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1. Introduction

In the traditional nonlinear elastic beam theory, the stress in lateral direction is neglected
and the governing equations can be considered as the one-dimensional von Karman model
(see [1]):

Oz =0, ElW 00 — Oz o — g =0.

From the first equation we know that o, is a constant, so this beam model is actually a
linear ordinary differential equation. If the beam is quite thick, the deformation in lateral
direction can not be ignored. By considering the stress in lateral direction, a nonlinear
beam theory is developed in this paper for large displacement and small strain elastic beam
theory. Application to the unilateral problem with obstacle is illustrated and a nonlinear
complementarity problem is proposed. We proved that this nonlinear complementarity
problem is equivalent to a variational inequality and a primal variational approach.

2. Nonlinear Elastic Beam Model

We begin by describing the elastic beam model under large deflections. As shown in Figure
1, an elastic beam whose cross section in the 2,y plane is a rectangle domain: = {(r,y) €
R0 < ¢ < L, —h < y < R}, is subjected to both vertical and horizontal external loading
systems. In this paper, we employ the fundamental hypothesis in the beam theory, i.e.
cross sections which are perpendicular to the centroid locus before bending remain plane
and perpendicular to the deformed locus. {An extended Timoshenko beam model has been
developed in [2] without using this hypothesis.)
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Figure 1. Contact problem of nonlinear elastic beam model.

By w(x), we denote the transverse displacement of the elastic axis, which is the func-
tion of @ only. The bending angle, measured in the mathematically positive direction, is
§ = tan~!(dw/dx). Since the beam is subjected the z-axis directional force, we have to
introduce an independent horizontal displacement u(x) of the middle axis y = 0. So the
total horizontal displacement £ and lateral direction displacement 7 of the beam at the
material point (2,y) € Q can be described as following:

| ECeayY | ule) = yfr)
" { n.y) } - { i) } )

By the definition of the Green-St Venant strain tensor in finite deformation theory, E =
%[Vu + (Vu)! + (Vu){(Vu)], the strain in this two dimensional elastic beam should be

Copr €zy — Uy — ya,x + %(u,.z‘ - 3/0,1‘)2 + %“";rz- %(U’.r -f) - “.1'9 (2)
Cyz  Cyy Hwe —8)—u 8 36*
In this paper, we use notation ( ), := -;7( Vo ( )y i= 7—‘;;—}/( ), .... for convenience. For

the moderate large deflections of beam problems, we may assume that A/ L ~ w(z) € O(1),
u ~ wy € O¢). Thus uy ~ w., € O(e?), where notation ~ stands for “same order of
magnitude”. By Taylor expansion, we have § = tan~! w , = w, + O(¢*). Neglecting terms
higher than O(¢?), and by using the engineering strain notations: ¢, = €,,.¢; = €47 =
264y, we then have

€r Uy — YW pr + %’w?f

€ | = %uv;zr (3)
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NONLINEAR ELASTIC BEAMS

For large displacement but small strain plane deformation problem, the elastic constitutive
relation can be given as

E
—':_7-(63/'{—1/(1). (4)

0z = (e +vey), 0y = 5

1
Suppose the beam is subjected lateral distributive loading system ¢(x), and horizontal
loading systems with magnitude p at the end # = L in the negative z-direction. The
potential energy of the elastic beam can then be written as
E . . L
Plu,w) = /Q 2(—1_—1—/2—)(eﬁ(1:, y)+ e;(r) + 2ve(x, y)ey(2))dQ - /[; g(x)wdz  pu(z)|z=0,L-
(5)

The first variation of P with respect to the displacements u, w is:

h

§P(u,w; éu,dw) = / 016u|1=0‘Ldy—/0116udQ
—h Q

h h
yf’ﬁ“’,:h:o,Ldy + ) yUJ;,xélwlz‘:O,Ldy - /(_zyar,a:arlsu“lﬂ

-h -

/ (Oz0+ Oyz)w s + (0r + 0y W ) 0wdQ
Q
h

f

+

L
(02 + 0y ) lr=0. b wdy — / g(z)owda £ péu(x)|,—o. L.
0

—h

Since u, w are functions of z only, this variational equality 6 P = 0 gives the Euler-Lagrange
equation in the domain:

h
/ Tendy = 0 Yz €[0, L], (6)

—h

h
[yax.mr + (Ur + Uy).xw,z + (0 + Uy)"”,zx]dy +q=0 (7)

—n

Whereas, the boundary variational terms

h

[ aelemonudy = Fpbu(a)lomo. (%)
~h
h

/ y(T;B';r:O,L&“'J?dy =0, (%)
~h
h

// (Y020 + (02 + 0))wy)| =0, 1.6wdy = 0. (10)

will give the corresponding boundary conditions.
Substituting the constitutive relations (4) into (6,7), if £ is a constant, we may obtained:

Uze + (1 + V)ww . =0 Vo € [0, L], (1)
Elw gppe — 20E[(1 + 1/)(2’10"21. + U W e + WU ] — f(2) =0 Ve € [0,L] (12)

13



14

D.Y. GAO
where I = 2h%/3, f(z) = (I — v?¥)q(«). These are coupled nonlinear fourth-order partial
differential equations. Integrating (11), we have

A

t 2
”,.’1‘ = -‘5(1 + I/)U,“I. e m.

where A is a integral constant, which depends on w-directional external forces on the hound-
ary x = 0, L. Substituting this equation together with (11) into (12). we obtain
Elw pp — E(yuvi.'m._,.f + Aw o~ fla) =0 Vo € [0. L], (13)

where o = 3h(1 — %) > 0 is a positive constant. This is the nonlinear beam equation we
obtained in this paper.

Remark. If we ignore the lateral stress o,, then the Euler-Lagrange equations (6.7) of
the variational problem é P = 0 should be

U py + Wty = 0 Vo € 0. L), (In
{
Elw gy — 20 F (0, + Eu‘f,.)'u'“l._,. ~ fle)=0 Yo e [0.L] (15)
which is equivalent to the following linear equation:
ETw pppr + AW p ~ [y =0 v € 0. L] (16}

3. Complementarity Problem and Variational Approaches

In this section we are going to study the contact problem and its variational approaches. Let
us consider a large deformed beam which is supported by a rigid obstacle (7. The shape of
this obstacle is given by a prescribed strictly concave function g{+). Let V be an admissible
displacement space such that for any given w € V, the derivatives and integration on w(w)
are allowed. For example, V could be C%[0. L] or H?[0, L]. Since the boundary conditions
in this paper are not important, so we can simply assume that the beam is fixed at both
ends. Then the kinematically admissible space V, can be defined as

Veoi={weV]iw=0, w, =0 at e =0.L}. (17
So the contact problem for this nonlinear elastic beam theory can be given as:

Problem 1 (CP) For the given external loading system (A, f()) and the concave obstacle
Sunction (x), find w(x) € V, such that

Elw ppy — Eax uvi;m'” + Aw . — fla) 20 Yo e [0, L] (18)
wla)—¢(x) >0 Yo €0, L] (19)
(Flwppy — Eami.w,_,.f + Aw e — fle))w—w) =0 Ve € 0. L]. (20)
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This is a nonlinear complementarity problem ((C' P) for short). For any given solution w of
the Problem (CP), the contact region Z C [0, L] is defined as

Z:={ze0,L]] w(z)=(x) Va € [0, L]}.

Since the the boundary 07 of this contact region is not known before the obstacle problem is
solved, 0Z is called a free boundary. The eqn (20) is called the complementarity condition.
The analytical solution of this nonlinear complementarity problem is very difficult. So its
variational approaches will be useful for numerical methods.

Let K be a closed convex subset of V,:

K ={w e V,| w(z)>¢(z) a.c.in[0,L]} (21)

The total potential energy J : K — R then can be given as

L 2 L 4 L1, L o
J(w) —_-/ §E1(ur_u) dx +/ EEQ(W‘I) dx —/ ‘—2-/\w‘xdx —/ fwdzx (22)
0 0 0 0

It is easy to prove that the directional-derivative of J at w in the direction v can be written
as

L
dJ(w;v) = / (ETw pppr — Emu:)z,ug” + Aw zp — flz))vde = (6J(w), v),
0

here

6‘](1“) = Elw,a;xr‘r - an?x“",l’a‘ + ’\w,ra‘ - f(‘L)

is the Gateaux derivative of J(w), and (*. *) denotes the bilinear form. Then the variational
inequality problem ( (V1) for short) for this obstacle problem can be proposed as

Problem 2 (VI) For the given external force system (A, f(z)) find w € K such that
§J(w;v—w) >0 Ve e A, (23)

Numerical method for solving variational inequality problem has been studied for many
years (see, for example, [3]). Next section, we will prove that this variational inequality is
equivalent to the complementarity problem. Furthermore, the variational problem ((V P)
for short) associated with this obstacle problem can be given by

Problem 3 (VP) For the given external forces (X, f(x)), find w € K such that
J(w) < J(v) Vv e K. (24)

Based on this variational problem, the finite element methods can be used to solve this
nonlinear contact problem.

4. Equivalence Principle

General speaking, for large deformation problem, the variational problem and variational
inequality are not equivalent (see [4]). But for this nonlinear beam problem, we have the
following theorem.
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Theorem 1 For any given czternal load system (A, f(x)), the complementarity problem
(CP) and the variational inequality (VI) are equivalent. If A < 0, both problems are
cquivalent to the variational problem (V' P).

Proof. First, we prove that (("P) = (V/). From the complementarity condition (20).
we have

(Elw gpzw — Emnfrur,” +Aw = flz),w—v)=0 Vo €[0,L].
Due to the fact that §J(w) = Elw sper — Eow? w0 + Aw o — f >0 Yo € [0, L] (18), and
w4 >0, v—1p>0 YVw,veEA, we have
(6J(w), 0 —¥) — (dJ(w),w— 1) >0 Ve e
This gives that
(6J(w),v—w) =d6J(w;o— w) >0 Vo €.

i.e. the solution of the complementarity problem also solves the variational inequality
problem.
To prove (VI) = (CP), we rewrite the variational inequality

L
w0 —w) = / (ETW grpr — Eow o o + Aw o~ f)lo—w)de >0 Ve € K. (25)
0 :

Let ¢ € V be a nonnegative function such that ¢(z) > 0 Va € [0, L]; then 0o = w4+ ¢ € K.
So
L B
/ (ETw pyrr — E(ru'fl.zn‘;,,»_,. + Mw oy — floda >0 Yo >0
0
gives
ETw ppypr ~ ani;“"“r.r + A, — 20

Furthermore, in the variational inequality (25). if we take v = 4" € K and v = 2w — 4 =
w — (¢ — w) € K. then we have

oS (wip —w) = (6J(w), v —w) >0, and dJ{wiw— )= {dJ(w).w-—-1) >0

respectively. Since §J(w) > 0, w—1v > 0, we must have dJ(wrw -y = (8J(w), w—v) = 0.
It gives the complementarity condition:

(ETw pppe — E(ruvi. Wy + AW o — [ w— )= 0.

Now we are going to prove that if A <0, (VP) « (VI). Welet b(e, () = fU[‘ %Easzdw
be a convex functional of €. For any given ¢, ¢, we have
1 1 L2
Eb(é,f) - 5()(6.6) > §E'm‘,(e —e)de = ble,e —e) Ve, e.

0

For any given v € K, we let ¢ = £v2. ¢ = 102 and ¢ = v — w, so
2V 2Wr

1, 1,
e(v) = E'm‘zf + W P, + 2(/)21
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Then we have
1 1 1L 2 2 .
—Q—b(e(v),e(v)) - §b(e(w),e(w)) > ble(w),wz¢ + 3/ Eaw’¢ ,dz Yv e K.
0

If A <0, the functional g(v) = OL T(EIv:, ~ A% — fv)dz is a convex functional of v on
K. So we have

L
9(v) — g(w) 2 /(; [ETw 0(v — W) 5o — Aw (v — w) z — f(v — w)]dz Vv € K.

Together we have
1 L ; ; .
J(v) = J(w) > 6J(w;v ~ w) + 3‘/‘; Eaw? (v, —we)dz Yo € K. (26)

Since %fol’ Eaw? (v, —w;)de Vv € K, s0 §J(w;v—w) >0 Yo € K gives J(v) = J(w) >
0 Vv € K. This shows that (VI) = (VP).

On the other hand, if J(w) < J(v) Vv € K, then there exists a y > 0 such that for any
given t € [0,7),
J(w) < J(w+tH{v-—w) Voe K.

0< %J(w + t(v — W)+ = 6J(w; v — w).
This shows that (VP) = (V). =

Conclusion Remark. In the elastic buckling analysis of beam problems, where
A > 0, the complementarity problem (C'P) is a nonlinear unilateral bifurcation problem,
which is still equivalent to the variational inequality (23). Based on this variational in-
equality approach, many numerical methods can be suggested for solving this very difficult
unilateral buckling problem. If f(z) = 0, then (13) is a nonlinear eigenvalue problem. The
variational approaches of this kind problem is studied in [5] for von Karman plates.
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