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In this note we present a modified cyclic low-rank Smith method to compute low-rank ap-
proximations to solutions of Lyapunov equations arising from large-scale dynamical systems.
Unlike the original cyclic low-rank Smith method introduced by Penzl in [20], the number
of columns required by the modified method in the approximate solution does not neces-
sarily increase at each step and is usually much lower than in the original cyclic low-rank
Smith method. The modified method never requires more columns than the original one. Up-
per bounds are established for the errors of the low-rank approximate solutions and also for
the errors in the resulting approximate Hankel singular values. Numerical results are given to
verify the efficiency and accuracy of the new algorithm.
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Introduction

Linear time invariant (LTI) systems

[ ) =Ax(t) + Bu() __(A|B
% {y(t):Cx(t)—l-Du(t) < E'_(C )

where A € R™", B € R™", C € RP*", D € RP*", arise frequently in many branches
of engineering. Closely related to this system are two continuous-time Lyapunov equa-
tions:
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0082645.
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AP +PAT+ BBT =0, ATo+0A+Cctc =o. (1.1)

Under the assumption that A is stable, it is well known that the above equations have
unique symmetric positive semi-definite solutions P, Q € R"*" called the controlla-
bility and observability Gramians, respectively. In many applications, such as circuit
simulation, or time dependent PDE control problems, # is quite large, while the number
of inputs m and outputs p usually satisfy m, p <« n. In these large scale settings, it is
often desirable to approximate the given system with a much lower dimensional system

A, | B,
5o (22)

where A, € R™, B, € R™", C, € R, D, € RP*", with r < n. The problem
of model reduction is to produce such a low dimensional system that will have approxi-
mately the same response (output) as the original system to any given input u.

Lyapunov matrix equations play a crucial role in the problem of model reduction.
One of the most effective model reduction approaches called balanced model reduc-
tion [15], requires the solution of two Lyapunov equations to obtain controllability and
observability Gramians. A state space transformation is then derived to balance the
system in the sense that the two Gramians become diagonal and equal. In this new co-
ordinate system, states that are difficult to reach are simultaneously difficult to observe.
A stable reduced model of any specified order is obtained by truncating the system to
retain the dominant portion of the Gramians and thereby eliminate states that are both
difficult to reach and difficult to observe.

The Bartels—Stewart [5] method as modified by Hammarling [11] is the standard
direct method for the solution of Lyapunov equations of small to moderate size. This
method requires the computation of a Schur decomposition, and thus is not appropriate
for large scale problems. Iterative schemes have been developed including the Smith
method [23], the sign-function method [21], the alternating direction implicit (ADI)
iteration method [24], and the Smith(/) method [20]. Unfortunately, all of these methods
compute the solution in dense form and hence require O(n?) storage.

Many have observed that solutions to the Lyapunov equations associated with LTI
systems have often low numerical rank (i.e. the eigenvalues decay rapidly). This phe-
nomena is now better understood due to [4,19]. One must take advantage of this low
rank structure to obtain approximate solutions in low rank factored form. If the effective
rank is r < n, then the storage is reduced from O(n?) to O(nr). Such low rank schemes
are the only existing methods that can effectively solve very large Lyapunov equations.

Most low rank methods [12-14] are Krylov subspace methods. Penzl [20] intro-
duced two low-rank methods based on the ADI iteration, namely low-rank ADI iteration
(LR-ADI), and cyclic low-rank Smith method (LR-Smith(/)). The latter method is a spe-
cial case of the former where a small number of shifts are re-used in a cyclic manner.

The LR-ADI and LR-Smith(/) methods both compute a low-rank approximate
square root factor of the solution. Unfortunately, the number of columns of these ap-
proximate solutions can be quite high. Indeed, when solving the Lyapunov equation, the
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LR-ADI and LR-Smith(/) add m and m x [/ columns respectively to the current solution at
each step, where / is the number of shifts. For large n and especially for slowly converg-
ing iterations, the number of the columns of the solution can easily exceed manageable
memory capacity.

In this paper, we introduce a modified LR-Smith(/) method that prevents the num-
ber of columns from increasing arbitrarily at each step. In fact, the modified method only
requires the number of columns r needed to meet the pre-specified balanced truncation
tolerance. Due to the rapid decay of the Hankel singular values, this r is usually quite
small relative to n. Consequently the memory requirements are drastically reduced.

The rest of this paper is organized as follows. In section 2, we review the model
reduction problem and balanced truncation. Then section 3 summarizes the follow-
ing methods: (1) Alternating Direction Implicit (ADI) iteration, (2) Smith’s method,
(3) Smith(/) iteration, (4) low-rank ADI (LR-ADI) iteration, and (5) low-rank cyclic
Smith(/) (LR-Smith(/)). Then in section 4, we introduce the modified cyclic low-rank
Smith iteration and present some convergence results. Section 5 gives the numerical re-
sults followed by conclusions in section 6.

2. Model reduction problem

At present, there are a number of computational schemes for model reduction.
Large scale problems offer additional challenges in storage and computational require-
ments over and above those of small to medium scale problems. In general, if we regard
the two LTI systems as input—output maps:

Y:u—>y and X,:u— Yy,
the goals are that:
1. the approximation error be small, and there exist a global error bound on ||y — y||»,
2. system properties, like stability, passivity, be preserved, and

3. the procedure be numerically stable and computationally efficient with respect to
storage and arithmetic operations.

Goals 1 and 2 are generally met through the underlying theory behind a reduction
scheme. Meeting the third goal requires algorithmic development and implementation.

2.1. Balanced truncation

One scheme that is well grounded in theory is Balanced Truncation as intro-
duced by Moore [15]. The elegant approximation theory underlying this approach was
developed by Glover [7]. Several researchers have recognized the importance of bal-
anced truncation for model reduction because of its theoretical properties. Computa-
tional schemes for small to medium scale problems already exist. However, the devel-
opment of computational methods for the large scale setting is still an active area of
research.
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Let P and Q be the unique Hermitian positive definite solutions to equations (1.1).
The square roots of the eigenvalues of the product PQ are the singular values of the
Hankel operator associated with X and are called Hankel singular values o;(X) of the
system X:

0;(X) =1 (PQ).

In most cases, the eigenvalues of P, Q as well as the Hankel singular values o, (X) decay
very rapidly. This phenomena is explained to a large extent in [4]. This observation mo-
tivates the development of low-rank approximate solution schemes and leads to model
reduction by truncation.

Let P =UU"and Q = LL". U and L are called square roots of the Gramians P
and Q, respectively. Let UTL = ZSYT be the singular value decomposition (SVD),
with § = diag(oy, 02, ..., 0,). Let S, = diag(oy, 02, ..., 0,), ¥ < n, and define

W, =LY,S""? and V,=UZS "> Q2.1)

where Z, and Y, are composed of the leading r columns of Z and Y, respectively. It is
easy to check that W'V, = I, and hence that V, W! is an oblique projector. We obtain a
reduced model of order r by putting

A, =WTIAV,, B, = W'B, C,=CV,.
Noting that PW, = V,.S, and QV, = W,.§, gives

W' (AP +PA" + BB")W, =A,S, + S, A} + B, B/,
VI(ATQ+ QA + CTC)V, = ATS, + S, A, + CIC,.

Thus, the reduced model is balanced and asymptotically stable (due to the Lyapunov
inertia theorem) for any r < n. Moreover, the formulas above provide a numerically
stable scheme for computing the reduced order model based on a numerically stable
scheme for computing the square roots U and L directly in upper triangular and lower
triangular form respectively. It is important to truncate Z, S, Y to Z,, S,, Y, prior to
forming W, or V,. It is also important to avoid formulas involving inversion of L or U
as these matrices are typically ill-conditioned due to the decay of the eigenvalues of the

Gramians.
A, | B,
Zr = [Cr Dr] £

The reduced system
of order r has the following properties: A, is stable and the H., norm of the error system
satisfies

1% = Zrlloo < 200741 + -+ -+ 00). 2.2

For details, see [1].
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3. ADI Smith, and cyclic Smith(/) iterations

For high order systems (large n), the balanced truncation method described in sec-
tion 2 requires the solution to Lyapunov equations of order n. Moreover, as previously
explained, P and Q are often found to have numerically low-rank compared to n. This
low-rank phenomenon leads to the idea of approximating the Gramians with low rank
approximate Gramians.

In the following discussion, we shall focus on the approximate solution of a single
Lyapunov equation

AP +PAT+BBT =0, (3.1)

where A € R"™" is stable and diagonalizable, and B € R"*™. The ideas developed, ap-
ply equally well to the computation of the observability Gramian. In this section we first
briefly review the ADI, Smith and Smith(/) methods in sections 3.1, 3.2 and 3.3, respec-
tively. These are iterative methods for computing the solution P. Section 3.4 summa-
rizes LR-ADI and LR-Smith(/) iterations, first introduced in [20] which yield low-rank
approximations to P followed by a concise implementation of multi-shift Smith iteration
in section 3.5. Then we present some convergence results for the LR-Smith(/) iteration
in section 3.6. In all of these methods the idea is to transform a continuous time Lya-
punov equation (3.1) into a discrete time Stein equation using spectral transformations
of type w(X) = (u* — A)/( + &) where u € C_ (the open left half-plane). Note that
o 1s a bilinear transformation mapping the open left half-plane onto the open unit disk
with w (00) = —1. The parameter u is the shift.

In the ADI method, one uses a different shift at each step and obtains a series of
Stein equations which can be solved iteratively. Smith’s method which uses a single
shift parameter is a special case of the ADI iteration. The solution of the resulting Stein
equation can be computed as an infinite sum. The Smith(/) method is also a special case
of the ADI iteration where / shifts are used in a cyclic manner. Like the Smith iteration,
a discrete Stein equation is obtained. In case of a single shift, the resulting discrete time
system has the same number of inputs and outputs as the continuous time system. On the
other hand, when [ multiple shifts are used, the number of inputs and outputs is increased
[ times.

The original versions of the ADI, Smith, and Smith(/) methods form and store the
entire dense solution P explicitly and this requires extensive memory. The observation
that P is of numerically low-rank compared to n leads to the low-rank iterations LR-ADI
and LR-Smith(/) where only low-rank approximate factorizations of P are computed and
stored reducing memory requirements considerably.

3.1. The ADI iteration

The alternating direction implicit (ADI) iteration was first introduced by Peaceman
and Rachford [17] to solve linear systems arising from the discretizations of elliptic
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boundary value problems. In general, the ADI iteration is used to solve the linear systems
of the form

My = b,

where M is symmetric positive definite and can be split into the sum of two symmetric
positive definite matrices M = M, + M, for which the following iteration is efficient.

Yo=0,
My +piDyj1p=b—(My—pu;Dy;1,
(My+n;Dyj=b— M, —n;l)yj_1p, forj=1,2,...,J.

The ADI shift parameters w; and 7; are determined from spectral bounds on M; and
M, to increase the convergence rate. When M; and M, commute, this is classified as a
“model problem”.

One should notice that (3.1) is a model ADI problem in which there is a linear
system with the sum of two commuting operators acting on the unknown P, which is a
matrix in this case. Therefore, the iterates P of the ADI iteration are obtained through
the iteration steps

(A+ MiI)PiA_l/z =—-BB' - PZA_](AT - /’Lil)a
A+ DP==BB" — (P, 5) (A" — wil),
where 776“ = 0 and the shift parameters {u, u2, U3, ...} are elements of C_ (here * de-

notes complex conjugation followed by transposition). These two equations are equiva-
lent to the following single iteration step:

Pl=(A—-wDA+mD'PLIA - DA+ wD']
—2p;(A+ w;D"'BBT(A+ i )7, (3.2)
where p; = Real(u;). Note that if P;_; is Hermitian positive semi-definite, then so is P;.
The spectral radius pap; = ,o(]_[ﬁ:1 (A= DA+ p;l )~1) determines the rate of

convergence where / is the number of shifts used. The minimization of pap; with respect
to shift parameters y; is called the ADI minimax problem:

Gt i) —arg min max G DGl
b2 M (ottt} €C— reo(A) |Oh + 1) -+ h + )|

We refer the reader to [6,22,25] for contributions to the solution of the ADI minmax
problem. It can be shown that if A is diagonalizable, the /th iterate satisfies the inequality
P -

|, < UXIP)X 7 200 1PN,

where X is the matrix of eigenvectors of A.

The schemes that follow are quite similar to the ADI method in terms of the ba-
sic computational operations involving application of these spectral transformations. We
wish to emphasize that each individual shift u; requires a sparse direct factorization of
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(A + ;1) and each application of (A + u;I)~! requires triangular solves from that fac-
torization. Moreover, these operations have to be done in complex arithmetic if complex
shifts are used. To keep the solution P in real arithmetic, complex conjugate pairs of
shifts have to be applied one followed immediately by the other. However, even with
this, one would have to form (A + w;1)(A + uil) = A? + 2p;A + |u;[*I in order
to keep the factorizations in real arithmetic. This matrix squaring would most likely
have an adverse effect on sparsity. In the sequel, we wish to avoid the additional detail
required to discuss complex shifts. As just shown, all of the operations can be made
valid for complex shifts if necessary. However, for the reasons just given, complex shifts
are not very practical and generally do not improve convergence rates over real shifts.
Therefore, we will restrict our attention to real shifts for the remainder of this discussion.

3.2. Smith’s method

For every real scalar u < 0, (3.1) is equivalent to
P=A-pnDA+uD) " "PA+ul)™ (A—uD" —2u(A + nl)'BBT (AT + ,u)‘l.
Define

Ay = (A= ul)(A+upl)™", B, :=(A+ul) 'B. (3.3)
Then one obtains the Stein equation
P = A, PA}, —2uB,B,. (3.4)

Hence using the bilinear transformation v = (u — A)/(u + A), the problem has been
transformed into discrete time where the Stein equation (3.4) has the same solution as
the continuous time Lyapunov equation (3.1). Since A is stable, p(A,) < 1 and the

sequence {P} 2, generated by the iteration

PP =—2uB,B, and P}, =A,P;A, +P}
converges to the solution P. Thus, the Smith iterates can be written as
k-1
N i T(j\T
Pl =-2u) ALB,B)(A)). (3.5)
j=0
If all of the shifts in the ADI method are constant (; = u, j = 1,2, ...) then the ADI
iteration reduces to the Smith method. Generally, the convergence of the Smith method

is slower than ADI. An accelerated version, the so called squared Smith method, has
been proposed in [20] to improve the convergence.

3.3. Smith-l iteration

In [20], computational experience would indicate that ADI with a single shift
(Smith’s method) converges very slowly, while a moderate increase in the number of
shifts / accelerates the convergence nicely. However, it is also observed that the speed
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of convergence is hardly improved by a further increase of /; see [20, table 2.1]. These
observations lead to the idea of cyclic Smith(/) iteration, a special case of ADI where /
different shifts are used in a cyclic manner, i.e. w;yj; = u; for j = 1,2, ... It readily
follows that the Smith(/) iterates are generated by

k—1
~ iNT
Pt = ZAZ,T(AZ,) , (3.6)
j=0
where

!
Ag=]]A-wD@A+w D)™ and T =P}, 3.7)

i=1
i.e. T is the [th ADI iterate with shifts {u, ..., #;}. As in Smith’s methods, P —

AdPAz = T is equivalent to (3.1) where A, and T are defined in (3.7).
3.4. LR-ADI and LR-Smith(l) iterations

Since the solution P is explicitly computed, the ADI, Smith and Smith(/) iterations
outlined above, have the storage requirement O(n?). One should notice that in many
cases the storage requirement is the limiting factor rather than the amount of computa-
tion. Low-rank methods are the only existing methods that can effectively solve large
scale Lyapunov equations. Instead of explicitly forming the solution P, the low-rank
methods compute and store the low-rank approximate square root factors reducing the
storage requirement to O(nr) where r is the numerical rank of P.

The key idea in the low-rank versions of Smith(/) and ADI methods is to write

P =275z and PA=zM(z}). (3.8)

This is always possible since the iterates P’ and P# can be shown recursively to be
positive definite and symmetric.

The low-rank ADI (LR-ADI) is based on (3.2). Using (3.8), (3.2) can be reformu-
lated in terms of the low-rank factors Z# as

Zh =[(A—wi) A+ D' 2 V=2 (A + i)~ B] (3.9)
with
Z{ = /=2u1(A+ D)7 B.

This method is of interest if a sequence {u;}:2, of different shifts is available. When the
number of shift parameters is limited, the cyclic low-rank Smith method (LR-Smith(7))
is a more efficient alternative to the LR-ADI. The methods consists of two steps. First
the iterate Z;' is obtained by an / step low-rank ADI iteration; i.e. X! = ZA(ZMT is
the low-rank / step ADI iteration. Then, the LR-Smith(/) is initialized by

Z8' =B, =2z} (3.10)
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followed by the actual LR-Smith(/) iteration:

Z+D AdZ(i),
AR VALY AR (3.11)

where A, is defined in (3.7). It then follows that
Zy'=[B; AsBs AiB; ... AYT'By]. (3.12)

One should notice that while a k step LR-ADI iteration requires k matrix factoriza-
tions, a k step LR-Smith(/) iteration computes only / matrix factorization. If the shifts
{t1, ..., u} are used in a cyclic manner, the cyclic LR-Smith(/) iteration is equivalent
to LR-ADI iteration.

We note that at the ith step, Z and Z3' hasm x i andm x [ x i columns, respec-
tively; i.e. at each iteration the number of columns is increased by m for the LR-ADI
and by m x [ for the LR-Smith(/) iterations. Hence when m is large or the convergence
is slow, i.e. p(A,) is close to 1, the number of columns of Z{ and Z' will easily reach
unmanageable levels of memory requirements, and these two methods will fail. Slow
convergence is observed when the eigenvalues of A are spread out in the complex plane
and this will be the case for most of the structural systems, see [10]. In section 4 we
introduce a modified LR-Smith(/) iteration which will remedy this problem and retain
the low-rank structure.

Remark 3.1. 1. A system theoretic interpretation of using / cyclic shifts (the Smith(/)
iteration) is that we embed the continuous time system

== (e1n)

which has order n, m input and p outputs into a discrete time system

_(Aa| Ba
= (e1m)
which has order n, Im inputs and /p outputs; and has the same controllability and ob-
servability Gramians P and Q. Therefore at the cost of increasing the number of inputs

and outputs, we reduce the spectral radius p(A,) and hence increase the convergence.
2. Assume that we know all the eigenvalues of A and the system

A|B
>~ (cfo)
is single input single output. Then choosing u; = A;(A) fori =1, ..., n results in

Ag=0 and P=P)'=T="P"

In other words, the exact solution P of (3.1) is obtained at the first step. The resulting
discrete time system has n inputs and n outputs.
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3.5. A multi-shift Smith iteration

If the LR-Smith(/) iteration is implemented in the fashion presented above, one is
obliged to either store or re-compute / factorizations of the shifted matrices A — ;4 ;1.

In the following, we explain how to re-arrange this computation so that the indi-
vidual factorizations may be discarded after use. A factorization corresponding to a new
shift may overwrite the previous one.

We first note that

P—Pe=—2u i AJB,BI(AT) = AkP(AT) > 0.
Jj=k
Moreover, since A commutes with A, we have
APy + PeA" + BB = A(Py — P) + (P. — P)A"
= —[A4,P(4})" + AL P (A7) AT]
=—AL[AP + PAT](AT)
= AXBBT(AT)" > 0.
From this expression, we see that
0=A(P —Pi) + (P —P)A" + AP, + P A" + BB"
— AP — Po) + (P — P)AT + A“ BBT(AT)".
Let B(,.;) = (A +nI)~' A} B. Then, for any other shift < 0 we have

P —Pp = Ay(P — POAT — 20B(,.) B, .

In general, define B(;, := Afj}’_‘l B(j_1) and let P(;) := Zf/zgl A, BjB(;)(A] ). Let
Pr ="Pay +Ppy+ -+ + Pu. Then '
A(P =P 4+ (P = P)A" + Buin) By = 0.

This derivation might suggest that a multishift method would be very complicated to
program. However, a very concise implementation is possible as the following code will
illustrate.

Bm = B;
R =1[1;
for j = 1l:kshifts,
mu = u(j);
rho = sgrt(2*mu) ;
Bm = ((A - mu*eye(n))\Bm) ;

R = [R rho*Bm];
for j = 1l:ksteps,
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Bm = (A + mu*eye(n))*((A - mu*eye(n) ) \Bm) ;
R = [R rho*Bm];
end
Bm = (A + mu*eye(n)) *Bm;
end
[V,S,Q] = svd(R,0);
R = V*S;

3.6. Convergence results for the cyclic LR-Smith(l) iteration

In this section we shall establish some fundamental convergence results for the
cyclic LR-Smith(/) iteration.

Let {u1, ..., u;} be the [ shifts used in the LR-Smith(/) iteration. As stated in
section 3.2, (3.1) is equivalent to the Stein equation

P — AyPA, + ByB) =0, (3.13)

where A, and B, are defined in (3.7) and (3.10) respectively. Let Z ,fl be given by (3.12).
Similarly to Z ,fl and By, let C; and YkSl be obtained by the following / step low-rank ADI
iteration as follows:

YA = [(AT = ) (AT + wid) YA V=2 (AT 4 )T CT]
with Y/ = /=21, (A" + i, 1)7'CT and
Cs= (v, (3.14)
vy =[c] Alch (AD)’cy ... (AK)'cll. (3.15)
Denote by P’ and O} the k step LR-Smith(/) iterates to P and Q respectively, i.e.
P,fl = Z,fl(Z,f’)T and Q,fl = YkSl(YkSl)T. One should notice that the errors are Ey, =

P—Ps > 0and E, = Q— Q) > 0. We will use the trace as a norm of the errors.
This leads to the following proposition:

Proposition 3.1. Let Ey, and Ey, be defined as above, and A = X (A)X ~! be the eigen-
value decomposition of A. The k step LR-Smith(/) iterates satisfy

0<Tr (Exp) = Tr (P — P) < Kml(p(A9)) ™ Tr (P), (3.16)
0<Tr (Exy) = Tr (Q — Q') < Kpl(p(A) ™ Tr (Q), (3.17)

where
K =Kk(X)?% (3.18)

where « (X) denotes the condition number of X.
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Proof. 'We will prove the result for Ey, only. The lower bound is obvious from the fact
that £y, > 0. To prove the lower bound, we proceed as follows:

Tr (Ey,) = Tr (ZA’ B,BJ(A}) ) ZHA’ Bd||%.

=k

o0
<t Y| Al < Kl (pa)* 1A
i=k i=0

< Kml(p(A9)*Tr (P).

The result for E}, follows similarly. g

Let 0; and &; denote Hankel singular values resulting from the full-rank exact
Gramians and the low-rank approximate Gramian, respectively, i.e.

of =L(PQ) and &7 = A (POY). (3.19)

Corollary 3.1. Let o; and 6; be given by (3.19). Define n = kI min(m, p). Then,
Z of - Z 62 <Kl(p(A)’ (K min(m, p)(p(Ag) " Tr (P)Tr (Q)

k—1 k—1
+m T (P) Y[ Cadl| + pTr(Q) Y[ A} B, H;), (3.20)

i=0 i=0

where K is as defined in (3.18).

Proof. From the definitions of o; and 6; in (3.19) follow

Y 6} =) 67 =Tr(PQ) —Tr (P Q).
i=1 i=1
Then, some simple manipulations lead to
n n k—1 00 00 k—1
Zol-z — Z&f =Tr (ZM, ZM) +Tr (ZMl Z/\/,)
i=1 i=1 i=0 =k i=k j=0
m 2
o o
+ Tl‘ (Z Mi ZM)?
i=k =k

n3
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where M; := A, B;BY(A}) and N; := (Ag)fC}CdAé. We start by examining 73:

o o o0 o
n=Tr (2 A8 (A1) Z(Az)fcgchz;) = YNl B 0

i=k =k i=k j=k

Hence we simply obtain

o0 o0
0<ns <Imin(m, p) Y _|ALBa|3 Y |Cadll, =
i—k =k

00 0
0<ns < K2 min(m, p)(p(A0)™ Y | ALBd|3 Y | Catl]; =
i=0 Jj=0

0< 13 < K2 min(m, p)(p(Ag))" Tr (P)Tr (Q).

A similar argument yields

k—1
0< i < Kim(p(A)) ™ Tr (P) Y[ CaA|
i=0
2k - i 2
0<m < Kip(p(A)™ Tr(Q) ) [ ALBal;-
i=0

2
29

Hence, the error in the Hankel singular values satisfies

7

n
0<20i2_26i2=771+772+773
i=1 i=1

which gives the desired result. g

Remark 3.2. One should notice that the above error bounds critically depend on p(A,)
and K. Hence when p(A,) is almost 1 and/or A is highly non-normal, the above error
bound may be very pessimistic. These facts will be illustrated by means of numerical
examples in section 5.

Remark 3.3. In obtaining the above error bounds, we have assumed that A is diagonaliz-
able. The results can be extended to the general case where A contains Jordan blocks. In
that case, one should use the Schur decomposition of A instead of the eigenvalue decom-
position. Let A = W(A + N)WT be the Schur decomposition of A where WWT = I,
A is diagonal and N is strictly upper triangular. Then in the above results, the term p(A,)
should replaced by (p(A,;) + ¢) where ¢ > 0 with p(A;) + ¢ < 1 and K should be re-
placed by K, = (||N| r/e)*"~". Notice that such an & always exists. This bound is
quite pessimistic and hence is of little practical value. Hence, we omit the derivation.



40 S. Gugercin et al. / A low-rank Smith method for Lyapunov equations

4. The modified LR-Smith(/) iteration

As already mentioned in section 3.4, the LR-Smith(/) iteration has the drawback
that when applied to the Lyapunov equation( 3.1), the number of columns of the approx-
imate square-root is increased by m x [ at each step, where m is the number of inputs and
[ is the number of cyclic shifts applied. Hence in case of large m and slow convergence,
this will cause storage problems. In example 1, section 5.1, a system of order 120 is
given that describes the dynamics of the tracking mechanism of a portable CD player.
The LR-Smith(/) method is slow to converge even for a large relative error tolerance of
3.95 x 1073 in the computed Gramians. Seventy LR-Smith(/) iteration steps are needed,
resulting in a square root factor with 70 columns. However, its numerical rank is only
42. In light of these observations, we propose in section 4.1 a modified LR-Smith(/) iter-
ation so that the number of columns in the low-rank square root factor does not increase
unnecessarily at each step. The idea is to compute the singular value decomposition
of the iterate at each step and, given a tolerance 7, to replace the iterate with its best
low-rank approximation. However, instead of recomputing the SVD, it is updated after
each step to include the new information and then truncated to retain only those singular
values that lie above the specified tolerance. Computational details of the algorithm are
presented in the next section and followed by a discussion of the convergence properties
in section 4.2.

4.1. The proposed algorithm

Again, consider the Lyapunov equation (3.1) and let {uq, ..., w;} be the [ shifts
used in the LR-Smith(/) iteration. As stated in section 3.2, (3.1) is equivalent to the
Stein equation

P — AyPA, + ByB) =0, “.1)
where A, and B, are defined in (3.7) and (3.10), respectively. Then the kth LR-Smith(/)
iterate is simply given by (3.12):

Z' =[Bs AsBs AiB; ... AYT'By].

Hence, the approximate low-rank Gramian at the kth step is

k—1
Pl =z8(z8) =3 AlB.BY(A})" (4.2)
i=0

Let the short singular value decomposition (S-SVD hereafter) of Z,f’ be Z ,fl =VIWT,
where V € R0 51 ¢ Rmbxmlk) “and W e RK*0nIk) “Then the S-SVD of P}
is given by P! = VZ2VT. Hence, it is enough to store only V and X. In other words,
Z; = VX is also a low-rank square root factor for P!
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Let T > 0 be a pre-specified tolerance value. Assume that until the kth step of the
algorithm all the iterates P’ satisfy

omin(PS) . omin(ZS)  owmin(Z))
— 5. > T~ orequivalently S = ~
Omax (Pl ) Omax (Zl ) Omax (Zl )

where o, and o, denote the minimum and maximum singular values respectively. At
the (k + 1)st step, the approximants Z;" oy1 and Pk 1 are readily computed as

>t fori=1,2,...,k,

z8, =z AfBJ) and P, =P+ ALBB(AL)".
Define By = A dBd and decompose By, into the two spaces Im(V') and (Im(V))*t;ie
write
By = VI + V0, (4.3)
where ' € ROxmh) g ¢ RODxmD -y T V=0and VTV = L. In view of (4.3),

define the matrix
~ ~- s T
Zi=[V V][O ®]. (4.4)
—
S

Let S have the following SVD: S =TSYT. We note that since S € R&FDmixktDml
taking the SVD of S is inexpensive. It readily follows that Z, is given by

Ziy=VE, whereV=[V V]|T, 4.5)

where V € R *+DmD and S € R&+Dmix(k+Dml - Again one should notice that Zie is
simply obtained by Z, which is already available, and the SVD of S, which is easy to
compute. Next, we partition S and V conformably:

= ~ o~ (1, 1)
Zk+1=[V1 Vz][ ! iz:| so that %<f. (4.6)

Then, the (k + 1)st low-rank square root factor is approximated by
Zk—H ~ ‘7121. (47)

Indeed, we simply ignore the singular values, which are less than the given tolerance.
Hence, while going from the kth to the (k + 1)st step, the number of columns of Z;
generally does not increase. Indeed an increase will only occur if more than r singular
values of Z;; fall above the tolerance to;. In any case, there can be at most ml/ ad-
ditional columns added at any step which is the same as the unmodified LR-Smith(/)
iteration discussed previously in section 3.4. The case where [ = m = 1 is worth
mentioning: at each step, one column is added to Z, and by checking the condition
Omin(Zik+1)/Omax(Zr+1) < T, we decide whether to keep the last singular vector and
value or not.
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Using 2k+1, the (k + 1)st step low-rank Gramian is computed as
~ ~ ~ \T
Pt = Zis1(Zis1)
One should notice that the error between 73k+ 1 and Pks il is bounded by

||E|| == H k+1 73/{—&-1“ < (O—max(ik—t-l))zfza

Hence the error is in the order of O(z?). If the above process is repeated g more steps

and we obtain the iterates Z(Jrq and 5k+q, the error E, = =Pl 5k+q satisfies

k+q
- q
IE | = | PEL, — Pesy| < 72 Z Omar(Zist)). 4.8)

Once again the error is of order O(7?).

4.2. Convergence properties of the modified LR-Smith(l) iteration

In this section we present some convergence results for the k step approximate
solutions Pk and Qk which are, respectively, the modified LR-Smith(/) solutions to the
two Lyapunov equations

AP+PAT+BB"=0, ATQ+QA+C'C =0,
where A € R™", B € R"™", and C € RP*". Before stating the results, we need some
definitions:
Definition 4.1. Let 7p denote the set of indices i for which some columns have been
eliminated from the ith step approximant
Ip = {i: such thatin (4.6) £, # 0for Z;, i = 1,2,...,k}.
Then for each i € Zp, let n]’ denote the number of the neglected singular values. Zg

and n ZQ are defined similarly.

Proposition 4.1. Let Zi be the kth step modified LR-Smith(/) iterate corresponding
to (4.1), Pk = Zk (Zk)T and P be the kth step LR-Smith(/) iterate given by (4.2).

Define Ay, :=P — Pk. Pk and Ay, satisfy

1Akl = [P =P <72 (omn(Z)). 4.9)
iEI’p
0 < Tr (M) =Tr (P = P) <2 > nl (0mun(Z1))", (4.10)
ZEIP

where 7 is the tolerance value of the modified LR-Smith(/) algorithm.
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Proof.  (4.9) is simply obtained from (4.8) using the definition of Zp. The lower bound
for Tr (Ag,) in (4.10) is obvious. The upper bound for Tr (Ay,) readily follows by
observing that

k k
Tl‘ (P]fl - 7‘5]() == ZTI' (PiSl - Pis_ll) - ZTI‘ (731 - 73i_1) + 7)0 - 730.
i=1

i=1

In view of proposition 3.1, the following result holds:

Proposition 4.2. Let Zy be the kth step modified LR- Smlth(l ) iterate corresponding, to
4.1), Pk Zk(Zk)T Ey, =P — Pk Let A = X AX~! be the eigenvalue decomposition
of A. The k step modified LR-Smith(/) iterates satisfy

0 < Tr (Eyp) = Tr (P=P) < Kml (p(A)) Tr (P) + 72 nl(omn(Zi))’, 4.11)

lEI’p

where K is given by (3.18).

Proof.  The lower bound is again clear. To obtain the upper bound we proceed as fol-
lows: it follows from the definition P, P,fl and P; that

Tr (P - P) = Tr (P — PY) + Tr (P — 7). (4.12)
Combining (4.12) and (4.10) with proposition 3.1 leads to the desired result. O

We note that the bounds for the traces of the errors in propositions 3.1 and 4.2 differ
only by an order of O(t?). These bounds will be examined in more detail by means of
numerical examples in section 5.

The next results concerns the convergence of the computed Hankel singular values
in a way analogous to corollary 3.1.

Corollary 4.1. Let 0; and o; denote Hankel singular values resulting from the full-rank
exact Gramians 73 and Q and from the modlﬁed LR-Smith(/) approximants Pk and Qk
respectively: 0;2 = A;(PQ) and 62 = A; (P, Oy). Define /i = kI min(m, p). Then,

n n
0< E of — E T
i=1 i=1

k—1

Ki(p(Ap)™ (K min(n, p)(p(Ag))" Tr (PYTr (Q) +m Tr (P) Y_ | CaAl;

i=0

~

+pTr(Q>Z\|A’ Bal+ Q5| Y nF (0ma(Z))?

i=0 i€lp
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+ 73 P 30 2 (oman(¥2))”

lEIQ

£ Y (oma(2)) Y0 <amax<%)>2), @)

ielp ielg

where tp and tg are the given tolerance values; and K is as defined in (3.18).

Proof. From the definitions of o; and o; follows

ZO‘ —Zo =Tr (PQ) — Tl‘(Pka)

i=1

=Tr(PQ— 2O + T (PYE,) + Tr (Q'E,) — Tr (E,E,),

where £, = 73k and E, QSI @k From corollary 3.1, we know that
Tr (PQ— PSZ Q,fl ) > 0. Itis shown in [26] that for two n x n symmetric positive semidef-
inite matrices M and N, there holds A,,(M)Tr (N) < Tr (M N) where A,,(M) denotes the
smallest eigenvalue of M. Hence we obtain Tr (Q' E,,) > 1,(Q;))Tr (E,,) > 0. Apply-
ing the same result to Tr (PklE —E,E;)) =Tr (PE ) where both P >0and E, >0,
we prove that Tr (P'E, — E,E,) > 0 and consequently 0 < Y /_ 02 — Zle G2,
Using the relationships

T (PYE,) <[P 13 3 1 (omn (7)) @14)
ieZo
T (Q)E,) < | Q)| 73 Y 7 (omn(Z)) @15)
iEIp
Tr (E, E,) < || E,|ITr (E,) < T Z omn(Z1))* Y 12 (oma(¥:))° (4.16)
I IEIQ
together with corollary 3.1 yields the desired result. g

Once again the bounds for the error in the computed Hankel singular values in
corollaries 3.1 and 4.1 differs only by the summation of terms in the order of O(TP)
O(‘L'Q) and O(73 ‘L'Q) As will be illustrated in section 5, these two upper bounds are
very close.

4.3. A discussion of the approximately balanced reduced system

s — (Al B\ _ (WIAV, |W/ B
"—\¢|p)"\ cv, | D

Let
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be the rth order reduced system obtained by exact balancing where W, and V, are given

by (2.1). Similarly, let
o _(A[B _ (Wrav|Wrs
"“\¢|p) "\ cv, | D

be the rth order reduced model obtained by approximate balancing where the approx-
imate low-rank square-roots Z 3! and Y are used instead of the exact square-roots in
computing W, and V,.. The following equations are easily derived:

AS, +SA"T+B.B" =W (AA+ AANW,

where A is the error in P, i.e. A =P — Pk and S, is the diagonal matrix with the diag-
onal elements being the approximate Hankel singular values. It is clear that the stability
of the reduced system is not always guaranteed. However, this does not seem to be a
difficulty in practice; we obtained a stable reduced system for each of our computational
examples.

Next we examine how close X, is to %,. To proceed towards this goal, define
Ay =V, — V and Ay = W, W and let ||AV|| < T and ||Aw]| < t where t
is a small number; in other words, we assume that V, and W, are close to V, and W,,
respectively. One may show that Ay := A, — A,, Ap:= B, — B, and Ac:=C, — C,
satisfy

IALL < THANIW D+ 1V + 22 (AL [Agll < TlBrll, and [[Acll < TlICl.

To simplify the discussion, we shall assume that (jw — ;\\,)‘1 ~ (jw — A,)_lA—l— Aa
holds for every w € R where A, satisfies the same upper bound as A4, i.e. ||Ax|l <
| A (IW, || + | V1)) + z2||A|l. Under these assumptions, one can show that

12 = =] o <t (ICAIBAIAA (1WA + 1V, 1)
+HIZ 1ol Bl + 122l ICA 1) 4+ O(2?), (4.17)

Ar I R Ar Br
Zl = (Cr ) and 22 = (TF) .

Hence for small 7, i.e. when V, and W, are, respectively, close to V, and W,, we expect
Y, to be close to X,. Indeed as the examples below show, X, behaves much better than
the above upper bound predicts.

where

5. Examples

This section illustrates the results by means of four numerical examples. In each
example, both the LR-Smith(/) iterates P! and Q ; and the modified LR-Smith(/)
iterates Pk, and Qk are computed. The error bounds introduced in section 4.2 are in-
vestigated. Also for both example, the balanced reduction is applied using the full rank
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Gramians P, Q and the approximate Gramians P!, Q'; and Pr. Or. The resulting
reduced order systems and Hankel singular values are compared.

5.1. Example 1. CD player

The full order model (FOM) describes the dynamics of a portable CD player and
is of order 120, and single-input single-output. The eigenvalues of A have both very
high and very low real and imaginary part, i.e. the eigenvalues are scattered in the
complex plane. This makes it harder to obtain a low p(A,;). A single shift results
in p(Ay) = 0.99985. Indeed, even with a high number of multiple shifts, / = 40,
p(Ay) could not be reduced to less than 0.98. Hence only a single shift is considered.
LR-Smith(/) and the modified LR-Smith(/) iterations are run for k = 70 iterations. The
tolerance values are chosen to be 7p = 1 x 10~ for P, and 79 =8 X 107 for Qy. The
resultant low rank LR-Smith(/) square root factors Z;' and ¥, has 70 columns. On the
other hand the proposed algorithm yield low-rank square root factors Z; and Y; which
have only 25 columns. The relative error between the computed Gramians are

Pl _ ﬁ NS
”"75["” =4.13x107"" and M =233 % 107"
1P 1

These numbers proves the effectiveness of the proposed algorithm. Although the number
of columns of the square root factor have been reduced almost 3 times, the computed
Gramians are very close to those obtained by LR-Smith(/) method. The errors between
the exact and computed Gramians are obtained as

IP=PS 1P =Bl .
= =395 x 10 and
1P| IP|

199"l _ 12~
12l IQl

Figure 1(a) depicts the normalized! Hankel singular values ~(HSV) ()f the FOM, o;; HSV
resulting from P,fl and Q,fl , 0;; and HSV resulting from P, and Oy, 6;. As the figure
shows, the largest 14 of 6;’s are very well approximated. Moreover, the largest 25 of
6;’s are 0;’s are almost equal, and some small deviations are observed after the 25th one.
The error between 6;’s and ;s are

261‘ - Z&i =1.64 x 1073,

All the errors and the corresponding error bounds are tabulated in table 1. One should no-
tice that the error bounds (4.9) for the norm and (4.10) for the trace are tight as expected.
Recall that these errors are in the order of O(z?). Also as stated after corollary 4.1, the
upper bounds for the errors in the computed HSV 6;’s and &; are very close. The bounds
(3.20) and (4.13) are pessimistic because of the slow convergence (p(Ay) = 0.99985) as

=824 x 107",

! For comparison, the highest Hankel singular value of each system is normalized to 1.
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Normalized Hankel Singular Values for CD Player Sigma plot of the error system between the LR-Smith model and Modified LR-Smith mode!

10 T T T -60 T T T T
—— HSV
—+- HSVbar

+- HSvtilde

ey
R — -

'hvw..‘_“_

0 2 40 50 80 w00 120 or \ﬂ

o -100[
—— HsV

—+— HSVbar

+- HSVilde

-1or

T . 120

L L L L L 130 L - I L
o

(@) (b)

Figure 1. (a) The normalized Hankel singular values a, s a, ’s, and 6;’s of CD example. (b) The amplitude
Bode plot of error system 3 P b  for CD example.

Table 1
Numerical results for example 1.
||PkSl — Pyl upperbound Tr (PkSl —P)  upper bound > ol.z - 61‘2 upper bound
724 %1077 627 x107% 251x107% 627 x107° 1.80 x 10! 1.78 x 1010
||Q;§l — Ol upperbound Tr (Q,fl — Q) upper bound > ol.z — 25,'2 upper bound
492x107 3.68x107%  1.62x107% 3.68x 107 1.80 x 101 1.78 x 1010 + 1.9657
IZ = Zplloo I1E -2l IZ-Zplloo  IZF = Eplloo 12k =20 12k = Egllo
9.88x 107 971 x107*  9.69x 107* 511 x 107 147 x1074 1.47 x 1074

stated in remark 3.2. However, what is important regarding the proposed algorithm is
the tightness of (4.9) and (4.10) and closeness of the upper bounds (3.20) and (4.13)
which prove the effectiveness of the proposed method.

After computing the approximate square root factors the balanced reduction is ap-
plied to the FOM using the approximate and the exact solutions; and the order is reduced

tor = 12. Let X, E,fl and X, denote the 12th order reduced systems obtained through
balanced reduction using the exact square root factors Z and Y, the LR-Smith(/) iterates
73! and Y¥'; and the the modified LR-Smith(/) iterates Z, and Yy, respectively. Also
let ¥ denote the FOM. Flgure 2(a) depicts the amplitude Bode plots of the FOM % and
the reduced systems X, )3 and x- As figure 2(a) shows, although the aRproxnnate
Gramians are not very good approximations of the exact Gramians, ):Sl and X are very
close to X;. The amplitude Bode plots of the error systems ¥ — X, ¥ — E and T — %,
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Sigma Plot of the CD Examples Sigma Plot of the error system for CD Examples
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Figure 2. (a) The amplitude Bode plots of the FOM X and the reduced systems X, X ]f l'and k- (b) The
amplitude Bode plots of error systems X — X, X — X gl and ¥ — fk for CD example.

are illustrated in figure 2(b). We note that ZS’ and ¥, are almost equal as expected since
the errors between Pk and P2, and Qk and Q are very small, see figure 1(b). The
relative? H., norms of the error systems are tabulated in table 1.

5.2. Example 2. Module-1r of the International Space Station

This is a model of component 1r (Russian service module) of the International
Space Station. It has 270 states, 3 inputs and 3 outputs. As in example 1, even with a
high number of multiple shifts, / = 20, p(A,) could not be reduced to less than 0.9973.
Hence again only a single shift is considered. We run the LR-Smith(/) and the modified
LR-Smith(]) iteratiogs for k = 70 iterations. ’I;he tolerance values are taken to to be
p = 1 x 107 for Pk and 79 = 7 X 107 for Q. The resultant low rank LR-Smith({)
square root factors Z5' and Y}’ has 210 columns. Recall that FOM has order 270. On
the other hand, the proposed algorlthm yields low-rank square root factors Z: and Y,
which have 106 columns. The relative error between the computed Gramians are

si & St _ O
”Pk Pk” = 4.59 x 10—8 and M =218 x 10_8.

1P 19

As in the CD example, the proposed method works quite well. Although the number
of columns of the square root factor have been reduced to half, again the computed

2 To find the relative error, we divide the norm of the error system with the corresponding norm of the full
order system.
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Normalized Hanke! Singular Values for 1SS Example Sigma plot of the error system between the LR-Smith model and Modified LR-Smith model
10" = T T T T T T -100 T T T T
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Dl —+- HSVbar
" - HSViiide
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—140f
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Figure 3. (a) The normalized Hankel singular values o;’s, 6,-;3, and o;’s of Module 1r. (b) The amplitude
Bode plot of error system X gl — X for Module 1r.

Gramians are very close to those obtained by LR-Smith(/) method. We compute the
errors between the exact and computed Gramians as well:

1P =P8 _ 1P =Pl
Tl 1P

12— 19—l »
= =797 x107".
)] 1ol x

The normalized o;’s, 6;’s and &;’s are shown in figure 3(a). As the figure illustrates 6;’s
matches the 6;’s quite well. Indeed, the error between 6;’s and 6;’s are

Z&i —Z&i =631 x 107",

All the errors and the corresponding error bounds are tabulated in table 2. The error
bounds (4.9) and (4.10) are again tight. Also the upper bounds for the errors in the
computed HSV 6;’s and &; are almost equal. Due to the slow convergence and the
non-normality of A matrix, as in the CD example, the bounds (3.20) and (4.13) are
pessimistic.

We apply the balanced reduction FOM using the approximate and the exact solu-
tions; and reduce the order to r = 26. Figure 4(a) depicts the amplitude Bode plots of the
FOM X and the reduced systems X, E,fl and X;. As seen from figure 4(a), although tl}f:
approximate Gramians are not good approximations of the exact Gramians, X ,fl and X,
are very close to X. All the reduced models match the FOM quite well. The amplitude
Bode plots of the error systems ¥ — X, X — E,fl and X — ¥ are illustrated in figure 4(b).

=840 x 107" and
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Table 2
Numerical results for example 2.

||PkSl — Pyl upper bound Tr (PkSl —Py)  upper bound Zol.z - 61'2 upper bound
204x 1077 145x107% 138x107% 329x107® 723 x 1073 1.62 x 108

||Q;§l — Ol upper bound Tr(Q]fl — Oy) upper bound Zol.z — 25,-2 upper bound

9.69 x 10711 711 x 1077 691 x 10710 157 x 1070 723 x 1073 1.62 x 108 +7.01 x 107°
IZ = Zklloo 1Z =2 loo 1% = Zklloo 13 = Zxlloo 12k — T oo IZk — Eklloo

2.89 x 1073 2,61 x 1072 2.61 x 1072 211 x 107>  3.03 x 1072 3.03 x 1072

Sigma Plot of the ISS Example Sigma Plot of the error systems for 1SS Example
T T -40 T T T T

T
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— - Balanced - - LR-Smith
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Figure 4. (a) The amplitude Bode plots of the FOM X and the reduced systems X, X gl and ¥ k- (b) The
amplitude Bode plots of error systems ¥ — Xy, X — X lfl and ¥ — ¥  for Module 1r.

Again X ,fl and z: « are almost identical, see figure 3(b) which shows the Bode plots of
the error X ,fl — X. The relative Ho, norms of the error systems are tabulated in table 2.

5.3. Example 3

This example is from [18]. The FOM is a dynamical system of order 1006. The
state-space matrices are given by

A

B As [ -1 100 [ -1 200
A= As o A= [—100 —1}’ A= [—200 —1}’
Ay
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A—| —L 400 A, = diag(—1 1000)
3= —400 —1 s 4 = diag S eeey s
B'=C=[10...10 1...1].
~——— ——
6 1000

[ = 10 cyclic shifts are used, and p(A,) is reduced to 0.7623 which results in a fast
convergence. It is easy to see that the spectrum of A is 0 (A) = {—1, -2, ..., —1000,
—1+£j100, —1 3200, —1 £ j400}. The 6 of the shifts are chosen so that the 6 complex
eigenvalues of A are eliminated. We run the LR-Smith(/) and the modified LR-Smith(/)
iterations for k = 30 iterations. The tolerance values are taken to be tp = 19 =
3 x 107°. The resultant low rank LR-Smith(/) square root factors Z ,fl and Y, kS’ has 300
columns. On the other hand the proposed algorithm significantly reduces the number of
columns and yields low-rank square root factors Z; and Y; which have only 19 columns.
Although the number of columns has been much less than the one resulting from LR-
Smith(/) method, the relative error between the computed Gramians are very low; i.e.
Py and P! are very close to each other:

PP SR
w —190 % 10~% and M
1P a7

These numbers once more prove the effectiveness of the algorithm. The errors between
the exact and computed Gramians are:

=322 x 1078,

1P — P o 1P — Pl »

—— =498 x 107", — =188 x 107°,
1P| 1P|
_ NSt —0

12 = 71 =4.98 x 10717, 1€ = ol =321 x 1078
12|l 12l

The first 19 normalized HSV’s o;’s, 6;’s and 6;’s are depicted in figure 5(a). As seen
from the figure, 6;’s and &;’s matches o;’s quite well. Also, ;’s are almost equivalent
to 6;’s. The error between g;’s and 6;’s are

Z&i — Z&,- =2.76 x 107°.

All the errors and the corresponding error bounds are tabulated in table 3. As in the
previous examples, the error bounds (4.9) and (4.10) are again tight. Also, the bounds
(3.20) and (4.13) for the errors are much tighter compared to the CD and ISS example.
This results from the normality of A, and fast convergence rate, i.e. small p(Ay).

Using balanced reduction, a reduced model of order » = 11 is obtained. Figure 6(a)
depicts the amplitude Bode plots of the FOM X and the reduced systems Xy, ):,fl and Xy.
As ﬁgure 6(a) illustrates, all the reduced models match the FOM quite well. Also X ,fl
and X, are almost the same as X, see the error norms in table 3. The amplitude Bode
plots of the error systems ¥ — X, X —NE,fl and ¥ — ¥, are illustrated in figure 6(b).
As in the previous 2 examples, X ,fl and X, are almost identical. The relative H,, norm
of the error E,fl — X, is in the order of O(107?), see also figure 5(b) which shows the
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Normalized Hankel Singular Values for Example-3 Sigma plot of the error system between the LR-Smith model and Modified LR-Smith mode!
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Figure 5. (a) The normalized Hankel singular values o;’s, 6;’s, and &;’s. (b) The amplitude Bode plot of
error system Zlfl — X for example 3.

Table 3
Numerical results for example 3.
IIPkS "' — Pl upperbound Tr (”P,f I'—Py) upper bound > aiz -y &iz upper bound
9.84 x 1077 1.35x 1076 2.19x 107 1.30x 107> 2.99. x 108 2.69 x 1072
I Q,fl — Okl upper bound Tr( Qlfl — O) upper bound > aiz -y 5i2 upper bound

8.60x 1077 135x107% 268x 1070 130x 1075 5.02x107° 2,69 x 1072 +1.33 x 1073

IZ = Zilloo 12 = Zfloo 12 = Zplloo 1EF = Zpllco 12k — 2 oo 12k — Zklloo

147 x 1074 147 x 1074 147 x107% 240x 1072 7.25x 10711 7.25 x 10711

Bode plots of the error ):,f’ — 3. Recall that ).ijl has been obtained using a square
root factor of 300 columns, on the other hand X; has been obtained using a square
root factor of only 19 columns. This example proves that in case of multiple shift, the
LR-Smith(/) iterate will include too much redundancy in the approximate solutions and
give rise to memory problems. All the relative Ho, norms of the error systems are
tabulated in table 3.

5.4. Example 4. Heat distribution on a plate

The FOM model describes the 2-dimensional heat equation on a square plate with
adiabatic (no heat flux through the walls) boundary conditions. The plate consists of 9
subplates. The number of discretization points on both x and y axes are 144 which leads
to a FOM of order 20736. Each subblock is uniformly heated which results in m = 9
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Sigma Plot of the reduced systems for Example-3 Sigma Plot of the error system for Example-3
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Figure 6. (a) The amplitude Bode plots of the FOM X and the reduced systems X, X ,fl and ¥ k- (b) The
amplitude Bode plots of error systems X — Xy, X — X ]fl and T — % i for example 3.

Sigma plot for the FOM and ROM for the Heat Plate Sigma plot of the error system for the Heat Plate
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Figure 7. (a) The amplitude Bode plots of the FOM and ROM. (b) The amplitude Bode plots of error
systems for heat example.

inputs. As observations, we choose the middle points of the each subblocks. This leads
to p = 9 outputs. We run the proposed algorithm with tolerance values 7p = 79 = 107°
for k = 40 steps using / = 2 shifts and obtain the low-rank square root factors Zi and Y,
which have only 85 columns. Note that an exaCtL,R—Smith(l ) would have 720 columns.
Using the approximate Cholesky factors Z; and Y; we apply the balanced reduction and
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reduce the order to r = 9. The reduced model is almost balanced as the following
numerical results show where Pyq and Q,.q denote the Gramians for the reduced model:

|Prea — diag(Prea)|| = 7.28 x 1077, | Qred — diag(Qreq)|| = 1.05 x 1072,
”Pred - Qred” = 1.04 x 10_9-

Balancing a FOM of order 20736 with Cholesky factors having only 85 columns proves
the effectiveness of the method. The sigma plots of the FOM and ROM, and that of the
error model are shown in figures 7(a) and (b), respectively.

6. Conclusions

We have presented a modified cyclic low-rank Smith method to compute the low-
rank approximants to the solution of Lyapunov equations arising from large-scale dy-
namical systems. Unlike the original cyclic low-rank Smith method, the number of the
columns of the approximants do not necessarily increase at each step and, in the worst
case, the increase in number is equal to the increase in cyclic low-rank Smith method.
We have demonstrated how to implement this method without having to store multiple
factorizations of the shifted matrices. Moreover, we have established upper bounds for
the errors in the low-rank approximants and in the resulting approximate Hankel singu-
lar values. These results are supported with four numerical examples that demonstrate
the efficiency and accuracy of the algorithm.
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