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DUALITY THEORY:

ITI. TRI-DUALITY IN GLOBAL OP-
TIMIZATION

Consider the following general nonconvex ex-
tremum problem (P)

P(z) = ®(x,A(z)) — extremum Vz € X, (1)

where X is a locally convex topological vector
space (L.c.s.), P: X - R:=RU{-00} U {+00}
is a nonconvex and nonsmooth extended func-
tion, whose effective domain

Xy =domP = {z € X| |P(z)| < +oo}

is a non-empty, convex subset of A’; the opera-
tor A : X — Y is a continuous, generally non-
linear, mapping from X to another l.c.s. ), and
®: X x) — Ris an associated extended func-
tion. Since the cost function P(x) is usually non-
convex, the problem (P) may possess many lo-
cally extremum (either minimum or maximum)
solutions. The goal of global optimization is to
find all the local extrema of P(x) over the feasi-
ble set Xj. Generally speaking, traditional direct
approaches and algorithms for solving noncon-
vex, nonsmooth global optimization problems
are usually very difficult. The classical saddle
Lagrange duality methods as well as the well-
known Fenchel-Rockafellar duality theory can be
used mainly for solving convex problems. For
nonconvex problems, there exists a so-called du-
ality gap between the primal and the classical
dual problems.

Canonical dual transformation method and
associated tri-duality theory were proposed orig-
inally in finite deformation theory [1]. The key
idea of this method is to choose a suitable non-
linear operator A : X — ) such that ®(x,y) is
either convex or concave in each of its variables.
This method can be used to solve many noncon-
vex, nonsmooth global optimization problems.

Canonical Dual Transformation.

global optimization— global optimization
duality gap— duality gap
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Let (X,X*) be a pair of real linear spaces,
placed in duality by a bilinear form (-,-) : X x
X* — R For a given extended real-valued func-
tion P : X — R, the sub-differential of P at
Z € X is a convex subset 0~ P(Z) C X* such
that for each z* € 07 P(z), we have

(z*,x —z) < P(x) — P(z) Vx € X.

Dually, the super-differential of P at T € X is a
convex subset 07 P(z) C X* such that for each
z* € 0T P(x), we have

(z*,x — ) > P(x) — P(z) Vx € X.

Clearly, we always have 07 P = —9~(—P). In
convex analysis, it is convention that 0~ is sim-
ply written as 0. In nonconvex analysis, 0 stands
for either O~ or 07, i.e.

9=1{0", o).

If P is smooth, Gateaux-differentiable at = €
X, C X, then

OP(z) =0 P(z) = 0" P(z) = {DP(%)},

where DP : X, — X* denotes the Gateaux de-
rivative of P at 7.

Definition 1 The set of functions P : X — R
which are either convex or concave is denoted
by I'(X). In particular, let I'(X') denote the sub-
set of functions P € I'(X’) which are convex and
['(X) the subset of P € T'(X) which are concave.

The canonical function space T'(X,) is a sub-
set of functions P € I'(X,) which are Gateaux
differentiable on X, C & and the duality map-
ping DP : X, — X; C X* is invertible.

The extended canonical function space I'o(X)
is a subset of functions P € I'(X’) which are ei-
ther convex, lower semicontinuous or concave,
upper semicontinuous, and if P takes the values
+o0, then P is identically equal to £oo. O
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By the Legendre-Fenchel transformation, the
super-conjugate function of an extended func-
tion P: X — R is defined by

P¥(z*) = sup{(z,z*) — P(z)}.
zeX
By the theory of convex analysis, P! : X* —
R := R U {+oo} is always convex and lower
semicontinuous, i.e. P € [y(X*). Dually, the
sub-conjugate function of P, defined by

P(a) = it {(@,57) - P@)},

is always concave and upper semicontinuous, i.e.
P’ € Ty(X*), and P> = —P!. Both the super-
and sub-conjugates are called Fenchel conjugate
functions and we write P* = {P”, P!}. Thus the
extended Fenchel transformation can be written
as

P*(z*) = ext{(z,z") — P(z)| Vz € X}. (2)

Clearly, if P € I'g(X), we have the Fenchel
equivalent relations, namely,

z* € 0P(z) &
x € OP*(z*) < (3)
P(z) + P*(z*) = (x,z").

The pair (x, z*) is called the Fenchel duality pair
on X x X* if and only if equation (3) holds on
X x X*.

The conjugate pair (z,z*) is said to be a Le-
gendre duality pair on X, x X7 C X x X* if and
only if the equivelant relations

z*=DP(zx) &
z = DP*(z*) & (4)
P(z) + P*(z*) = (x,z*)

hold on &, x &.

Let (Y,Y*) be an another pair of locally
convex topological real linear spaces paired in
separating duality by the second bilinear form
(;-) + Y x Y* = R The so-called geometrical
operator A : X — ) is a continuous, Gateaux
differentiable operator such that for any given
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xz € X, C X, there exists a y € ), C Y satisfy-
ing the geometrical equation

y = A(z).

The directional derivative of y at z in the direc-
tion z € X is then definded by

) =t Y0 0
where Ay(Z) = DA(Z) denotes the Gateaux de-
rivative of the operator A at Z. For a given
y* € Y*, L(z) = (A(z);y*) is a real-valued func-
tion of z on X. Its Gateaux derivative at T € X,
in the direction z € & is

0z x) = (Ay(2)z3y") = (2, A (2)y"),
where Aj(z) : Y* — X* is the adjoint operator
of A; associated with the two bilinear forms.

Let ® : X x YV — R be an extended function
such that P(z) = ®(z,A(2)). If®: XYxY — Ris
an extended canonical function, i.e. ® € I'y(X') x

[o(Y), the duality relations between the paired
spaces (X, X*) and (), Y*) can be written as

" € 0,®(x,y), y* € 0y®(x,y). (5)

On the product space X, x Y, C X x ), if the
canonical function ®(z,y) is finite and Gateaux
differentiable such that the feasible space X} can
be written as

Xy = {o € Xy| Alz) € Va}, (6)

= At(j).’E,

then on Xj, the critical condition 0P(Z;z) =
(z, DP(z)) = 0 Vz € A} leads to the Euler
equation

D,® (3, A(%)) + A} (Z) D, ®(%, A(7)) =0, (7)

where D, ® and D, ® denote the partial Gateaux
derivatives of ® with respect to z and y, respec-
tively. Since ® € I'¢(X,) x I'¢(Y,) is a canoni-
cal function, the Gateaux derivative D® : X, x
Vo = & x Yy C X* x Y* is a monotone map-
ping, i.e. there exists a pair (z*,7*) € X* x Y*
such that

-z = D,®(z,A(Z)), 7" = Dy®(z,A(Z)).
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Thus, in terms of canonical dual variables * and
y*, the Euler equation (7) can be written in the
so-called balance (or equilibrium) equation

Tt =A(D)y, (8)

which linearly depends on the dual variable y*.

Definition 2 Suppose that for a given problem
(P), the geometrical operator A : X — Y can
be chosen in such a way that P(z) = ®(z, A(x)),
B € T (X)) XD (Vo) and Xy, = {2 € X,| Alz) €
Vo}. Then

(1) the transformation {P; A&} — {®; &, X
V.} is called the canonical transformation , and
D X, x)Y, — Ris called the canonical function
associated with A;

(2) the problem (P) is called geometrically
nonlinear (resp. linear) if A : X — ) is non-
linear (resp. linear); it is called physically non-
linear (resp. linear) if the duality mapping D® :
Xy X Vo — XS x Y5 is nonlinear (resp. linear);
it is called fully nonlinear if it is both geometri-
cally and physically nonlinear. &

The canonical transformation plays a funda-
mental role in duality theory of global optimiza-
tion. By this definition, the governing equation
(7) for fully nonlinear problems can be written
in the tri-canonical forms, namely,

(1) geometrical equation: y = A(x),
(2) physical relations: (—z*,y*) € 0®(z,y),
(3) balance equation: z* = A} (z)y*.

Since A : X — Y is Gateaux differentiable,
for any given x € X, we have the operator de-
composition

A(z) = Ay(z)x + Ac(), (9)

where A, = A — A; is the complementary oper-
ator of A;. By this operator decomposition, the
relation between the two bilinear forms reads

(A(x);y") = (o, A (2)y") — Gla,y7),
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where G(z,y*) = (—A(x);y*) is the so-called
complementary gap function, introduced in [2].
This gap plays an important role in the canon-
ical dual transformation methods. A framework
for the fully nonlinear system is shown in Fig.
1. Extensive illustrations of the canonical trans-
formation and the tri-canonical forms in math-
ematical physics and variational analysis can be
found in [1].

rEX <_<x’$*>_.)(*9 *
o -

YeY ~—(yy*) —Y3y"

At+Ac:Al (A — Ao)*

Figure 1. Framework in fully nonlinear systems

Very often, the extended canonical function
® can be written in the form

®(z,y) = W(y) — F(z),

where F' € ['(X) and W € I'(Y) are extended
canonical functions. The duality relations (5) in
this special case take the forms

z* € OF (x), y* € oW (y).

If FF e T'g(X,) and W € I'g(Y,) are Gateaux
differentiable, the Euler equation (7) reads

A} (£)DW (A(Z)) — DF(%) = 0.

IfA: X — Yislinear,and W : Y — R is qua-
dratic such that DW = Cy, where C': Y — Y*
is a linear operator, then the governing equa-
tions for linear system can be written as

NCAx = Ax = ™.

For conservative systems, the operator A =
A*CA is usually symmetric. In static systems,
C' is usually positive-definite and the associated
total potential P is convex. However, in dynam-
ical systems, C is indefinite and P is called the
total action, which is usually a d.c. function in

complementary gap function— complementary gap function
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convex Hamilton systems.

Triality Theory.

We assume that for any given nonconvex ex-
tended function P : X — R, there exists a gen-
eral nonlinear operator A : X — ) and a canon-
ical function W € I'()) such that the canonical
transformation can be written as

P(z) = W(A(x)) - (z,¢), (10)

where ¢ € A" is a given source variable. Since
F(z) = (x,c¢) is a linear function, the Hamil-
tonian H(z,y*) = W*(y*) + (z, ¢) is a canonical
function on Z = X x Y* and the extended La-
grangian reads

L(z,y") = (M2);y") = W' (y") = (2,¢). (11)

For a fixed y* € Y*, the convexity of L(-,y*) :
X — R depends on A(z) and y* € Y*.

Let Z, = &, X Vi C Z be the effective do-
main of L, and let £, C Z, be a critical point
set of L, i.e.

Le={(z,y) € Xo x Y;| DL(z,y") = 0}.

For any given critical point (Z,7*) € L., we
let & x V¥ be its neighborhood such that on
X, x V¥, the pair (Z,7*) is the only critical point
of L. The following result is of fundamental im-
portance in global optimization.

Theorem 1 (Triality Theorem) Suppose
that W € L'(V,) is convex, (z,5*) € L. is a
critical point of L and X, x V) is a neighbor-
hood of (Z,7").

If (A(z); g*) is convex on X,, then
L(z,y") = min max L(z,y"
(Z,79%) in max (z,y")

= max min L(z,y"). 12

Jnax min (z,y%). (12)

However, if (A(z);§*) is concave on X, then

either
L(Z,7") = min max L(z,y"
(2,97 min max (2, y%)
= min max L(z,y"), 13
y*EYVy xEXy ( Y ) ( )

or
max max L(z,y*
Imax max. (z,y")
(14)

= max max L(z,y").
y*eYy xeky
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Since W € I'(),) is a canonical function, we
always have

P(z) = ext{L(z,y")| y" € Y*} Vo € X. (15)

On the other hand, for a given Gateaux differ-
entiable geometrical mapping A : X, — ),, the
criticality condition D, L(Z,y*) = 0 leads to the
equilibrium equation

A@)y* = (16)

If there exists a subspace )V; C Y, such that for
any y* € VI and a given source variable ¢ € X'*,
the equation (16) can be solved for z = z(y*),
then by the operator decomposition (9), the dual
function P¢ : Y — R can be written explicitly
in the form

PU) = sta{L(r,y")| o € X}
= =Gy - W* (") Vy* € V5,

where G% : Y* — R is the so-called pure com-
plementary gap function, defined by

GUy") = G(E(y).y") = —(Ac(@(y));9)-
For any given critical point (Z,7*) € L., we
have G4(7*) = (Z,c) — (A(Z(7*)); 7). Thus, the

Legendre duality relations among the canonical
functions W and W* lead to

P(z) - PY(y*) =0 Y(2,5") € L. (17)

This identity shows that there is no duality
gap between the nonconvex function P and its
canonical dual function P?. Actually the duality
gap, which exists in classical duality theories, is
now recovered by the complementary gap func-
tion G(Z,7").

Theorem 2 (Tri-Duality Theorem)
Suppose that W € T'(V,), (%,7°) € L. is a
critical point of L and X, x V¥ is a neighbor-
hood of (Z,5*). If (A(x);y*) is convexr on X,
then

P(e) = mip P(x) & P'(57) = max P'(y").

However, if (A(z);y*) is concave on X, then

P(Z) = min P(z) < P%g*) = min PYy*);

TEX, y*eV:
P(Z) = max P(z) < P%§*) = max P%y*).
(@) = max P(z) (7") = max P(y")
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Example. We now illustrate the application
of the interesting tri-duality theory for solving
the following nonconvex optimization problem
in X =R"

1
P(z) = %(5 || Az ||2 —,u)2 —zc - sta Vz,

where a,u > 0 are given parameters, ¢ € R” is
a given vector, and A : R* — R™ is a matrix.
The Euler equation associated with this noncon-
vex stationary problem is a nonlinear algebraic
equation in R”

1 i
a(z | Az | —p)Cz = c,

where C = ATA = CT € R™. We are inter-
ested in finding all the critical points of P. To
set this nonconvex problem in our framework,
welet Y =R =X and A :R" - Y =Ra
quadratic operator

1 1
y=A@) =5 | Az | —p = 527 Cz — .

Since F(x) = (x,c¢) = 2T¢ is a linear function

on R", the admissible space X, = X = R*. By
the fact that z* = DF(z) = ¢, the range for
the canonical mapping DF : ¥ - A* =R is a
hyperplane in R”, i.e.
Xy ={z" eR"| z* =c}.

The feasible set for the primal problem is X} =
{z € X, Alz) € Yo} =R".

By the fact that 27Cz > 0 Vo € &, =

X = R", the range for the geometrical mapping
A: X, — Ris a closed convex set in R

Vo={yeR y>—-pu}CcyY=R
On the admissible subset )V, C Y = R, the

canonical function W(y) = %ay2 is quadratic.
The range for the constitutive mapping DW :
Vo = YV* =R

YVo={y"€Rl y" > —ap}.

On Y7, the Legendre conjugate of W is also

is also a closed convex set in R

strictly convex

1
W) = Saly, (18)
and the Legendre duality relations hold on ), X

V-

double-well function— double-well function
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On X, x Vi = R" x R, the extended La-
grangian in this case reads

1 1
L(z,y*) = Ey*xTC'x —py* - §a_1y*2 —zle.
It is easy to check that the dual function asso-
ciated with L is
1 1
Pd*:_ x\—1 T _ *__*2‘
(y7) =50 e Ce—py™ — oy

The dual Euler-Lagrange equation is an alge-

braic equation in R:
1
(n+a™ly)y™ = 50, (19)

where 02 = ¢I'Cc is a constant. Since C' € R™ is
positive-definite, this equation holds only on Y, .
In algebraic geometry, the dual Euler-Lagrange
equation (19) is the so-called singular algebraic
curve in (y*,o)-space (see Fig. 2). For a given
parameter p and ¢ € R”, this dual equation has
at most three real roots y; € V;, k = 1,2,3,
which leads to the primal solution

T =y;Che, k=1,2,3.

By Lemma 1 we know that each (zy,y}) is a
critical point of L and

In the case of n = 1, the cost function

P(z) = %a(x2 —u)? —cx

is a double-well function (see Fig. 3 (solid line)),
which appears in many physical systems. The
graph of the canonical dual function

1
Ply*) = 502/1/‘ — py* —y*/2a

has two branches (dashed line). It is easy to
prove (see [1]) that if 4 > p. = 1.5(c/a)?/?, the
dual Euler-Lagrange equation (19) has three
roots y; > 0 > y5 > y3, corresponding to three
critical points of P¢ (see Fig. 3). Then, y} is a
global maximizer of P¢, x; = o/y} is a global
minimizer of P, P% takes local minimum and lo-
cal maximum values at y; and yj3, respectively,
r2 = o/ys is a local maximizer of P, while
x3 = 0/y; is a local minimizer.

g pe < fie

B = fe
v H>HC
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Figure 2. Singular algebraic curve

y* <0

L L L L )
-0.5 0 0.5 1 15 2

y* >0

Figure 3. Graphs of P(u) and its dual P¢(y*)

The Lagrangian associated with this double-
well energy is

_ 1 2, % 1 *2 * *
=527y — (g v ') e

It is a saddle function for y* > 0. If y* <0, it is
a super-critical point function (see Fig. 4).

L(z,y")

Figure 4. Lagrangian for the double-well energy
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