Cauchy-Schwartz inequality in L?(0,t),t € [0,T], and the hypothesis
(w € L*(0,T; WH2(Q))), we get

t
/0 Vwl|[Z IVnI* ds < (Vw70 s p0oy IV T 40,4 1.2) (5.18)

We apply now the essential supremum over ¢ € [0, T] on both sides of inequality (5.17).
By using the triangle inequality, the error estimate in the theorem now follows. N

REMARK 5.1. The error estimate in Theorem 5.1 is not uniform in Re, as the
error estimate for the Smagorinsky model (Theorem 4.2 in [81]). The reason is that
our bounded AV operator B(-,-,-) is just monotone (Lemma 4.1), and not strongly
monotone as the Smagorinsky AV operator in [31].

REMARK 5.2. The regularity of w (w € L*(0,T; W1>(Q))) assumed in The-
orem 5.1 is higher than the regularity of w assumed in the error estimate for the
Smagorinsky model in [31] (w € L?(0,T; WH>®(Q))). Again, the reason is that our
bounded AV operator B(-,-,-) is just monotone (Lemma 4.1), whereas the Smagorinsky
AV operator is strongly monotone.

REMARK 5.3. The multiplicative constant Ci(w, Re) := exp (|[b(t)||r10,1)) in
the error estimate in Theorem 5.1 depends on Re. Note, however, that if we use the
skew-symmetric form of C(-,-,-), i.e.

1 1
Cskew—symmetrz’c (u, v, w) = 5 C(U, v, w) - 5 C(ua w, 'U)a (519)

the last term in the last inequality in (5.13) disappears, and thus the corresponding
term 2 Re ||wp |2« maultiplying ||@n||? in (5.15) disappears as well. Therefore, b(t)
in (5.16) becomes independent of Re.

COROLLARY 5.2. The order of convergence of

lw — wpl|poo (0,712 18 O(h**1), (5.20)
llw — whllL20,7;22) is O(R*HY), (5.21)
lw — wh||z2(0, 7,81 is O(KF). (5.22)

Proof. The proof is an immediate consequence of Theorem 5.1 and the approxi-
mation properties of the interpolation (3.7)—(3.9). [ |
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6. Newton Approximation Scheme for the Bounded AV Model. In this
section, we discuss the Newton approximation scheme as applied to the Navier-Stokes
equations with the bounded artificial viscosity term (1.2). The analysis in this section
is especially relevant to the numerical discretization of the vortex decay problem used
in Section 7.2.1. Note that approximate solutions (un,pr) € Xp X Qp must satisfy
a nonlinear system of ordinary differential equations. In this section, we derive the
Newton approximation scheme for the semi-discrete variational problem, and note
that, in practice, one would apply a Newton iteration at each time step for a fully
discrete approximation.

We first derive the Gateaux derivative for the bounded artificial viscosity term
considered in this paper.

THEOREM 6.1. Suppose that the function a(-) : R — R is analytic, and define
the (continuous) map G : X, — X as

(Gilu], v) := (a([|Vul|r)Vu, Vo).

Then the Gdteaux derivative in the direction of u evaluated at w, denoted as Jo, G1[w],
is equal to

a'([[Vul|r)

(T Ga 0], 9) = (a(|[ V]l ) Va0, V) + ( IVullr

[Vu : Vw]Vu, Vv)

Proof. Under the assumption that a(-) is analytic, we have a Taylor series
expansion

= a™(0) 2"

Therefore,

Gl =3 &

n=0

L (IVulpvu, vo).

For n = 0, it is clear that
(JuVw,Vv) = (Vw, Vo),
and we have the formula for generic n > 1,
(TullVw||BVw, Vo) = (||Vul|pVw, Vo) +n (||Vul|p *[Vu : Vw]Vu, Vo).

Therefore, we have that

<L7u gl[w],’U)

Sl D) o a(n)
- Z% m(O) (IVall3Vw, Vo) + Z T@ (IVall22[Va VeV, 70)
_ oo a(n)( 0) a(m )( ) ||Vu||”’1 .
_ZB o (IVul[EVw, Vo) +Z ).( IIVuﬁF [Vu.vw]vu,vv>
~ (@I Vullr)Vw, Vo) + (%[vfu - Vulvu, Vo)
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[ |
COROLLARY 6.2. Suppose that the function a(-) : R — R is analytic, and define
the (continuous) map Go : Xp — X, as

(G2[u],v) := (a(d||Vul||r)Vu, Vv) .

Then the Gateauz derivative in the direction of w evaluated ot w, denoted as Jo, G2[w]
is equal to

(loVullr)

(Ju G2[w], v) = (a(||6Vul|r)Vw, Vv) + 8 (a’ el [Vu : V'w]Vu,V'u)

|

We now consider the semi-discrete approximation (wp, pr) € XpxQp which solves

the overall Navier-Stokes system with bounded artificial viscosity term (1.2). For no-

tational simplicity, we drop the “h” subscripts from u and p. Define the (continuous)
mapQ:thQh%thQhas

(Glu,p], (v,9)) = (us,v) + Re™" (Vur, Vo) + p6 (a(8]|Vul| ) Vu, Vo)
+(U-V’U,,’U) - (pav 'U) + (qav u) - (f,‘U).

Therefore, we immediately have that the Gateaux derivative of G in the direction of
(u,p), evaluated at (w,r) is given by

(T(up) Glw, 7], (v,9)) = (wy,v) + Re™ (Vw, Vo) + 6 (a(8]|Vul|r) Vw, Vo)
o1 (@ 0IVullr)
w7 (Sl
+ (u - Vw,v) + (w - Vu,v)
—(r,V-'u)+(q,V-'w) _(fav)

[Vu : Vw]Vu, V’u)

Now, substituting this formula for <j<um> Glw,7],(v,q)) into the Newton iteration
system

<‘7(u("_1),11("_1)) g[u(n) - u(n—l),p(n) - p(n—l)], (’U, q)> = - <g[u(n—1)7p(n—1)]7 (’U, Q)> )
we obtain the Newton iteration scheme
(ugn),v) + Re™? (Vu("),V'u) + ud® (a(6||Vu("’1)||F)Vu(”),VU)

/(8[| 5)
so+l a'(
h ( VD]

+ (u(n—l) .va),U) + (u(") -Vu(”_l),'u) _ (p<">,v . 1,) + (q,v . u(n))

Va1V : V™ vu =Y, Vv) (6.1)

= (f,v) + po"*! (a'(5||w<"*1>||F) ||Vu<"*1>||FVu("*1>,w) + (u("’l) -vw*l),v)

for all (v,q) € Xp X Qp.-

REMARK 6.1. Given an initial (u(o),p(o)) € Xy x Qp, the existence of a solu-
tion (u'™,p™) € X; x Qp for alln = 1,2,.... to (6.1) follows by using the same
arguments as in Section 4 (Lemmas 4.6 and 4.7). Since the system (6.1), however, is
linear, we can easily prove (by using the properties of a(-)) that the solution (u(™, p(™)
s also unique.
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7. Numerical Results. In this section we present numerical results for the
bounded AV model (2.12)—(2.14). We start by illustrating the improvement in the
bounded AV model over the overly dissipative Smagorinsky model in the numeri-
cal simulation of a 3D channel flow (Section 7.1). We then present a careful mesh
refinement study supporting the error estimates (Section 7.2).

7.1. Improvement in the BAV Model. In this section, we illustrate the
improvement in the bounded AV model over the Smagorinsky model when applied to
a 3D channel flow.

We chose the computational domain = (—0.5,0.5) x (—0.5,0.5) x (0,10) C R3,
Dirichlet boundary conditions at the inlet (z = 0), on top (z = 0.5) and bottom
(z = —0.5), and “do-nothing” boundary conditions (i.e., (—pl + 2Re™'V®u) - n = 0)
at the outlet (z = 10). The boundary conditions and the forcing term have been
chosen so that the system (u,v,w,p) defined by

u(z,y,z) =

v(z,y,2) =

w(z,y,2) = 1600 (z% —0.25) (y2 —0.25),
p(z,y,2) = 3200 Re ! (2® + 9> — 0.5),

satisfy the stationary Navier-Stokes system. This choice results in homogeneous
boundary conditions on top and bottom, parabolic inflow profile, and identically zero
forcing term. We used the exact solution as initial condition.

We chose a large value for the horizontal velocity (w = 100) in the center of
the channel (z = y = 0.0) since we wanted to compare the Smagorinsky model and
the bounded AV model in flows displaying two regimes: (a) moderate/low velocity
deformation tensors; and (b) high velocity deformation tensors. Our choice displays
both regimes: the center of the channel displays regime (a) (||V*u||r = 0) and the
near-wall region displays regime (b) (||V*ul||r = 200v/2).

We also chose Re = 10°.

The numerical simulations in this section have been carried out with the Virginia
Tech Large Eddy Simulator (VITLES) (see Appendix A for a detailed description
of the algorithm and computational implementation). We used a coarse nonuniform
mesh of size h = 0.5, a small time-step At = 1072, and a small penalty parameter
¢ = 107* in the penalty method to compute the pressure.

Since we use Taylor-Hood finite element spaces for the spatial discretization and
Crank-Nicolson for the time-discretization, we expect that the leading term in the
total error will be given by the spatial discretization for these small choices for At
and ¢ (O(h%) > O(At?) + O(g)). The nonlinear system at each time-step is solved
with a Newton iteration up to an Euclidian norm of the residual vector less than 1078.
The final time is 7 = 0.1 (i.e., 10? time-steps). Since w = 100 in the center of the
channel, this allows a particle in the center to travel the entire length of the channel
once.

It is clear that, since we have an exact solution, this flow is not turbulent. We
chose this setting, however, because in the next section we will investigate the behavior
of the error with respect to the mesh refinement (and thus we need the exact solution).
Obviously, a real turbulent flow numerical comparison of the Smagorinsky and the
bounded AV models is needed and will be carried out in a future study.

Figures 7.1-7.2 present numerical results for: (i) the exact solution; (ii) a coarse,
under-resolved numerical simulation (just the NSE, without any SGS model); (iii) the
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Smagorinsky model (1.1); and (iv) the bounded AV model (1.2).

We chose a filter radius 6 = 0.5. This relatively large value for § increased the
effect of the SGS models on the numerical results, allowing a clearer comparison.
We also chose the Smagorinsky constant ¢; = 0.17, which is a popular choice in the
literature. For the bounded AV model, we chose u ~ 0.4 and ¢ = 1. These parameter
choices for the bounded AV model are not optimal, and further testing is needed to
find the optimal values. The function a(-) was chosen to resemble that in Figure 1:

1
1+49e-570|IVoulr

a(0 ||Viul|F) := —0.02 + (7.1)
This is exactly the function that was chosen in [27] for a completely different setting
(a rotating pulse for the convection-diffusion equation). Thus, this choice is most
probably not optimal for our present setting. We emphasize that we compare the
Smagorinsky model with tuned parameters with the bounded AV model with non-
optimized parameters.

Figure 7.1 presents the horizontal velocity component (w) for the exact solution,
an under-resolved (no SGS model) numerical simulation, the Smagorinsky model,
and the bounded AV model. It is clear that the under-resolved simulation yields
completely inaccurate results. This illustrates the need for SGS modeling at this mesh
resolution and Reynolds number. The Smagorinsky model yields improved results.
The horizontal velocity in the center of the channel, however, is too high (107 instead
of 100). The bounded AV model yields the best results.

But the most dramatic results are those for the pressure (p) in Figure 7.2. The
under-resolved simulation yields again very inaccurate results. The Smagorinsky
model yields again better results, but this time the pressure gradient is 10 times
higher than that for the bounded AV model.

This behavior is the perfect illustration of the improvement of the bounded AV
model over the Smagorinsky model. Indeed, the Smagorinsky model is overly diffusive
and introduces an unphysical amount of AV. Thus, the pressure gradient needs to
increase dramatically to keep the same flow rate through the channel. The bounded
AV model, on the other hand, introduces a moderate amount of AV which requires a
much more realistic pressure gradient.

7.2. Mesh Refinement Study. In this section, we present a careful mesh re-
finement study supporting the error estimates in Theorem 5.1 for the bounded AV
model (1.2).

7.2.1. The 2D Vortex Decay Problem. In this section, we present numerical
results for the bounded AV model applied to the vortex decay problem of Chorin [9,
51]. A similar study for the vortex decay problem using the Smagorinsky model was
presented in [31]. For the vortex decay problem, we define the domain Q = (0,1)% C
R2, and specify

uy := — cos(nmz) sin(nmy) exp(—2n’72t/T),

us := sin(nmz) cos(nmy) exp(—2n’n’t/7), (7.2)

1
p: —Z(cos(Zmrx) + cos(2nmy)) exp(—4n*72t/T).
Note that for 7 := Re™!, the set (u1,u2,p) solves the time-dependent Navier-Stokes
equations with the appropriate (time dependent, Dirichlet) boundary conditions. For
our purposes, we take (7.2) as the solution to (2.12)—(2.14) and illustrate two points:
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W: 0 20 40 60 80 100

W: 0 20 40 60 80 100

W: 0 20 40 60 80 100

W: 0 20 40 60 80 100

F1G. 7.1. 8D channel flow, coarse mesh, vertical cross section. The horizontal velocity distribu-
tion (top to bottom): Ezact solution (first); Navier-Stokes (second); Smagorinsky (third); and BAV

(fourth).

that the spatial semi-discretization error estimates (5.20)—(5.22) in Corollary 5.2 are
satisfied and that the estimates are bounded uniformly with respect to the Reynolds
number.
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-T

P: 3 57 9111315

P: -4E+06 1E+06 BE+086

P: 5000 10000 15000

P: 400 800 1200 1600

F1G. 7.2. 8D channel flow, coarse mesh, vertical cross section. The pressure distribution (top
to bottom): Ezact solution (first); Navier-Stokes (second); Smagorinsky (third); and BAV (fourth).

Accordingly, we specify the following parameters,

Re := 107,
7 := 1000,
final time T := 2,
filter radius § := 0.1,
p=cs:=0.17%
At = 0.01.

For our calculations, we assume n = 3, i.e. a 3 X 3 array of vortices and study
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h | llw — wh||L=(o,r.2) | rate || |lw — wh||L2(0,7:L2) | Tate | |w — Wh||L2(0,7.H1) | TaLE
1/8 4.020927-1071 4.936365- 1071 1.560773 - 10!
1/16 3.103567 - 102 3.70 3.952673-10~2 |3.64 2.886625 - 10° 2.43
1/24 5.534371-103 4.25 7.594030-10°3 [4.07 1.096755 - 10° 2.39
1/32 1.822532-1073 3.86 2.418206-10—3 [3.98 5.182457- 107! 2.61
1/40 7.778230-10~% 3.82 1.018835-10"3 |3.87 2.870239- 10! 2.65
1/48 4.227375-10~% 3.34 5.138958-10~* [3.75 1.763596 - 101 2.68
1/56 2.567581-10~4 3.26 2.907396-10~* [3.70 1.166515- 101 2.68
1/64 1.645877-10~* 3.33 1.779283-10-* | 3.68 8.151033- 102 2.68
1/72] 1.102856-10~* [3.40] 1.154125-10~% [3.68] 5.940966-102 |[2.69

TABLE 7.1
Finite element convergence estimates for the vorter decay problem.
the finite element convergence rates for fixed § := 0.1 as h — 0. For the spatial

discretization, we take the Taylor-Hood finite element pair and implement the Newton
iteration scheme as described in Section 6. For the temporal discretization, we use
the Crank-Nicolson scheme. Indicated in Table 7.1, the spatial semi-discretization
convergence estimates follow their predicted values of 3 in the spatial L? norm and
2 in the spatial H! norm. Also, note that these estimates are independent of the
selected Reynolds number, as we have taken a relatively high value for Re and a
relatively high value for At.

Appendix A. The Virginia Tech Large Eddy Simulator (ViTLES).

In this paper, we have used ViTLES, the Virginia Tech Large Eddy Simulator, a
parallel, finite element computational platform for the numerical validation of CFD
and LES models. In the sequel, we describe algorithms central to efficient, reliable
computational simulations.

A.1. Algorithm: Spatial Discretization. For spatial discretization, the com-
putational domain is decomposed in a collection of non-overlapping triangles (in 2D)
or tetrahedra (in 3D). Thus, the geometric flexibility of FE allows us to treat complex
geometries. We employ the traditional Taylor-Hood finite element pair (continuous
quadratic velocities and continuous linear pressures) which satisfies the discrete inf-
sup (LBBy,) condition [8].

A.2. Algorithm: Time Discretization. For time discretization, we employ
the second-order accurate, unconditionally stable Crank-Nicolson scheme [13]. Thus,
for each time step, we solve the following nonlinear system of equations:

wktl _ ok
i 0V (2ReT VUMY gt V)utt 4 gvpt (A1)

=(1-0)V- (2Re 'V*u*) — (1 - 0)(u* - V)u* — (1 - 0)Vp" + 0" + (1 - 0)F*,

where (uf+1, p*t1 £E+1) and (u*, p*, f*) are the velocity, pressure, and forcing vectors
at the current and previous time-step, respectively, § = % for Crank-Nicolson, and At
is the time-step.

A.3. Algorithm: Penalty Method. Another popular approach to increasing
the computational speed in CFD flow simulations is the penalty method [13, 25, 44].
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The incompressibility constraint V -« = 0 in the Navier-Stokes equations (2.1)—(2.3)
is relaxed by setting

epe +V-u. =0, (A.2)

where ¢ is a small parameter. Obviously, the incompressibility constraint is no longer
satisfied, but it can be proven that (e.g. formula (5.16) in [25])

|u —ucly + [|p— pello < Ce.

Thus, as € — 0, the solution of the penalized problem converges to that of the unpe-
nalized problem. In our computations, we used € = 0.0001. The time discretization
we chose for the penalty method reads

ep" T + Vbt = gph

where the k + 1 superscript denotes the current time step, and the k superscript
denotes the previous time step. In this form, the penalty method resembles the
artificial compressibility method [25, 13], the augmented lagrangian method [44], or
the iterated penalty method [25].

A.4. Algorithm: Newton Iteration. In this section we describe a Newton
iteration scheme for solving the nonlinear system at each time step. The scheme im-
plemented in ViTLES explicitly constructs approximations of the Jacobians rather
than calculating the actual Jacobian matrix. Such a scheme provides rapid compu-
tational implementation, and is easily transportable in the sense of applicability to a
number of physical problems.

In view of (A.1) and (A.2), at each time-step we solve

R(ukt pht!) = 0
where

R(u**,p )
= (Ut — ALV - (2Re 1 VIuF ) 4 9AL (WP - V)uFT + 0ALVPFTE + Ry,
V- ubt 4 gphtt — eph) (A.3)

and Ry, is the part of R(uf*t!, p*+1) that depends only on u* and p*:
Ry := —uf — (1 = 9)AtV - 2Re~'V°u*) + (1 — O)At(ur - V)u* + (1 — 9)AtVpF.

The Newton iteration (u",p") will yield an approximation to (uf*+!, p**+1) where n
is the Newton iteration number. Thus, we need to solve

Ru™,p™) =0.
Newton’s method reads
Rl(un’pn)(un-l—l - un’pn-l—l _pn) = _R(un’pn),

where

’ OR;(u",p")
R n) & i = AT o o~
[ (u p )] J a(un,pn)j
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is the Jacobian of R. We explicitly construct the approximation to R’, element by
element, from a sequence of finite differences

R;((u™,p") + he;) — R;((u™, p"

[RI(Un,pn)]ij ~ Z(( ) ) h]) 1(( ) )7

where h is the differencing parameter and e; is the j-th unit vector. The reason for
using an explicit construction of the approximation to the Jacobian instead of using
matrix-free Jacobian vector products is that we will need the actual Jacobian matrix

in sensitivity computations in our longer-term research. We also note that our finite
difference implemenatation for the Jacobian is ripe for automatic differentiation.

A.5. Computational Implementation. ViTLES is written on top of PETSc
(the portable, extensible toolkit for scientific computing) developed at Argonne Na-
tional Laboratory [4, 3, 5]. ViITLES makes use of MPI, linpack and the blas. We have
also used ADIC, the automatic differentiation tool [26], to compute Jacobians. This
allows us to rapidly and efficiently implement several problems of interest in CFD, e.g.
closure modeling and sensitivity analysis. Routines have been developed to convert
ViTLES format to several visualization routines including Tecplot, VTK and VU.
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