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Abstract—In this paper we illustrate how sensitvities can
be used to provide a practical precursor to dynamic transi-
tions and numerical uncertainty in parameterized nonlinear
parabolic partial differ ential equations.In particular, we focus
onreaction-diffusion equationsand provide numerical examples
to illustrate the ideas and to suggesthow one might use
sensitvities to addresscomputational uncertainty.

I. INTRODUCTION

It is well known thatthe long time behaior of a nonlinear
dynamicalsystemmay not be capturedeven by convergent
approximatingmethodsand additional requirementsmust
be placed on the schemeto ensurethat the discretized
equationapturethe correctasymptotichehaior. This issue
is particularlyimportantwhenoneis forcedto usenumerical
methodgo evaluatethe asynptotic behaior of a closed-loop
systemwhen the model is de ned by a nonlinear partial
differential equation(PDE). In addition, using feedbackto
eliminate or delay transitionin uid o ws often requires
sometype of mechanisnto predictthat a transitionis about
to occur Therecentpaperd3], [4], [5], [21] and[22] provide
considerableevidence that, for certain nonlinear systems
that occurin uid o ws, sensitvity analysiscan be used
to indicate a transitionis aboutto occur In [4] and [5] it
was shavn that this information can be usedto determine
when to turn on a controller to prevent transition. In this
paperwe illustratethat similar sensitvity tools canalso be
usedto provide insight into the asymptoticbehaior of the
closed-loopsystem.n particular we show that time varying
sensitvities can be usedto determinewhen a numerical
simulationis correctly predicting the longtime behaior of
the responseln the casesconsideredhere, the trigger of a
transitioncanbe a known parametefwall roughnessetc.)or
anun-modeledincertaintyin the problemdata.Thisincludes
uncertaintyin parametersinitial data, boundaryconditions
and forcing terms. Theseuncertaintiesn the problemdata
lead to uncertaintyin the computedresultsand shoutl be
consideredispartof averi cation step.In addition,although
we do not addressthis issue here, it has recently been
obsered that nite precision arithmetic and sensitvity to
parameteuncertaintycanleadto ordersof magnitue errors
in simulaionsof simplenonlinearcorvection-difusionequa-
tions (see[1] and[3]). In this paperwe focus on nonlinear
reaction-difusion equationsto illustrate the problem and
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method.However, we rst presenta simple ODE example
to illustrate someof the basic ideas.

A. A Finite DimensionalExample

We considera 3D systemthat s typical of thosefoundin
the paperg4], [5], [20], [21], [25], [26] and[27]. However,
we focuson therole that small constantdisturbanceglay in
transitionandillustrate how feedbackcandelay or eliminate
transitionin thesecases.The systemis governedby three
ordinary differential equatons and hasthe form

x(t) = A(R)x(t) + kx(t)kSx(t) + Bu(t) + Dg; (1)

where A(R) = [2Ao + R], Ag < 0 is diagonal,R is an
uppertriangular3 3 matrix with 1% in the (1; 2) and(2; 3)
positionsandS = S is skew-adjoint. In particulay this 3
dimensionalsystemiszde ned by
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where all constantsare positive. Here, q is considereda
“small” constan{un-modeledyisturbanceFor therunshere
weset = 05 =075 =10 b = 1.0, b = 05
and b; = 0:25. The linear operatorA(R) is stablefor all
R > 0 and for the no disturbancecase(i.e. whenqg = 0)
the dynamical systemis also dissipatve. In particular the
nonlinearsystem(1)-(5) hasa compat global attractor The
problemis sensitve to the parameterg and this sensitvity
plays animportantrole in the transitionprocess.

Let
@ta. _ @0
@ @

s(t) (6)

Jg=0
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denote the sendiivity of the solution x(t) = x(t;qg) at
g = 0. It follows that the sensiivity s(t) satis esthe linear
differential equation

s(t) = A(R)s(t) + F (x(t))s(t) + D; s(0)=0; (7)
where
_ kxkS+ SxxT=kxk; x60 .
F(x)= o x=0 -
Considerthe casewhere xg = [9;9; 9]T 10 ¢ and

g= 5 10 8. Figure 1 belov containsthe plots of the
normsof solutionx(t; q) andthe sensitvity s(t) (top plot) for
this system.Obsene that the solution doesnot “transition”
to the (chaotic) attractor until t = 175 . However, in
the neighborhoodof t = 50 the sensitvity s(t) satis es
ks(t)k > 10° while the norm of the solutionkx (t)k remains
lessthan 10 © well beyond t = 150. The vertical red line
att = 50 provides a precursorto the upcomingtransition
long before the transition is obsenable in the state. This
precursomwas usedby Singler to determinewhento switch
on a capturing feedbackcontroller which is then able to
prevent thetransition(see[20]).

Note: In generalit is not always clear which parameters
are most likely to provide the type of sensitvities and

predictve information obsered above. In this particular

examplewe have agood understandingf what causeghis

type of “transition” becausehis modelclosely mimics what

is obsered in channel o w instabilities (see[5], [20] and

[27]). The transition occursbecausethe initial data moves

outsidea basinof attradion asthe parameteig varies. It is

worth noting that the parameterin this casecan represent
un-modeleddynamicsand disturbances put some analysis
of the dynamicsis requiredto determinewhich parameters
are important. This is not a new issuesince one is always

facedwith the problemof determinimg “good” paranetersto

conductbifurcation analysisand this is a similar problem.

However, more resarchneedsto be doneto help provide a

betterunderstandingf this issue.

In the next sectionwe usea similartechniqueto investigate
the numerical simulation of the closed-loopbehaior of a
nonlinear parabolic PDE control system.However, in the
PDE case the “sensitve” parameteris in the boundary
conditionwhich is typical in parabolicdiffusion-cowection-
reactionequationgsee[1], [3], [4], [5], [13], [20] and[21]).

Il. THE CHAFFEE-INFANTE EQUATION

We considera particular reaction-diffusion equation rst
studiedby Chafee and Infantk in [9] and[10]. This model
is a well understooddissipative dynamical systemwith a
global attractorconsistingof a nite numberof x ed points
and the correspondingunstablemanifolds (seepages301 -
306in [18] for details).In particular we focuson the partial
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with initial condition

z(0;x) = (x); 9)
and Dirichlét boundaryconditions
z(t;0)= 0= z(t; ): (10)

Here > 1 andin this settingit is helpful to think of
(8)-(10) asa closed-loopsystemthat we wish to simulate.lt
iS SUf cient to considerthe casewhere = 4:1 so that the
following resultholds (seepage 303 in [18]).

Theorem 1 If = 4.1, then the system(8)-(10) has ve
xed points o() 0, (). (). 3()and ,()in
L2(0; ). The xed points o() 0, () and ,() are
unstableand the attractor consistsof the unstablemanifolds
for these xed pointsalongwith the stable xed points 7 ()
and ; ().

Figure2 providesa schematigicture of the global attrac-
tor. However, for certan initial conditionstrajectoriesare
pushedrapidly towardsthe unstablezero x ed point before
“transitioning” to one of the stable x ed points ; () or

1 (). This is similar to the previous ODE example except
for the fact that this systemis not chaotic. However, if one
usesstandardsimulationschemedo investigate the dynamic
behaior of this systemit is easyto obtainmisleadingresults.

Considerthe casewhere the initial function is given by

(x) = 1:5sin(3x). Using the Matlab™ routine PDEPE
to simulate (8)-(10) on the interval 0 < t < 8, yields the
solutionshavn in Figure 3.

It appearshatbyt = 2 thesolutionhas“converged”to the
zerosteadystatesolution.However, sincethe theoremabove
tells us thatthis x ed point is unstablewe know thatthis is

differentialequationde ned ontheinterval 0< x < by unlikely. Indeed,if one continuesto run the simulation to
t = 16 we obsene that the solutionactually “transitions” to
z(tX) = zo (B X))+ (2(tXx)  [z(t; x)]%); (8) thestablex edpoint ; (). Thisis showvnin Figure4 below.
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