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1. In t roduc t ion  

In the traditional nonlinear elastic beam theory, the stress in lateral direction is neglected 
and the governing equations can be considered as the one-dimensional von Karman model 
(see [1]): 

ax.~ = O, E l w  . . . . . .  . - cra.w.~.x - q = O. 

From the first equation we know that a :  is a constant, so this beam model is actually a 
linear ordinary differential equation. If the beam is quite thick, the deformation in lateral 
direction can not be ignored. By considering the stress in lateral direction, a nonlinear 
beam theory is developed in this paper for large displacement and small strain elastic beam 
theory. Application to the unilateral problem with obstacle is illustrated and a nonlinear 
complementarity problem is proposed. We proved that this nonlinear complementarity 
problem is equivalent to a variational inequality and a primal variational approach. 

2. Nonlinear  Elast ic  Beam Model  

We begin by describing ttle elastic beam model under large deflections. As shown in Figure 
1, an elastic beam whose cross section in the x, y plane is a rectangle domain: f~ = {(x, y) E 
R210 < x < L, -h, _< y _< h}, is subjected to both vertical and horizontal external loading 
systems. In this paper, we employ the fundamental hypothesis in the beam theory, i.e. 
cross sections which are perpendicular to the centroid locus before bending remain plane 
and perpendicular to the deformed locus. (An extended Timoshenko beam model has been 
developed in [2] without using this hypothesis.) 
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Figure 1. Con tac t  problem of nonl inear  elastic beam model. 

By re(x), we denote  the  t ransverse  displacelnent  of the elastic axis, which is the func- 
tion of x only. The  bending  angle, measured in the ma themat i ca l ly  1)ositive direction, is 
0 = tan- l (Ow/Ox) .  Since the beam is subjected the :r-axis directional  force, we have to 

in t roduce  an indel)endent  hor izonta l  d isplacement  a (x )  of the middle  axis y = 0. So the 
to ta l  hor izontal  d isp lacement  ~ and lateral  (lirectim~ disl)lacement 7 / of the beam at lhe 

mater ia l  point  (x, y) E f~ can be described as following: 

1 71( :r. y ) = . , (  ,r ) " ( l )  

By the  definition of the Green-St  Venant  s t ra in  tensor  in finite defbrmat ion theory, E = 
½[Vu + ( V u )  t + ( V u ) t ( V u ) ] ,  the s t ra in  in this two dimensional  elastic beam should be 

(~. e.~y = ¢L~.-yO~.+½(<:~.-yO~,) 2 + 7 %  7(~,~.-0)-u~.0 
½(w - 0) }o 2 

(~) 

,12 
In this paper ,  we use no ta t ion  ( ).x := ~ ( ) ,  ( ),;.st := ~ (  ) ..... fox" convenience. For 
the  modera t e  large deflections of beam problenls,  we may assume tha t  h / L  ~ w(x) E O(1), 
u ~ wx E O(~). Thus  u,~ ~ w ..... E O((2),  where no ta t ion  -,~ s tands  for "same order of 
inagni tude" .  By Taylor  expansion,  we have 0 = tan -1 w x = u',x + O(ea). Neglecting terlns 
higher  than  O(e:~), and by using the engineering s t ra in  nota t ions :  %: = c ..... e v = e~j,-~ = 
2c~.y, we then have 

( x  t t , x  - -  ?J'tl~ a::. ~- "~ tb,a. 
1 2 gJ = 7u'~ (a) 

? 0 
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For large displacement but  small strain plane deformation problem, the elastic consti tutive 
relation can be given as 

E E 
o-~ = 1 _.i-.:7,2(,~. + ,.,~,), o-y = 1 _-- :7,~(q, + ,.'~x). (4) 

Suppose the beam is subjected lateral distributive loading system q(x), and horizontal 
loading systems with magni tude  p at the end x = L in the negative z-direction. The 
potential  energy of the elastic beam can then be written as 

P(u, w) -- --v,2)(e2z(x, y) -I- + 2vex(x, y )eu (x ) )d~  - q(x)wdx 4- P~(x)l~=o,L. 

(s) 
The first variation of P with respect to the displacements u, w is: 

6 P(u, w; 6u, 6w) = ax6uIz=o,Ldy - ax,x~ud~ 
h 

- /~:~ yax(gw,xlx=o,Ldy+ ~:~ yax,z.6wlx=o,Ldy-/f~ ya ...... (~w(li) 

-- /)[(ctz,x + Cry,~.)w,~ + (cry. + cryiw,x~:]3wd£ 

f /o + (cry: + av)w,~.!x=O,Lbwdy - q(x)6wdx + p(Su(X)lx=O, L. 
h 

Since u, w are functions of x only, this variational equMity bP = 0 gives the Euler-Lagrange 
equation in the domain: 

f_'~ a~:,~dy = 0 Vx E [0, L], (6) 
h 

f [ya ..... + (a~ + av),~:u,,~. + (a~: + cry)w,~]dy + q = 0 (7) 
h 

Whereas, the boundary  variational terms 

/~'~ cr~.l~:=O,L (gady = ::[=p~u('x )l::=o.L , (,~ ) 
h. 

/~'~ ya:~.l:v=o,L (~w~dy = O, (9) 
h 

I_~ (ya ..... + (a~. + au)w~)[x-0 L~w(ly = 0. (10) 
h " - -  ' 

will give the corresponding boundary  conditions. 
Subst i tut ing the consti tutive relations (4) into (6,7), if E is a constant,  we may obtained: 

u,xx + (1 + u)w,~w.~:x = 0 Vx E [0, L], ( 11 ) 

E l w  ....... - 2h.E[(1 + v)(2w2~. + .u,~.)w,~.:~. + uw,~.u :,.~,:] - f ( x )  = 0 Vx e [0, L] (12) 
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where  I = 2h:~/3, f ( z )  = (1 - u2)q(a:). T h e s e  are coupled n o n l i n e a r  f ou r th -o rde r  pa r t i a l  
d i f ferent ia l  e q u a t i o n s .  I n t e g r a t i n g  ( 11 ), we have  

1 k 
,:~, = - ~ ( 1  + t~)~t,'e.,. 21t(l + t , ) '  

where  A is a i n t eg ra l  c o n s t a n t ,  which  depends  on :c-direct ional  ex t e rna l  forces on the  b o u n d -  
a ry  :r = 0, L. S u b s t i t u t i n g  th i s  e q u a t i o n  t o g e t h e r  wi lh  (11) in to  (12) ,  we o b t a i n  

E t , , ,  ..... .~. - E~,,,,~.,t, .,. + A,,,.,..,. - .f(.,,) = 0 V:t, C [0. L], ,' l a )  

where  (t = 3 h ( l  - 1 / 2 )  > 0 is a pos i t ive  c o n s t a n t .  Th i s  is tlho n o n l i n e a r  b e a m  e q u a t i o n  wc 
o b t a i n e d  in th i s  pape r .  

R e m a r k .  If we ignore  the  la te ra l  s t ress  cr!~, then  t im E u h , r - L a g r a n g e  e q u a t i o n s  ((i,7) o[ 
the  v a r i a t i ona l  p r o b l e m  ~ I '  = 0 should  be 

u,a-a, + u',:,.w ..... = 0 g:r ~ [0, L], l.l) 

1 ,2 
Elt,,.~.~..,..,.- 2hE(t,,.,. + 5 "  .:,.)u,,.,..,.- f(,,.) = 0 g.,. ~ [0, L] 15) 

which is equ iva l en t  to  the  fol lowing l inear  e q u a l | o n :  

E l . ,  ........ .,, + .~,,.. , .:,.  - . l ' (~r)  = 0 v:r C [0. L]. 1~ 

3. C o m p l e m e n t a r i t y  P r o b l e m  a n d  V a r i a t i o n a l  A p I ~ r o a c h e s  

lIl th is  sec t ion  we are  go ing  to s t u d y  the  c o n t a c t  p rob l em aI/d its variat, ional  apl)roa.ches. Let 
us cons ide r  a l a rge  de fo rmed  ])earn which  is s u p p o r t e d  by a rigid obs t ac l e  (;. T h e  sh~qJe of 
th i s  o b s t a c l e  is g iven  by a p re sc r ibed  s t r i c t ly  concave  func t iou  t,,(:r). Let 12 be an admiss ibh ,  
d i s p l a c e m e n t  space  such t h a t  for any  given u, E 12, the  de r iva t ives  and  i n t e g r a l h m  on ~v(,r) 
are  a l lowed.  For e x a m p l e .  12 could be  (_',2[0. L| or "H2[O, L]. Since t he  b o u n d a r y  cond i t i ,ms  

in th i s  p a p e r  a re  no t  i m p o r t a n t ,  so we can s imply  a s s u m e  tha !  the  b e a m  is fixed a! bo th  
ends .  T h e n  the  k i n e m a t i c a l ] y  admis s ib l e  space  12, can be defined as 

12~ :-- {w c 121 . '  = 0. ,v . , : -  0 a t . . r =  0. L }. ( 1 7 )  

So the  c o n t a c t  p r o b l e m  for th is  n o n l i n e a r  e las t ic  b e a m  t h e o r y  can be given as: 

P r o b l e m  1 ( ( 'P)  For the givc,~ ext~r~zal loadin 9 s!ist, ttt (k,  .f(.r)) a~M t/u cotu~av~ obstacl~ 
fu~c l io~  (,( :r ), Ji~M I t ( z )  E 12,, .~uqt that 

E I t , ,  x~,,.,. - £',,.u,2~.,v ,.=. + at,,,..,. - f ( . r )  > 0 V:r E [0, L]. ( I S )  

.,(*) -e,(:~,) >_ 0 v .  ¢ [0, L] (L~) 
(Elw,,.~.:,.j, - /s'~m~,.u,..,.~. + Aw ~,.,.- f ( :v) ) ( , ,  , )  = 0 V:r E [0. L]. (20) 
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This is a nonlinear complementarity problem ( ( C P )  for short). For any given solution w of 
the Problem (CP) ,  the contact region Z C [0, L] is defined as 

Z := {x e [0, i l I  w(x) = ~/,(z) Vx E [0, L]}. 

Since the the boundary aZ of this contact region is not known before the obstacle problem is 
solved, aZ is cM]ed a h'ee boundary. The eqn (20) is cMled the complementarity condition. 
The analytical solution of this nonlinear complementarity problem is very difficult. So its 
variational approaches will be useflfl for numerical methods. 

Let ]C be a closed convex subset of Va: 

A; = {w E V,I w(x)  > ~/,(x) a.c. in [0, L]} (21) 

The total potential energy J : K; ~ R then can be given as 

J (w)  = foL1EI(w. .~: )2dx  , ~L I Ea(w,x)4dx - [13oLzAw.Zz(lx - ~L f w d x  (22) 

It is easy to prove that the directional-derivative of J at w in the direction v can be written 
as 

&](.u,; v) -= ( E h v  ....... - Eaw!~.n,,~.~. + A'w,x~. - f ( x ) ) v d x  = <SJ(n,), v), 

here  

~iJ(w) = E I w  ........ . - E(~u,2~.u' x~. + An,.x~. - f ( x )  

is the G£teaux derivative of J(w), and (*, *) denotes the bilinear form. Then the variational 
inequality problem ( ( V I )  for short) for this obstacle problem can be proposed as 

P r o b l e m  2 (VI)  For the given external fo~ve .~ystem (A, f ( x ) )  find w E k" such that 

6 J ( u , ; v -  w) _> 0 Yv E k;, (23) 

Numerical method for solving variational inequality problem has been studied for many 
years (see, for example, [3]). Next section, we will prove that this variational inequality is 
equivalent to the complementarity problem l Furthermore, the variational problem ((V [') 
for short) associated with this obstacle problem can be given by 

P r o b l e m  3 (VP)  For thc given external fo~:cs ( A , f ( x ) ) ,  f ind w E ~: such that 

J (w)  _< ,](v) Vv E £:. (24) 

Based on this variational problem, the finite element methods can be used to solve this 
nonlinear contact problem. 

4. Equivalence Principle 

General speaking, for large deformation prol)lem, the variational problem and variational 
inequality are not equivalent (see [4]). But for this nonlinear beam prol)lem, we have the 
following theorem. 
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T h e o r e m  1 For any given external load system (A, f(a:)), th~ complemtntari ty  probhm 
(CP)  and thc variational inequality (~/l)  ar~ cquivah:nt. If A ~ O, both probl(:,as ar~ 
equivalent to the variational problem (V P).  

P r o o f .  F i r s t ,  we prove t h a t  (C 'P)  => ( V I ) .  From the  c o m p l e m e n t a r i t y  cond i t ion  (20). 
w e  ] l ~ v e  

( E l w ~ . ~ :  - Ec~w~u,,~,~. + Au,,.~.~. - f(zr) ,  w -  ~.,) = 0 Vx E [0, L]. 

Due to the  fac t  t h a t  a J ( , , , )  = El, , ,  x~.~...- n : - , ,  '~ . * .~,, . .  f > 0 Va, ~ [0, L] ( I s ) .  ~,,.1 
w -  ~<'>_ 0, ' v -  ~",>_ 0 Vw, v E  K : , w e h a v e  

(~d( ' , , , ) ,  , , -  ~',} ( ~ J ( , , , ) .  , , , -  ,,",) > 0 V,, ~ h'. 

This  gives t h a t  

{ ~ g ( ~ , ) , ,  . . . .  , , )  = ~Y(, , , ;  ,, ,,,) _> 0 V,, ~ *,:. 

i.e. t he  so lu t ion  of  t he  c o m p l e m e n t a r i t y  prol~lem also solves the  var ia t ional  inequal i ty  

prol) lem.  

To prove (VI)  => ( ( :P ) ,  we r ewr i t e  the  var ia t ional  inequal i ty  

b,d(w; v - w) = ( EIw~.~.~.~, - IS(~u,~,.,, ~.~. + Air ~.~. - f ) (  v - w)dz  _> 0 Vv E K.  (25) 

Let (~SE l) be a n o n n e g a t i v e f u n c t i o n  such tha t  ~b(x)> 0 V.r E [0, L ] ; t h e n  v = u,+~:,)E K. 

So 

~o L(EIw,.~'a:~" - r," + Aw ,..,, - f)~/)(lx -> > E (~"a' 2,. ,v 0 gO 0 

gives 

E l w  ........ , -  Eaw~dv ,-r + ,~'" ,.,, - f k 0. 

F u r t h e r m o r e ,  in t he  var ia t iona l  inequa l i ty  (25), if we take  v = ~,', E K7 and v = 2 w -  i/, = 

w -  ( v , -  w) E /C. t hen  we have 

a./(.,,,: v ' , -  . , )  = (~J(~ , , ) . .~ ' , -  ,,,) _> 0. and ~.]( ,,,: , , , -  ,,,) (~.]( , , ' ) .  , , , - - < )  _> 0 

respect ively .  Since (~,J(lv) > 0, IV'- h" E 0, we nlusl ha.v<' ~,J( w; w -  t ,)  = @.1(u,), w -  ~',} 0. 

It gives t he  c o m p l e m e n t a r i t y  condi t ion :  

(E lw , , r  ....... - E(~','~.w,x. + ,\'w,.:.,,- . f ) ( w -  ~',) = 0. 

Now we are  going to prove  t h a t  if k _< 0, ( V P )  ¢> ( V I ) .  We let b((, () = flL 2E(t#2(1,r: 
be a convex func t iona l  o f  ~. For any given ~:, ~, we have 

lb c e )  > ~Ectc(~ ~)da: = b(~ ,~  - c )  V ( , c .  l b ( ~ , ~ ) -  ~ ( , 

For any given v E h~, we let ~ = ~ 2 ½ r~'C',:r, ( : W2:c a n d  (/) : v - -  w ,  s o  

e(.,.,) = 12  '2 + u,,~p,, + :~O ~ . . 1  2 
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Then we have 

If A < 0, the functional g(v) = f :  I 2 _ :5(EIv,z~ - Av2x - f v ) d x  is a convex functional of v on 
/C. So we have 

Together we have 

J(v)  - J (w)  > 5J(w; v - w) + 5 Eaw2x(v,x - w,x)2dx Yv e I~. (26) 

Since ½ f L  E~w2~(v,x - w ~)2dx Vv G /C, so SJ(w; v - w) _> 0 W, G/C gives J(v)  - J (w)  >_ 
0 Yv E/C. This shows that  ( V I )  ~ (VP) .  

On the other hand, if J(w) _< J(v)  Vv E tS~ then there exists a 7 > 0 such that  for any 
given t E [0, 7), 

J (w)  <_ J (w  + t ( v -  w) Vv e I~. 

i.e. 
d 

0 <_ --~Y(w + t(v - w)lt=0+ = 6J(w; v - w). 

This shows that ( V P )  ~ (VI ) .  • 

C o n c l u s i o n  R e m a r k .  In the elastic buckling analysis of beam problems, where 
$ > 0, the complementari ty problem (CP)  is a nonlinear unilateral  bifurcation problem, 
which is still equivMent to the variational inequality (23). Based on this variational in- 
equality approach, many numerical methods can be suggested for solving this very difficult 
unilateral buckling problem. If f ( x )  = O, then (13) is a nonlinear eigenvalue problem. The 
variational approaches of this kind problem is studied in [5] for yon Karman plates. 
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