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ever such a bound exists. In addition, for positive real bal-
Abstract ancing we introduce a multiplicative error bound and pr@pos

a new modified passive reduction technique with an absolute
Balancing is one of the most efficient and most commonly usétror bound. Also, based on Gawronski and Juang’ method
methods for model reduction. In this note, we present a gurJé], a new frequency-weighted balanced reduction methaial wi
of several balancing related model reduction schemes. wdso guaranteed stability and a simple bound ontthg norm of er-
introduce a multiplicative error bound and propose a new @' system is introduced. A similar work is Ober’s paper [15]
duction method with an absolute error bound for positive redowever, [15] lacks the error norms and the weighted balanc-
balancing. In addition, a frequency weighted balancingtedng methods.

nique V\;'tn guaranteed sta_b|||ty and a:mple bound orHge The reduced order models via any type of balanced reduction
norm ofthe error system, Is presented. is obtained by truncation of the corresponding balanceibas
Hence we will use the following notation:

1 Introduction 1 1
. . . L . : A Ap Bi - .
In this note we consider the linear time invariant dynammab _ _ A | B
; ) (s) =LA Ax B, L&.(s) =
systems in state space form: C. G, | D C, | D
) _ 1] (I (2)
x(t) = Ax(t) +Bu(t) G(s) == A|B ) ) N _ ) _
y(t) = Cx(t) + Du(t) = C¢ID whereG(s) is partitioned in the balar_wced basis aBd(s) is
the truncated reduced order model with ordez n.
whereA CR™ ", B CR™™, Cc CRP*", D CR"™™. .
The transfer function of the system (1) is given &¢s) := 2 Lyapunov Balancing Method

C(sl — A)™!B + D. The problem, we-gre interested in, i et G(s) be the to-be-reduced model as defined in (1). Closely
where related to this TsystemTare two corTltinuous timeT Lyapunov-equa
Cr | Dr tionsAP+PA +BB =0andA Q+QA+C C =0.Un-

A, CR™", B, CR™™, C, CRP*", D, [CRP™, with derthe assumptions thAtis asymptotically stable ar@(s) is

r << n such that(1) The approximation error ismall and minimal,P,Q [R"™", called thecontrollability andobserv-
there exists ajlobal error bound(2) System properties, like ability gramiansrespectively, are unique and symmetric posi-
stability, passivity boundednesare preserved an@) The pro- tive definite. The square roots of the eigenvalues of theywbd
cedure icomputationally stablandefficient PQ are the so-called fankel singular valumgG(s)) of the

One of the most efficient and most commonly used reductiSKStemG(s): si®) = N(PQ).
techniques is the so-called Lyapunov Balanced Model Reddde asymptotically stable and minimal syste@(s) is

to find a reduced order syste@y(s) :=

tion first introduced by Mullis and Roberts [14] and later igalled Lyapunov balanced if P = Q = X =
the systems and control literature by Moore [13]. Balancirjag(oilm,, " ,0qlm,), Whereg; > 0, > .-+ > gq > 0,
is achieved by transforming the system into a basis where ting, i = 1, --,q are the multiplicities ofy;, andmy + .-+ +

states which are difficult to reach are simultaneously diffic mq = n. In this basis, states, which are difficult to reach, are
to observe. Then, the reduced model is obtained by trurgcatgimultaneously difficult to observe and a reduced model is ob
the states which have this property. Besides the Lyapuniev Hained by truncating the states corresponding to small Elank
ancing method, other types of balancing exist, narsghas- singular values;.

tic balancing first proposed by Desai and Pal [4] for balanc-

ing stochastic systems and later generalized by Green {8, Bjeorem 2.1 Let the asymptotically stable and mini-
bounded real balancinflL6], applied to the bounded-real sysial system G(s) has the Lyapunov balanced real-
tems;positive real balancing4], applied for model reduction ization as in (2) withP = Q = diag(Z1,2>)

of positive real (passive) systems; drehjuency weighted bal- where =; = diag(o1lm,, -+, 0klm,) and %, =
ancing[5, 12, 18, 20, 6] applied to minimize the weighted errafliag(Ok+11m,.,, -, 0qlm,). Then the reduced order
over a selected frequency region. model G(s) in (2) is asymptotically stable, minimal and
Oaatisfie:s

In this note, we present a survey of the balancing relatedain
Y g [G(S) — Gr(S) L, < 2 (Okar + -+ + q). @3)



3 Stochastic Balancing Method bounded real Riccati equatiorsf G(s). It is easy to show

Let G(s) in (1) be asymptotically stable and minimal withthat if Y = YT > 0'is a solution t91(4), the = Y_ilis
(i) m = p, i.e., G(s) is square, andii) det(D) & 0. Let & solution to (5). Henc&min = Ypax aNdZmax = Ypin-
W (s) be a minimal phase left spectral factor®{s)G (s), 'hen a bounded real balancing transformation is obtained by

i.e., W (S)W(s) = G(s)G (s) whereG (s) := GT(—s). balancingYmin with YL, which is equivalent to balancing

pealization-gf W(s) can be computed a®(s) = Ymin With Zmin.
A | Bw with By := PCT + BDT, and Cy := G(s) is called boqnded real  balanced if
Cw | D . N . Ymin=Zmin=Y max=Zmaxx=diag€l, -+, &) where
D~!(C — ByyX) whereP is the controllability gramian of 1 > & > & > ... > & > 0, I, i = 1,---,q are the
G(s), and X is the solution to the Riccati equatioNA + muiltiplicities of &, andl; + - -- + I, = n. &’s are calledhe
ATX +XBw(DD")"'By X +CT(DD")™'C =0. bounded real singular valuesf G(s).
The asymptotically stable, minimal, square and non-sigul
systemG(s) is called stochastically balanced® = X = Theorem 4.1 Let the asymptotically stable, minimal, bounded
diag(uale,, - -+, Hglt,)- Wherepy > pp > - > g > 0, t, real systemG(s) be bounded real balanced and partitioned
i =1, --,qare the multiplicities ofsj, andt; + - - -+t =n. as in (2) withYmin = Zmin = diag(=1, =2) where=; =
Ui's are indeed thé" Hankel singular value of the stable partliag(€.1i,,---,&h,) and = = diag@€x+1li, .., . &h,)-
of the so-callegphase matrixW (s))"1G(s). Let the reduced order mod&,(s) be obtained by trunca-

tion as in (2). TherG,(s) is asymptotically stable, minimal,
Theorem 3.1Let the asymptotically stable, minimalPounded real balanced and satisfies

. . —1
square and non-singular syster®(s) be stochastically [G(s) — Gr(s) [ <2 & (6)
balanced and partitioned as in (2) witPs = Xs = = Y
diag(l's,2) where ' = diag(Male,, -, Hkly) and

M, = diag(Mk+1ltes.  + Hqly ). Then the reduced order5 Positive Real Balancing Method
modelG; (s) obtained by the stochastic balanced truncation ifnother important class of dynamical systems is the sedall

asymptotigaily stable, mi@al ar@tisfies positive real (passive) systems. In a physical sense, the po
G —Gr) = E;E_krrl itﬁ -1 itive realness means that the energy produced by the system
LG - Gy) @N S ke itﬁ -1 can never exceed the energy received by it. The asymptoti-
In addition, if G(s) is minimum phaseG,(s) is minimum cally stable systers(s) in (1) is called positive real ifn = p,
phase as well. DT +D = 0 andG (gw) + G(gw) > 0, for [wl R
_ whereG(s) = C(sl —A)™1B + D. DefineDp :=D + DT,
4 Bounded Real Balancing Method Similarly to the bounded real cagg(s) is positive real if and

An important class of the dynamical systems is the so-calledly if there exist & = KT > 0 such that

bounded real systems whose transfer function is bounded by - S TN

one on the imaginary axis. This class of systems is used® K+ KA+ (KB—-C)D"(KB—-C") =0. (7)
in parameterizing all stabilizing controllers of a systentts
that the closed-loop system satisfiestdgn, constraint [15, 7].
G(s) in (1) is called bounded real if — DD > 0 and  AL+LAT +(LCT —B)D;*(LCT —B)" =0.  (8)
I -G (w)G(jw) >0, for wl[R

A dual Riccati equation

is also obtained where = LT > 0. (7) and (8) are the so-
It can be shown thaB(s) is bounded real if and only if there called positive real Riccati equationsf G(s). Any solutions
existaY = YT > 0 such that K andL of, respectively, (7) and (8) lie between two extremal
T T solutions, i.e0 < Knin <= K= Kpax and0 < Lphin <L <
AT Yé‘(g S C?T_FD)R_l(YB +CTD)T =0 (4) Lmax. If K=KT >0isasolutions to (7), theh = K™ is a
c : solution to (8). Henc&min = Lisy andKmax = Lii,. Then
analogously to the bounded real balancing case, a positale r
balancing transformation is obtained by balancing the méahi

solutionsKin andLmin to (7) and (8), respectively.

whereRc = | — DTD. Any solutionY of (4) lies between
two extremal solutions, i.€0 < Ymin < Y < Ymax. Ymin IS
the unique solution to (4) such that+ BRZ*(BTY +DTC)

is asymptotically stable. DefiRg := 1 —DDT. Thenadual G(s) is called positive real balanced Kmin = Lmin =

Riccati equation Kmax = Lmix = diag(mls,, -, Mgls,) wherel = m; >

Mo > -+ >T4 >0,s;, i =1,---,q are the multiplicities

AZ +ZAT +BBT+ (5) ©Of M, andsy + -+ +sq = n. m are callecthe positive real
(zCT +BDT)Rg*(ZCT +BD")" =0. singular valueof G(s).

is obtained wher& = ZT > 0. As in the case for (4), Denote by M, the Moebius transformation, defined as

any solutionZ of (5) lies between two extremal solutions¥(s) 24 G(s) = (I =W (1 + ¥). Itis well known that
ie. 0 < Znin = Z < Zmax- (4) and (5) are callethe applying a Moebius transformation on a square bounded real



WY(s) yields a positive real systeniM is a bijection with in- modified positive real truncation is obtained as followsvei

M~ _ . . G(s) [D, defineH(s) with the corresponding-term Dy
verseG(s) B~ W = (G(s) — 1) 1_(1G(s)+ ) 1i.e., given asDJ, + H(s) = (D' + G(s))~L. SinceG LD, H(s)
a positive real systeig(s), ¥ = M™(G(s)) is bounded rea_l. is positive real. Left; denote the positive real singular val-
-brgjg doer:jerg;n f:;ﬁgﬁfé? dlzrﬁo?fng(e; rfall/lb(ﬁl‘;‘?sceggi‘”thues ofH (s). Then apply the positive real balanced truncation
tive real balan?:ed with positive re)éll rami;'risz = P to H(s) to obtainH (s) Ey keeping largesk modified pos-

P 9 = itive real singular values; of H(s). The final reduced or-

Theorem 5.1 Let the asymptotically stable, minimal, positiveler modelG (s) is constructed froni(s) using the equality
real systemG(s) be positive real balanced and parti-Dr + Gr(s) = (D[, + H(s))~*. By constructiorD, = D.

tioned as in (2) withKmin = Lmin = diag(M,M,) It follows from the definition ofD that sinceH,(s) [,
where My = diag(mls,, -+, mkls,) and M, = Gr(s) is positive real as well . Notice that the state-space
diag(Mu+rals, .y, -2 Mglsy). Then G,(s) obtained by representations dfi(s), Hr(s) andG,(s) are easily obtained
the positive real balanced truncation is asymptoticaltde, through the formulad[; + H(s) = (DT + G(s))~! and
minimal and positive real balanced. Dr +Gr(s) = (D] + He(s)) ™.

Note that there exists no results on the norm of the error

G(s) — G, (s). Itis clear that the error results of the stochastitheorem 5.3 Given the positive real syste@(s) [D, let
balancing can be employed for positive-real balancing ds wés,(s) be obtained by the modified positive real balancing
However, in that casthe bounds will be in terms of the specmethod introduced above. Th@&y(s) is asymptotically sta-
tral factors of G(s), not in terms of5(s); that is, we will have ble, positive real and satisfies

bounds on the erra®1~1(V —V,)[LdwhereG+G =V V
andG, + G, =V, V,. Towards this goal, we state the main
result of this section which gives an absolute error boumd fo
(DT +G(s))"t — (DT + G,(s))"* and a multiplicative-like
error bound directly in terms d@b(s) andG,(s).

[G(s) — Gr(S) [hl, <2 (R 2 qflkas + -~ Tg).  (11)

By Theorem 5.3, we approximate a positive real syst{s)
y a reduced order positive real system with an absolute erro
ound on theHs norm of the error ifG(s) . This er-
ror result is analogous to the error result (3) of the Lyapuno
balancing and (6) of the bounded real balancing. As Example
7 illustrates ifG(s) [CD, the proposed method is a promis-
T 1 T 1 ing alternative to the positive real balancing. The cooditi
%ID +GE) (D +Gr(s) . = ©) G(s) [ is still under examination, but we believe, from the
CIDT + G, (s) (G(s) = Gr(s)) KL, =a;az (10) experience we gained through a vast amount of numerical ex-

S amples that, it is not a restrictive condition.
We state (10) as a multiplicative-like error bound rathantan

exact multiplicative error bound because of the t&p(s) + 6 Frequency Weighted Balancing Method
DT. However, one can easily see that it is a multiplicativgll the balancing methods introduced above try to approxi-
error in terms ofG(s) + DT andG,(s) + DT. One can view mate the full order modeG(s) over all frequencies. How-
(10) also as a weighted error bound where only input weightigver, in many applications one is only interested in a certai
exists and is given b{DT + G(s)) ™. frequency range. This problem leads to the so-called the fre
p. auency weighted balancing method. Enns’ [5], Lin and Chiu’s
[12], Wang'set al. [18] and Zhou's [20] frequency weighted
balanced reduction methods are the most common approaches
In this section, we will introduce a modified positive real-bato attack this problem. These methods construct some input
ancing method for a certain subclass of positive real systerweightingWi;(s) and output weightingV,(s) and try to min-
Then based on Theorem 5.2, we will derive an absolute erigize the weighted erroE W, (s)(G(s) — Gr(s))Wi(s) L4l_.
bound for the proposed method. We want to mention thatV;(s) andW,(s) are some fictitious
. .. ) quantitiesunless they are specified by the usker most cases,
Given a positive real systefB(s), defineFe(s) asFa(s) + the original problem is to approxima€(s) over a frequency

R? = (G(s) + DT)™1. Itis clear thatFg(s) + R? is positive . . ST
I h .
real. To apply the modified algorithm, we will assume thiterva [ w1, w2 ] and no input and output weighting is given

Theorem 5.2 Given the asymptotically stable positive re
systemG(s), let Gr(s) be obtained by the positive real bal-
anced truncatj s above. Defii®? = (D + DT)™?,
oy =2 R =, manday := DT + G(s)[Hl.. Then,

5.1 A modified positive real balancing method with an a
solute error bound

. " ... _Jowards this goal, Gawronski and Juang [6] introduced aroth
FG(S) * RZ./z is positive real as well T'herefore, the mO.dIer pe of weighted balanced reduction method where for a given
algorithm discussed below will be applicable to the family frequency bandw, ws ], the construction of the weights are
D= I%](s) - G(s) and Fs(s) + R2/2 is positive real avoided simply by using the frequency domain represemtatio
of the gramians. We will propose a frequency weighted balanc
Through out this section, by positive real systems we mesrg method as a modification to [6] which guarantees asymp-
the positive real systems that belong to the fanfily The totic stability and provides a simple error bound.



6.1 Gawronski and Juang’s frequency weighted balanced modified frequency weighted gramiaRs, and Qq are ob-
reduction method [6] tained as the solutions taPg + PoAT + BBT = 0 and
_ N o QoA + ATQq + CTC = 0; consequently the modified fre-
Inthefrequ&acy domain, the controllability gramins given quency weighted balancing is obtained by diagonaliZhg
byP = s& "2 HW)BBTH (W)dw whereHy := Wl — andQq, i.e. Po = Qq = diag(Gy, Ir,, -+ -, Og, Iv,) Whereg;
A)~L. For a given frequency bar@d = [w;, W, ] of inter- are the modified singular values,are the multiplicities ob;
est, Gawronski and Juang suggested to choose the frequepyt; + - - + 14 = n.

weighted controllability gramian as )
Theorem 6.1 Let the asymptotically stable systeB@(s) be

Pq:=P(wz) —P(w1)  where (12) in the modified frequency balanced basis as discussed above,
1 W T and also letG, be obtained by the truncation of this bal-
Pw) = M —w HW)BB H (wdw. (13) anced basis. Assume thetnk([ B B ]) = rank(B) and
. . . . Jank([CT CT ] =rank(C"). Th i icall
Some tedious manipulations yield that, see [6] for detallran (c” C )= rank(© ") enG:(s) is asymptotically

P(w) is the solution to the Lyapunov equatiohP (w) + Stable, minimal and satisfies
PW)AT + W¢(w) = 0, whereWc(w) = S(w)BBT + CG(s) — Gr(s) [ =< 2[Jk [Tk [(Gk+1 + - -+ + 0g)
BBTS (w) andS(w) := & In(Gwl + A)(—jwl + A)™1).
Therefore, the weighted gramid®y in (12) is obtained by where Jg = diag(|]As|7*/2, -, |As|7¥2,0,---,0)MTB
solving the Lyapunov equatioAPq + PoAT + W, (Q) = 0 andJc := CNdiag(|d:|~*/2, -, |8c}57%/2,0,---,0).
whereW¢(Q) := W¢(w2)—W¢(w1). DefineQq, the weighted
observability gramian, analogous to (12) and (13). The silote that the assumptiarank([ B B D= rank(é) is also
ilar argument yieldAT Qq + QoA + W,o(Q) = 0, where made in Wang'st al. [18] approach. Defing(Z) := BZ +
Wo(Q) := Wo(w2) — Wo(w1), andWo(w) :=S (W)CTC+ ZzTBT. LetG(Z) = MAMT be the EVD ofG(Z). Denote
CTCS(w). Hence the computations &fq andQq require B = M | A |2, It was shown in [18] that for almost all
evaluating the logarithm i (w) in addition to solving two z Q™" rank([B B ]) = rank(B). Notice that we have
Lyapunov equations. For small-to-medium scale problems e exact setup wit = BT (S(w») — S(w1)) . Hence we
which an exact balancing can be computgdy) can be effi- expect that our approach will apply in most cases. Indeed, fo
ciently computed as well. a vast amount of simulations, the assumption has always been
Gawronski and Juang’s frequency weighting method is obatisfied and it does not seem to be a difficulty in practice..
tained by balancing®o againstQqo, i.e. Pa = Qa = 7 Anexample on positive-real balancing
diag(On, In,, -+, 0n,In,) Wheren; are the multiplicities of _ o o _ _
each singular value; andn; + - + nqy = n. Then the re- Consider a circuit,G(s) consisting of 50 sections intercon-
duced order model is obtained by truncation of the balancegcted in cascade; each section is as shown in Figure 1-a. The
basis. However, sincd/.(Q) andW,(Q) are not guaranteedinput is the voltage/ and the output is the curreit of the
to be positive definite, stability of the reduced model iserevfirst section. The order d&(s) is thenn = 100. We apply 3
guaranteed. methods, namel{i) Positive real balanced reductioRRBR)
) ) ) . (ii) Modified positive real balanced reductioMPRBR) and

As seen from Fhe _above discussion, the cons_trucuons oi_t m;?m) Lyapunov balanced reductiohBR ): and reduce the order
and output weighting®Vi(s) andW,(s) are avoided by defin- 1, = 10. We note thaG(s) [, hence allowing the usage
ing the gramians over the specified frequency range. INd&gqpRBER. The largest0 of the normalized Hankel singular
one can show that this method is equivalent to Enns’s metmuewi, the positive real singular values and the modified
whereWi(s) andWo(s) are chosen as the perfect band-paggsitive real singular values; of G(s) are shown in Figure
filters (i.e. an infinite dimensional realization ¥i(s) and 1 , As the figure illustrates, they all show a very similar de
Wo(s)) over the frequency barfdv;, w ]. cay behavior. This means that for positive real systemand
6.2 The modified frequency weighted balanced truncation Ti Play the role of the Hankel singular values. Hence each of

method these 3 sets of singular values reveal that the decay radstis f

consequentlys(s) is easy to approximate.

In this section, we will introduce a modification to Gawronsk i )
and Juang’s and obtain a frequency balancing method wth'Ple sigma plots of the reduced and error systems are depicted

uarantees stability and provides a simple error result. In Figure 1-c and 2-a respectively. L&,(s), Gp(s) and
g y P P Gm(s) denote the reduced models obtained by, respectively,

Let We(Q) = MAMT = Mdiag(A1,---,An)MT and LBR, PRBR andMPRBR. Gy (s) andGy(s) are very close
Wo(Q) := NANT = Ndiag(d:,---,8n)NT be the EVD and slightly better tha,(s). All the error norms and corre-
whereMMT = NNT = I, with [A;] = ---|]An] = 0 sponding upper bounds are tabulated in Table 1. The proposed

and 81| = ---[dn] = 0. Letp := rank(W¢(Q)) and multiplicative error bound (10) foG,(s) + D and the abso-
= rank(Wo(Q)). Inspired by Wang'®t al. [18] approach, lute error bound (11) fo6m(s) are tight like the upper bound
defineB := Mdiag(|A|*/?, -+, [Ap|¥/?,-++,0,--+,0) and (3) for Gy(s). These results indicate that wh&(s) [D,
C := diag(|d1]*/2,---,1643/%,---,0,---,0)NT. Then our MPRBR is a promising alternative to bofPRBR andLBR.



Exact error

Upper bound

[A— Gp||He

27x10°

29x10°

EG_Gm”Hoo

3x107°

35x107°

G — GpllHeo

7.4x107°

[Gho (G — Gp) [Hl.

5.9x107°

1.4x<10"°

[Gb — Gpp L4k,

4.6.%10 7

7.2x1077

Table 1: Error norms and bounds for the Circuit Example where

@) Go(s) = (DT +G(s)) * andGpp(s) = (DT + Gp(s))

Normalized singular values
plots are shown in Figures 3-a and 3-b. As expecteg(s)
andGmr(s) matchG(s) and outperform&y(s) in the speci-
w0 | ] fied interval . Onthe other hand, in the interjal;, w, ], even
thoughGmf(s) matchess(s) quite well, G¢(s) behaves bet-
ter thanGm¢(s). This is because of the fact that the modified
oty 1 gramians are no longer the exact frequency-limited grasjian
| but are close to them. Hen&n¢ (S) performs slightly worse
thanG¢(s) over[ wi, wo . However the over all response is
i 1 much better. Notice that whilé¢(s) matches the peak of the
() e, sigma plot ovef 10, 102 ] rad/secGs (s) is far fromG(s) over
Sigma oo th FoM and e sytems this range. The conclusion is that there is a trade-off betwe
the guaranteed stability and the performance in the spédcifie
frequency interval. This is also valid for Wang$ al. modi-
fication to Enns’ methods to guarantee stability [18]. Fhe
norms and the upper bounds are presented in Table 2-b. The up-
per bound forlG(s) — Gm¢(S)||H.. is pessimistic because of
the fact althoughMFBT is a frequency weighted method, the
upper bound is akl bound for the whole frequency range.

107 T[I

=

102 o

0_0_00

Singular Values (dB)

10°
freq (rad/sec)

(C) 10 10

Figure 1:Circuit Example: (a) One section of the circuit @), i
andT; (C) Omax plot of the FOM and ROM

@

(b)

Exact error

Upper bound

[G(s) — Go(S)llHeo

423 %107

2.36 <1071

[G(s) — Gmf (S)IHeo

3.84 %1077

340 %1071

[G(s) — Gr(S)l|Heo

3.85x 1077

Exact error

Upper bound

[G(s) — Go(S)llHeo

4231077

2.36 < 1071

[G(S) — Gmf (SllHeo

1.45 < 10°

1.70 < 10t

[G(s) = Gr(SlHeo

6.83 < 10*

8 An example on frequency weighted balancing Table 2: Error norms for the CD Player Example for (@ = 10

The 120" order SISO full order model (FOM) describes thandw, = 1 x 10° and (b)wy = 5 x 10% andw, = 1 x 10°

dynamics of a portable CD player. The sigma plot of the FOM )

is shown in Figure 2-b. To match the maximum peak of tf¢ Conclusions

sigma plot, first we choose; = 10 andw, = 1 x 10%. We re- We have presented a survey of balancing related model reduc-
duce the order to = 15 by applying(i) Gawronski and Juang’s tion schemes and their corresponding error norms. Two new
method GFBT), (ii) our modified frequency balancing methodnethods are proposed for positive real and frequency wedght
(MGFBT) and (iii) (unweighted) Lyapunov balanced truncabalancing. Moreover, a multiplicative error bound has bieen

tion (LBT); and, respectively, obtain the reduced mod@ls treduced for positive real balancing. Two numerical exaapl
G (5), (i) Gmr(s) and(iii) Gy(s). The sigma plots of the re- have been illustrated to verify the efficiency of the prombse

duced and error systems are depicted in Figure 2-b and Fig%lr%omhms'

2-c respectively. As Figure 2-c shoWg (s) andGme (s) out- References

performGy(S) in the chosen frequency interval. Furthermore[1] A.C. Antoulas,Lectures on the approximation of linear dynami-
Gme(s) andG(s) behaves very similarly. Hence, for this ex-  cal systemsDraft, to appear, SIAM Press 2003.

ample, our modification t&FBT did not have a negative im- [2] A. C. Antoulas, D. C. Sorensen, and S. Gugerdnsurvey of
pact on the quality of approximant in the specified region, on  model reduction methods for large scale systeBmitemporary
the contrary it added the asymptotic stability and an alteolu ~ Mathematics, AMS Publications, 280: 193-219, 2001.

error bound. TheHo. errors and corresponding error NOrms(3] p. Benner, E. S. Quintana-Orti, and G. Quintana-CEfficient
are tabulated in Table 2-a. Now we choese= 5 x 10° and Numerical Algorithms for Balanced Stochastic Truncatitm
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