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DUALITY THEORY:

II. BI-DUALITY IN NONCONVEX

OPTIMIZATION

It is known that in convex optimization, the

Lagrangian associated with a constrained prob-

lem is usually a saddle function, which leads to

the classical saddle Lagrange duality (i.e. the

mono-duality) theory. In nonconvex optimiza-

tion, a so-called super-Lagrangian was intro-

duced in [1], which leads to a nice bi-duality

theory in convex Hamiltonian systems and in

the so-called d.c. programming .

Super-Lagrangian Duality.

De�nition 1 Let L(x; y�) be an arbitrary given

real-valued function on X � Y�.

A function L : X � Y� ! R is said to be

a super-critical function (or @+ function) on

X �Y� if it is concave in each of its arguments.

A function L : X � Y� ! R is said to be a

sub-critical function (or @� function) on X �Y�

if �L is a super-critical function on X � Y�.

A point (�x; �y�) is said to be a super-critical

point (or @+-critical point) of L on X � Y� if

L(�x; y�) � L(�x; �y�) � L(x; �y�) (1)

holds for all (x; y�) 2 X � Y�:

A point (�x; �y�) is said to be a sub-critical point

(or @�-critical point) of L on X � Y� if

L(�x; y�) � L(�x; �y�) � L(x; �y�) (2)

holds for all (x; y�) 2 X � Y�. }

Clearly, a point (�x; �y�) is a sub-critical point

of L on X�Y� if and only if it is a supper-critical

point of �L on X � Y�. A super-critical func-

tion L(x; y�) is called the super-Lagrangian if it

is a Lagrange form associated with a constrained

optimization problem. L(x; y�) is called the sub-

Lagrangian if �L(x; y�) is a super-Lagrangian.

For example, the quadratic function

L(x; y) = axy �
1

2
bx2 �

1

2
cy2; b; c > 0

is concave for each x; and y, and hence, is

a super-critical point function on R � R. But

L(x; y) is not concave on the vector (x; y) since

the Hessian matrix of L

D2L(x; y) =

�
�b a

a �c

�
;

is not necessarily to be negative-de�nite for any

a 2 R and b; c > 0. L is a sub-critical function if

b; c < 0. But L may not be convex on (x; y) for

the same reason.

Since L is a sub-Lagrangian if and only if �L

is a super-Lagrangian, here we only consider the

duality theory for the super-Lagrangian.

Theorem 1 (Super-Critical Point)

Let L(x; y�) be an arbitrary given function, par-

tially Gâteaux di�erentiable on an open subset

Xa�Y
�
a � X �Y�. If (�x; �y�) 2 Xa�Y

�
a is either

a super-critical or sub-critical point of L, then

(�x; �y�) is a critical point of L on Xa � Y
�
a .

Any critical point of a Gâteaux di�erentiable

super-Lagrangian is a super-critical point. How-

ever, if (�x; �y�) is a super-critical point of L, it

does not follows that L is a super-Lagrangian.

In the d.c. programming or variational analysis

of convex Hamiltonian systems, the following
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statements are of important theoretical value.

(S1) Under certain necessary and suÆcient

conditions we have

inf
x2Xa

sup
y�2Y�a

L(x; y�) = inf
y�2Y�a

sup
x2Xa

L(x; y�): (3)

A statement of this type is called a super-

minimax theorem and the pair (�x; �y�) is called

a super-minimax point of L on Xa � Y
�
a .

(S2) Under certain conditions, a pair (�x; �y�) 2

Xa � Y
�
a exists such that

L(x; �y�) � L(�x; �y�) � L(�x; y�) (4)

holds for all (x; y�) 2 Xa � Y
�
a : A statement of

this type is called a super-critical point theorem.

By the fact that the maxima of L(x; y�) can

be taken in either order on Xa�Y
�
a , the equality

sup
x2Xa

sup
y�2Y�a

L(x; y�) = sup
y�2Y�a

sup
x2Xa

L(x; y�) (5)

always holds. A pair (�x; �y�) which maximizes L

on Xa � Y
�
a is called a super-maximum point of

L on Xa � Y
�
a .

For a given super-Lagrangian L : Xa � Y
�
a !

R, we let Xk � Xa and Y�s � Y�a such that

sup
y�2Y�a

L(x; y�) < +1 8x 2 Xk;

sup
x2Xa

L(x; y�) < +1 8y� 2 Y�s :

Theorem 2 (Super-Lagrangian Duality )

Let the Lagrangian L : X � Y� ! R be an ar-

bitrary given function. If there exists either a

super-maximum point (�x; �y�) 2 Xa � Y�a such

that

L(�x; �y�) = max
x2Xa

max
y�2Y�a

L(x; y�)

= max
y�2Y�a

max
x2Xa

L(x; y�); (6)

or a super-minimax point (�x; �y�) 2 Xa�Y
�
a such

that

L(�x; �y�) = min
x2Xa

max
y�2Y�a

L(x; y�)

= min
y�2Y�a

max
x2Xa

L(x; y�); (7)

then (�x; �y�) is a super-critical point of L on

Xa � Y
�
a .

Conversely, if L is partially Gâteaux di�eren-

tiable on an open subset Xa � Y�a � X � Y�,

and (�x; �y�) is a super-critical point of L on

2 Xa �Y
�
a , then either the super-maximum the-

orem in the form

L(�x; �y�) = max
x2Xk

max
p2Y�a

L(x; y�)

= max
y�2Y�s

max
x2Xa

L(x; y�); (8)

holds, or the super-minimax theorem in the form

L(�x; �y�) = min
x2Xk

max
y�2Y�a

L(x; y�)

= min
y�2Y�s

max
x2Xa

L(x; y�) (9)

holds.

This super-Lagrangian duality theorem shows

a very important fact in Hamiltonian systems,

i.e. the critical points of the Lagrangian L ei-

ther maximize or minimaximize L on Xk � Y�s
in either order.

Nonconvex Primal and Dual Problems.

Let L : Xa � Y�a ! R be an arbitrary given

super-critical function. For any �xed x 2 Xa, let

P (x) = sup
y�2Y�a

L(x; y�): (10)

Clearly, the function P (x) may not be either

convex or concave. Let Xk � Xa be the pri-

mal feasible set such that P : Xk ! R is �nite

and Gâteaux di�erentiable. Then for nonconvex

function P , two primal problems can be pro-

posed as

(Pinf) : P (x) ! min 8u 2 Xk (11)

(Psup) : P (x) ! max 8u 2 Xk (12)
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The problems (Pinf) and (Psup) are realisable if

the primal feasible set Xk is not empty.

Dually, for any �xed y� 2 Y�a , let

P d(y�) = sup
x2Xa

L(x; y�) (13)

with the dual feasible set Y�s � Y�a such that

P d : Y�s ! R is �nite and Gâteaux di�eren-

tiable. The two nonconvex dual problems are

(Pd
inf) : P d(y�) ! min 8y� 2 Y�s ; (14)

(Pd
sup) : P d(y�) ! max 8y� 2 Y�s : (15)

These two dual problems are realisable if the

dual feasible set Y�s is not empty.

Theorem 3 (Bi-Duality Theorem)

Let L : Xa � Y
�
a ! R be a given arbitrary func-

tion such that P and P d are well-de�ned by (10)

and (13) on the open subsets Xk and Y�s , respec-

tively.

(1) If (�x; �y�) is a super-critical point of L on

Xk � Y
�
s , then DP (�x) = 0, DP d(�y�) = 0, and

P (�x) = L(�x; �y�) = P d(�y�): (16)

(2) If (�x; �y�) is a super-critical point of L on

Xk � Y�s , then �x is a minimizer of P on Xk if

and only if �y� is a minimizer of P d on Y�s , i.e.

the double-min duality

P (�x) = inf
x2Xk

P (x), inf
y�2Y�s

P d(y�) = P d(�y�)

(17)

holds.

(3) If (�x; �y�) is a super-critical point of L on

Xk � Y�s , then �x is a maximizer of P on Xk if

and only if �y� is a maximizer of P d on Y�s , i.e.

the double-max duality

P (�x) = sup
x2Xk

P (x), sup
y�2Y�s

P d(y�) = P d(�y�)(18)

holds.

D.C. Programming and Hamiltonian.

In d.c. programming, the primal function P :

Xk ! R can be written as

P (x) =W (�x)� F (x);

where � : X ! Y is a linear operator,W : Ya !

R and F : Xa ! R are two convex, Gâteaux dif-

ferentiable real-valued functions, satisfying the

Legendre duality relations

x� = DF (x) , x = DF �(x�) ,

hx; x�i = F (x) + F �(x�)

on Xa �X
�
a , and

y� = DW (y) , y = DW �(y�) ,

hy; y�i =W (y) +W �(y�)

on Ya�Y
�
a , where F

� : X �
a ! R and W � : Y�a !

R are the Legendre conjugates of F and W , re-

spectively.

In dynamical systems, if � = d=dt is a di�er-

ential operator, its adjoint associated with the

standard bilinear forms in L2 is �� = �d=dt. If

W denotes the kinetic energy, F stands for po-

tential energy, then the primal function P (x) =

W (�x)�F (x) is the total action of the system.

The primal feasible set Xk � X , de�ned by

Xk = fx 2 Xaj �x 2 Yag;

is called the kinetically admissible space.

Clearly, P : Xk ! R is nonconvex.

The Lagrangian form associated with the

nonconvex primal problems is de�ned by

L(x; y�) = h�x; y�i �W �(y�)� F (x); (19)

which is Gâteaux di�erentiable on Xa�Y
�
a . The

critical condition DL(�x; �y�) = 0 leads to the La-

grange equations:

��x = DW �(�y�); ���y� = DF (�x):

Clearly, L : Xa � Y�a ! R is a super-critical

function, and

P (x) = sup
y�2Y�a

L(x; y�) 8x 2 Xk:

Dually, for any given dual feasible y� 2 Y�s ,

P d(y�) = sup
x2Xa

L(x; y�) = F �(��y�)�W �(y�);
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where the dual feasible set Y�s � Y�a is de�ned

by

Y�s = fy� 2 Y�a j �
�y� 2 X �

a g:

The criticality conditions DL(�x; �y�) = 0,

DP (�x) = 0 and DP d(�y�) = 0 are equivalent

to each other.

The Hamiltonian H : Xa�Y
�
a ! R associated

with the Lagrangian L is de�ned by

H(x; y�) = h�x; y�i � L(x; y�)

= W �(y�) + F (x): (20)

For d.c. programming,H(x; y�) is a convex func-

tion on Xa � Y
�
a : The critical point (�x; �y

�) of L

satis�es the Hamiltonian canonical form

��x = Dy�H(�x; �y�); ���y� = DxH(�x; �y�):

Particularly, if W (�x) = 1
2 h�x;C�xi is a

quadratic function, C : Ya ! Y�a is a symmet-

ric operator such that the composite operator

A = ��C� = A� is self adjoint, then the total

action can be written as

P (x) =
1

2
hx;Axi � F (x):

Let P c(x) = �P d(C�x), then the function P c :

Xa ! R

P c(x) =
1

2
hx;Axi � F �(Ax)

is the so-called Clarke dual action (see [1]).

Theorem 4 (Clarke Duality Theorem)

Let A : Xk � Xa ! X �
a be a closed, self-adjoint

operator, and Ker A = fx 2 Xj Ax = 0 2 X �g

the null space of A. If �x 2 Xk is a critical point

of P , then any vector x 2 Ker A+�x is a critical

point of P c.

Conversely, if there exists a xo 2 Xk such that

Axo 2 X
�
a , then for a given critical point �x of P c,

any vector x 2 Ker A + �x is a critical point of

P .

Example. Let us consider a very simple one-

dimensional optimization problem with con-

straint

F (x) = 1
2kx

2 � fx ! max

s:t: a � x � b;
(21)

where k > 0 and f 2 R are given constants.

We assume that �1 < a < 0 < b < 1. Since

F (x) is strictly convex on the closed set [a; b],

the maximum is attained only on the boundary,

i.e.

sup
x2[a;b]

F (x) = maxfF (a); F (b)g <1:

The classical Lagrange multiplier method can-

not be used for this nonconvex problem. To set

this problem within our framework, we need

only set X = R; Xa = [a; b] and let � = 1,

so that

y = �x = x 2 Y = R:

Thus, the range of the mapping � : Xa ! Y = R

is Ya = [a; b]. Let

W (y) =

�
0 if y 2 Ya;

+1 if y =2 Ya:

It is not diÆcult to check that W : Y !

R[f+1g is convex. On Ya, W is �nite and dif-

ferentiable. Thus, the primal feasible space can

be de�ned by

Xk = fx 2 Xaj �x = x 2 Yag = [a; b]:

Clearly, on Xk P (x) = W (�x) � F (x) = F (x).

The constrained maximization problem (21) is

then equivalent to the standard nonconvex mini-

mization problem (Pinf): P (x)! min 8x 2 Xk.

Since F (x) is strictly convex and di�eren-

tiable on Xa = [a; b], and

x� = DF (x) = kx� f 2 X �
a

is invertible, where

X �
a = [ak � f; bk � f ] � X � = R

the Legendre conjugate P c : X �
a ! R can easily

be obtained as

F �(x�) = max
x2Xa

fxx� � F (x)g =
1

2k
(x� + f)2:

By the Fenchel transformation, the conjugate

of the nonsmooth function W can be obtained
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as

W �(y�) = sup
y2Y

fyy� �W (y)g = max
y2Ya

yy�

=

8<
:

by� if y� > 0;

0 if y� = 0;

ay� if y� < 0:

It is convex and di�erentiable on Y�a = Y� = R.

On Xa � Y
�
a = [a; b] � R, the Lagrange form

for this nonconvex programming is well-de�ned

by

L(x; y�) = y��x�W �(y�)� F (x)

=

(
xy� � by� � 1

2kx
2 + fx if y� � 0;

xy� � ay� � 1
2kx

2 + fx if y� < 0:

Since both W � and F are convex, L(x; y�) is a

super-critical point function. If x 2 Xk = [a; b],

then

P (x) = sup
y�2Y�a

L(x; y�):

On the other hand, for any y� in the dual fea-

sible space

Y�s = fy� 2 Y�a = Rj ��y� = y� 2 X �
a g

= [ak � f; bk � f ];

the dual function is obtained by

P d(y�) = sup
x2Xa

L(x; y�)

= sup
x2R

f(�x)y� � F (x)g �W �(y�)

= F �(��y�)�W �(y�);

where

F �(��y�) = sup
x2Xa

f(�x)y� � F (x)g

= sup
x2R

fx(y + f)�
1

2
kx2g

=
1

2k
(y� + f)2:

Thus, the dual action P d is well de�ned on Y�s
by

P d(y�) =

8<
:

1
2k (y

� + f)2 � by� if y� > 0;
1
2kf

2 if y� = 0;
1
2k (y

� + f)2 � ay� if y� < 0:

(22)

This is a double-well function on R (see Fig.

1). The dual problem

(P d
inf) : P d(y�)! min 8y� 2 Y�s

is a convex optimization problem on either

Y�s
+ = fy� 2 Y�s j y

� > 0g

or

Y�s
� = fy� 2 Y�s j y

� < 0g:

In n-dimensional problems, this dual problem is

much easier than the primal problem. The crit-

icality condition leads to

�y� =

8<
:

bk � f if �y� > 0;

0 if �y� = 0

ak � f if �y� < 0:

It is easy to check that the following duality the-

orems hold:

min
x2Xk

P (x) = min
y�2Y�s

P d(y�);

max
x2Xk

P (x) = max
y�2Y�s

P d(y�):

The graphs of P (x) and P d(y�) are shown in

Fig. 1..
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Figure 1. Bi-duality in constrained nonconvex

optimization

References

[1] Gao, DY (1999), Duality Principles in Nonconvex

Systems: Theory, Methods and Applications, Kluwer

Academic Publishers, Dordrecht /Boston / London,

472pp.

David Yang Gao

Virginia Polytechnic Institute and State University

Blacksburg, Virginia, 24061

USA

E-mail address : gao@math.vt.edu

AMS1991SubjectClassi�cation: 49, 90, 93.

Key words and phrases: duality, noncon-

vex optimization, d.c. programming, super-

Lagrangian, bi-duality, Clarke duality, Hamilton

systems.


