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Abstract— In this paper we illustrate how sensitivities can
be used to provide a practical precursor to dynamic transi-
tions and numerical uncertainty in parameterized nonlinear
parabolic partial differ ential equations.In part icular, we focus
on reaction-diffusionequationsand provide numerical examples
to illustrate the ideas and to suggest how one might use
sensitivities to addresscomputational uncertainty.

I . INTRODUCTION

It is well known that the long time behavior of a nonlinear
dynamicalsystemmay not be capturedeven by convergent
approximatingmethodsand additional requirementsmust
be placed on the schemeto ensure that the discretized
equationscapturethecorrectasymptoticbehavior. This issue
is particularlyimportantwhenoneis forcedto usenumerical
methodsto evaluatetheasymptotic behavior of a closed-loop
systemwhen the model is de�ned by a nonlinear partial
differential equation(PDE). In addition, using feedbackto
eliminate or delay transition in �uid �o ws often requires
sometype of mechanismto predictthat a transitionis about
to occur. Therecentpapers[3], [4], [5], [21] and[22] provide
considerableevidence that, for certain nonlinear systems
that occur in �uid �o ws, sensitivity analysiscan be used
to indicate a transition is about to occur. In [4] and [5] it
was shown that this information can be usedto determine
when to turn on a controller to prevent transition. In this
paperwe il lustratethat similar sensitivity tools can also be
usedto provide insight into the asymptoticbehavior of the
closed-loopsystem.In particular, we show that time varying
sensitivities can be used to determinewhen a numerical
simulation is correctly predicting the longtime behavior of
the response.In the casesconsideredhere,the trigger of a
transitioncanbea known parameter(wall roughness,etc.)or
anun-modeleduncertaintyin theproblemdata.This includes
uncertaintyin parameters,initial data,boundaryconditions
and forcing terms. Theseuncertaintiesin the problemdata
lead to uncertaintyin the computedresultsand should be
consideredaspartof a veri�cation step.In addition,although
we do not addressthis issue here, it has recently been
observed that �nite precision arithmetic and sensitivity to
parameteruncertaintycanleadto ordersof magnitude errors
in simulationsof simplenonlinearconvection-diffusionequa-
tions (see[1] and [3]). In this paperwe focus on nonlinear
reaction-diffusion equationsto illustrate the problem and

method.However, we �rst presenta simple ODE example
to illustratesomeof the basic ideas.

A. A Finite DimensionalExample

We considera 3D systemthat is typical of thosefound in
the papers[4], [5], [20], [21], [25], [26] and[27]. However,
we focuson the role thatsmall constantdisturbancesplay in
transitionandillustratehow feedbackcandelay or eliminate
transition in thesecases.The systemis governedby three
ordinarydifferentialequationsandhasthe form

_x(t) = A(R)x(t) + kx(t)k Sx(t) + B u(t) + Dq; (1)

where A(R) = [ 1
R A0 + R], A0 < 0 is diagonal,R is an

uppertriangular3� 3 matrix with 10s in the(1; 2) and(2; 3)
positionsandS = � S� is skew-adjoint. In particular, this 3
dimensionalsystemis de�nedby
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2
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3

5 ; (2)
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3
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3
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and

B =

2

4
0
0
1

3

5 ; D =

2

4
1
1
1

3

5 ; (5)

where all constantsare positive. Here, q is considereda
“small” constant(un-modeled)disturbance.For therunshere
we set � = 0:5, � = 0:75, 
 = 1:0, b1 = 1:0, b2 = 0:5
and b3 = 0:25. The linear operatorA(R) is stablefor all
R > 0 and for the no disturbancecase(i.e. when q = 0)
the dynamicalsystemis also dissipative. In particular, the
nonlinearsystem(1)-(5) hasa compact global attractor. The
problemis sensitive to the parameterq and this sensitivity
playsan importantrole in the transitionprocess.

Let

s(t) ,
@x(t; q)

@q
jq=0 =

@x(t; 0)
@q

(6)
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denote the sensitivity of the solution x(t) = x(t; q) at
q = 0. It follows that the sensitivity s(t) satis�es the linear
differentialequation

_s(t) = A(R)s(t) + F (x(t))s(t) + D ; s(0) = 0; (7)

where

F (x) =
�

kxk S + Sxx T =kxk ; x 6= 0
0; x = 0

:

Consider the case where x0 = [9; 9; 9]T � 10� 6 and
q = 5 � 10� 8. Figure 1 below contains the plots of the
normsof solutionx(t; q) andthesensitivity s(t) (topplot) for
this system.Observe that the solution doesnot “transition”
to the (chaotic) attractor until t = 175 . However, in
the neighborhoodof t = 50 the sensitivity s(t) satis�es
ks(t)k > 103 while the norm of the solutionkx(t)k remains
less than 10� 6 well beyond t = 150. The vertical red line
at t = 50 provides a precursorto the upcomingtransition
long before the transition is observable in the state.This
precursorwasusedby Singler to determinewhen to switch
on a capturing feedbackcontroller which is then able to
prevent thetransition(see[20]).

Note: In general it is not always clear which parameters
are most likely to provide the type of sensitivities and
predictive information observed above. In this particular
examplewe have agoodunderstandingof what causesthis
type of “transition” becausethis modelclosely mimics what
is observed in channel�o w instabilities (see[5], [20] and
[27]). The transition occursbecausethe initial data moves
outsidea basinof attraction as the parameterq varies.It is
worth noting that the parameterin this casecan represent
un-modeleddynamicsand disturbances,but someanalysis
of the dynamicsis requiredto determinewhich parameters
are important.This is not a new issuesinceone is always
facedwith theproblemof determining “good” parametersto
conductbifurcation analysisand this is a similar problem.
However, moreresearchneedsto be doneto help provide a
betterunderstandingof this issue.

In thenext sectionweuseasimilar techniqueto investigate
the numericalsimulation of the closed-loopbehavior of a
nonlinear parabolic PDE control system.However, in the
PDE case the “sensitive” parameteris in the boundary
conditionwhich is typical in parabolicdiffusion-convection-
reactionequations(see[1], [3], [4], [5], [13], [20] and[21]).

II . THE CHAFFEE-INFANTE EQUATION

We considera particular reaction-diffusion equation�rst
studiedby Chaffee and Infante in [9] and [10]. This model
is a well understooddissipative dynamical systemwith a
global attractorconsistingof a �nite numberof �x ed points
and the correspondingunstablemanifolds(seepages301 -
306 in [18] for details).In particular, we focuson thepartial
differentialequationde�ned on the interval 0 < x < � by

zt (t; x) = zxx (t; x) + � (z(t; x) � [z(t; x)]3); (8)
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with initial condition

z(0; x) = � (x); (9)

andDirichlét boundaryconditions

z(t; 0) = 0 = z(t; � ): (10)

Here � > 1 and in this setting it is helpful to think of
(8)-(10) asa closed-loopsystemthat we wish to simulate.It
is suf�cient to considerthe casewhere� = 4:1 so that the
following resultholds (seepage303 in [18]).

Theorem 1 If � = 4:1, then the system(8)-(10) has �ve
�xed points � 0(�) � 0, � +

1 (�), � �
1 (�), � +

2 (�) and � �
2 (�) in

L 2(0; � ). The �xed points � 0(�) � 0, � +
2 (�) and � �

2 (�) are
unstableand theattractor consistsof theunstablemanifolds
for these�xed pointsalongwith thestable�xed points� +

1 (�)
and � �

1 (�).

Figure2 providesa schematicpictureof theglobalattrac-
tor. However, for certain initial conditions trajectoriesare
pushedrapidly towardsthe unstablezero �x ed point before
“transitioning” to one of the stable �x ed points � +

1 (�) or
� �

1 (�). This is similar to the previous ODE exampleexcept
for the fact that this systemis not chaotic.However, if one
usesstandardsimulationschemesto investigate thedynamic
behavior of this systemit is easyto obtainmisleadingresults.

Considerthe casewhere the initial function is given by
� (x) = 1:5sin(3x). Using the MatlabT M routine PDEPE
to simulate(8)-(10) on the interval 0 < t < 8, yields the
solutionshown in Figure3.

It appearsthatby t = 2 thesolutionhas“converged” to the
zerosteadystatesolution.However, sincethetheoremabove
tells us that this �x ed point is unstablewe know that this is
unlikely. Indeed,if one continuesto run the simulation to
t = 16 we observe that the solutionactually “transitions” to
thestable�x edpoint � �

1 (�). This is shown in Figure4 below.
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