
Upwind Approximations and Mesh Independence for LQR Control of
Convection Diffusion Equations

John A. Burns and Lizette Zietsman

Abstract— The development of practical computational
schemes for optimization and control of non-normal distributed
parameter systems requires that one builds certain compu-
tational efficiencies (such as mesh independence) into the
approximation scheme. We consider some numerical issues
concerning the application of Kleinman-Newton algorithmsto
discretizations of infinite dimensional Riccati equationsthat
arise in control of PDE systems. We show that dual conver-
gence and compactness play central roles in both convergence
and mesh independence and we present numerical results to
illustrate the theory.

I. I NTRODUCTION

In this paper we consider some numerical issues con-
cerning the application of Kleinman-Newton algorithms to
discretizations of infinite dimensional Riccati equations. In
particular, we focus on mesh independence for standard finite
element and stabilizing Petrov-Galerkin approximations of
convection diffusion equations. Since these problems are
not self-adjoint one must deal with dual convergence (see
[3], [4] and [10]). In addition, we discuss the case where
the “Q” operator, see (11) and (13), is not Hilbert-Schmidt
and provide examples to illustrate some potential problems.
We employ simple first order upwinding in the computation
of functional gains for LQR feedback control when the
convection term dominates. Upwinding is a stabilization
scheme that is typically used to avoid oscillatory solutions in
the simulation of such equations. However, it has also been
observed that numerical oscillations occur when standard
finite element or finite difference schemes are applied to the
Riccati equations that define the feedback operators (see [12]
and [15]). Although upwinding can eliminate (or reduce) the
numerical oscillations, it can also produce inaccurate solu-
tions. The upwind method considered here can be formulated
as a Petrov-Galerkin approximation and this formulation can
help in the selection of an “optimal” stabilization parame-
ter. Krueger [12] used high order stabilized finite element
schemes to address this issue. Here we focus on the simple
first order scheme (see [7]) and investigate the connections
between the choice of stabilization parameter and mesh
independence of the Kleinman-Newton algorithm (see [1],
[2] and [4]). We review the standard Galerkin piecewise
linear finite element approximation and introduce the upwind
approximation. We discuss convergence of the schemes, out-
line the mesh independence principle and present numerical
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results to illustrate the ideas.

II. PROBLEM SETTING AND BASICS

We consider the controlled convection diffusion equation

∂w(t, x)

∂t
= µ

∂2w(t, x)

∂x2
+ ν

∂w(t, x)

∂x
+ b(x)u(t), (1)

for t > 0, 0 < x < 1 with boundary conditions

w(t, 0) = 0, w(t, 1) = 0, (2)

and initial condition

w(0, x) = w0(x). (3)

Thecontrol inputis the functionu(t). Here,µ > 0 andb(·) ∈
H = L2(0, 1) is a given function. When the Peclet number
Pe = ν

µ
is large, the problem is convection dominated

and requires special numerical techniques. Unless otherwise
stated we shall setν = 1.

Define the convection diffusion operator,Aµ on H =
L2(0, 1) with domain

D(Aµ) =
{

ϕ(·) ∈ H2(0, 1) : ϕ(0) = 0, µϕ(1) = 0
}

(4)

by

[Aµϕ(·)] (x) = µ
d2ϕ(x)

dx2
+
dϕ(x)

dx
, ∀ϕ(·) ∈ D(Aµ). (5)

The Hilbert adjoint ofAµ, under the standardL2(0, 1) inner
product, is given by

[

A∗

µϕ(·)
]

(x) = µ
d2ϕ(x)

dx2
− dϕ(x)

dx
, ∀ϕ(·) ∈ D(A∗

ǫ ) (6)

where

D(A∗

µ) = D(Aµ) =
{

ϕ(·) ∈ H2(0, 1) : µϕ(0) = 0 = ϕ(1)
}

.
(7)

We note that forµ > 0, D(A∗

µ) = H1
0 (0, 1) ∩ H2(0, 1)

but asµ → 0 the problem becomes highly non-normal and
computation of the functional gains becomes more difficult.

In order to complete the formulation of the control system,
we define the linear operatorB : R1 → H = L2(0, 1) by

[Bu] (x) = b(x)u

and note thatB is a compact linear operator with finite
rank. If one defines thestate spaceH = L2(0, 1), then the
controlled convection diffusion equation (1)-(3) is equivalent
to the system

ż(t) = Aµz(t) +Bu(t), z(0) = z0 ∈ L2(0, 1) (8)



in L2(0, 1). Let C : H = L2(0, 1) → Y be a bounded linear
operator into the Hilbert spaceY and consider the controlled
output

y(t) = [Cz(t)] . (9)

We do not assume thatC is compact.
Define the quadratic cost functionJ(u) by

J(u) =

∫

∞

0

(

‖y(s)‖2 + ‖u(s)‖2
)

ds, (10)

where z(s) is the solution to (8) for a given controlu ∈
L2(0,∞;U). The LQR control problem is to minimize the
quadratic costJ(u) over all controlsu ∈ L2(0,∞;U). If
Q : L2(0, 1) → L2(0, 1) is defined byQ = C∗C, then the
cost function becomes

J(u) =

∫

∞

0

(

〈Qz(s), z(s)〉 + ‖u(s)‖2
)

ds (11)

and it is well known (see [3], [5] and [10]) that the optimal
control is given by state feedback

uopt = −Kz(t) = −
∫ 1

0

k(s)w(t, s)ds (12)

where the kernelk(s) is called the functional gain. The
optimal feedback gain operatorK : L2(0, 1) → R is given
by

K = B∗Π

where0 ≤ Π = Π∗ ∈ L(H) is the solution of the abstract
algebraic Riccati operator equation

F(Π) , A∗

µΠ + ΠAµ − ΠBB∗Π +Q = 0. (13)

Consider a sequence of approximating problems defined
by (HN , AN

µ , B
N , CN ), whereHN ⊂ H is a sequence of

finite dimensional subspaces ofH andAN
µ ∈ L(HN , HN ),

BN ∈ L(U,HN ) andCN ∈ L(HN , Y ) are bounded linear
operators. LetPN : H → HN denote the orthogonal
projection ofH ontoHN satisfying

∥

∥PN
∥

∥ ≤ 1. Also, we
assume that for allx ∈ H , ‖PNx− Px‖ → 0 asN → ∞.
An approximating sequence produces a finite dimensional
approximate Riccati equation of the form

FN (Π) , [AN
µ ]∗ΠN + ΠN [AN

µ ] − ΠN [BN ][BN ]∗ΠN

+QN = 0. (14)

There are two basic issues to be considered when construct-
ing approximations to the Riccati equation (13).

1) Convergence under mesh refinement.In order for the
approximation scheme to be useful, one needs to
establish thatΠN → Π as N → ∞ in some
sense. This problem has been the subject of numerous
papers for the past twenty years. Typically, one can
obtain strong convergence with mild assumptions on
the approximation scheme. Even this type of result
requires “dual convergence” of the approximating “A”
operators. In particular, one needs to establish strong
convergence of the semi-groupsSN

µ (t) , eAN
µ t to

S(t) , eAµt and the duals[SN
µ (t)]∗ to S∗(t) (see

[3], [4] and [10]). However, additional requirements
such as compactness of the operatorsB and C are
needed in order to obtain uniform operator conver-
gence

(∥

∥ΠN − PNΠPN
∥

∥ → 0
)

. The papers [4], [10],
[13] and [14] provide a nice summary of such results
that apply to convection diffusion equations. For the
problem above,B is compact so the only issue is the
compactness of the output operatorC. We discuss this
point later.

2) Mesh independence and numerical conditioning of
the approximating Riccati equation.Strictly speaking,
mesh independence (see [1], [2] and [4]) does not
make sense unless the approximating scheme produces
uniform operator convergence. However, sometimes
it is possible to overcome this technical issue by
establishing norm convergence of the gain operators
and discussing mesh independence within this context.
Although we briefly discuss this issue below, a more
complete analysis of this problem is not possible in
this short paper. Finally, if the problem is convection
dominated, then additional numerical issues arise.

We use the upwind Petrov-Galerkin method in [7] to
approximate the Riccati equation (13) and produce approx-
imations of the functional gaink(s). A Kleinman-Newton
algorithm is used to solve the finite dimensional Riccati
equation. Mesh independence and numerical conditioning of
these algorithms are studied as a function of the stabilization
parameter.

III. T HE STANDARD FINITE ELEMENT - GALERKIN

SCHEME

The basic numerical scheme is based on the standard linear
finite element Galerkin approximation of the system (1)-(3).
The basic idea is to multiply both sides of the convection
diffusion equation (1) by a test functionψ(·) ∈ H1

0 (0, 1),
integrate by parts and apply the boundary conditions (2) to
yield the equation

∫ 1

0

∂w(t, x)

∂t
ψ(x)dx = −µ

∫ 1

0

∂w(t, x)

∂x
ψ′(x)dx

+

∫ 1

0

∂w(t, x)

∂x
ψ(x)dx (15)

+

[
∫ 1

0

b(x)ψ(x)dx

]

u(t).

Thus, for allψ(·) ∈ H1
0 (0, 1) the variational equation (15)

must hold and we say thatw(t, x) is a weak solutionof (1)-
(2) if (15) holds for allψ(·) ∈ H1

0 (0, 1) andw(0, x) = w0(x)
almost everywhere on(0, 1).

If one defines the bilinear formaµ(·, ·) on H1
0 (0, 1) ×

H1
0 (0, 1) by

aµ(w(·), ψ(·)) =

∫ 1

0

[

µ
dw(x)

dx

dψ(x)

dx
+
dw(x)

dx
ψ(x)

]

dx,

for all w(·), ψ(·) in H1
0 (0, 1), then the variational equation



(15) can be written as
〈

∂w(t, ·)
∂t

, ψ(·)
〉

L2(0,1)

= −aµ(w(·), ψ(·))

+
[

〈b(·), ψ(x·)〉L2(0,1)

]

u(t)

for all ψ(·) ∈ H1
0 (0, 1).

The next step in approximatingAµ is to choose a finite
dimensional subspace ofH1

0 (0, 1) and project onto this
space. Letxi = i

N+1 , i = 0, 1, . . . , N + 1 so that
∆x = 1

N+1 and define the piecewise linear continuous
splineshN

i (·), i = 1, . . . , N, on the interval[0, 1] by

hN
i (x) =











1
N

(x − xN
i−1), x ∈ [xN

i−1, x
N
i ],

1
N

(xN
i+1 − x), x ∈ [xN

i , x
N
i+1],

0 otherwise.

(16)

Thefinite element spaceis the spaceV N
1 ⊂ H1

0 (0, 1) defined
by

V N
1 ≡ span{hN

i (·)}N
i=1.

If aN
µ (w(·), v(·)) is the bilinear formaµ(w(·), v(·)) restricted

to the finite element spaceV N
1 , thenaN

µ (w(·), v(·)) defines
a bounded linear operatorFN

µ on V N
1 by

〈[

FN
µ w(·)

]

, ψ(·)
〉

L2(0,1)
= aN

µ (w(·), ψ(·)).

Let PN : L2(0, 1) → V N
1 be the orthogonal projection

ontoV N
1 andbN (·) andwN

0 (·) the orthogonal projections of
b(·) andw0(·) ontoV N

1 , respectively. In particular,bN (·) =
PNb(·), wN

0 (·) = PNw0(·) and we defineGN : R1 → V N
1

by
[

GNu
]

(x) = bN (x)u.

The finite element Galerkin approximation to the system
(8) is the finite dimensional system defined inV N

1 by

PN

[

∂

∂t
w(t, x)

]

= FN
µ w(t, x) +GNu(t)

PNw(0, x) = PNw0(x) ∈ V N
1 . (17)

If PNw(t, x) = wN (t, x) =
N
∑

i=1

zi(t)h
N
i (x), and one

uses the test functionsψN
i (x) = hN

i (x), then the sys-
tem that defines the evolution of the coefficientszN(t) =
[z1(t), z2(t), . . . , zN (t)]

T is given by the matrix equation

M
N żN(t) = F

N
µ z

N (t) + G
Nu(t),

whereM
N is the mass matrix,FN

µ is the stiffness matrix,
G

N is the control input matrix defined by

G
N =

[

G
N
1 G

N
2 · · · G

N
N

]T

and for i = 1, 2, . . . , N, G
N
i =

〈

b(·), hN
i (·)

〉

L2(0,1)
.

Clearly, the matrix representation of the approximate op-
eratorsAN

µ andBN are given by

A
N
µ =

[

M
N

]−1
F

N
µ and B

N =
[

M
N

]−1
G

N ,

respectively. Therefore, the finite element Galerkin approx-
imation of the control system for the convection diffusion
equation is given by the finite dimensional system

żN(t) = A
N
µ z

N(t) + B
Nu(t). (18)

The classicalsimulation problem is defined when the
control functionu(t) and the initial dataw0(x) are given
and the finite element model (18) is integrated to generate
the coefficientszN(t) = [z1(t), z2(t), . . . , zN (t)]

T . This
problem has a long history and is well understood. However,
if the finite element matricesAN

µ and B
N are used to

design a (feedback) controller, then additional convergence
issues arise and require separate analysis depending on the
particular design problem. For example, if one is attempting
a LQR design then Banks and Kunisch [3] have shown
that the system

[

A
N
µ ,B

N
]

must be stabilizable (uniformly
in N). Other conditions are needed to guarantee the mesh
independence principle holds (see [4]).

IV. U PWIND SCHEME

In the simplest form, upwinding can be thought of as
approximating the convection term by a backward difference
operator. However, in the Petrov-Galerkin formulation one
sees that upwinding can be viewed as introducing an addi-
tional diffusive term and controlling this term to improve
accuracy (see [7]). In particular, we modify test functionsby
adding a quadratic element. As above, letxi = i

N+1 , i =

0, 1, . . . , N + 1 so that∆x = 1
N+1 and define the piecewise

quadratic continuous splinesγN
i (·), i = 1, . . . , N, on the

interval [0, 1] by

γN
i (x) =











−3(x− xN
i−1)(x − xN

i ), x ∈ [xN
i−1, x

N
i ],

+3(x− xN
i )(x− xN

i+1), x ∈ [xN
i , x

N
i+1],

0 otherwise.
(19)

For α ≥ 0, let

ψN
i (·) = hN

i (·) + αγN
i (·) (20)

be test functions. IfwN (t, x) =
N
∑

i=1

zi(t)h
N
i (x), then the

Petrov-Galerkin approximation of the convection diffusion
equation comes from the system
∫ 1

0

∂wN (t, x)

∂t
ψN

j (x)dx = −µ
∫ 1

0

∂wN (t, x)

∂x
[ψN

j (x)]′dx

+

∫ 1

0

∂wN (t, x)

∂x
ψN

j (x)dx

+

[
∫ 1

0

b(x)ψN
j (x)dx

]

u(t),

for j = 1, 2, . . . , N .
The mass and stiffness matrices for the upwind scheme

are perturbations of the standard finite element mass and
stiffness matrices and are constructed by adding terms that
arise from the quadratic terms

M
N
α (w(·), v(·)) = α

∫ 1

0

[

hN
i (x)γN

j (x)
]

dx



and

F
N
α (w(·), v(·)) = α

∫ 1

0

[

dhN
i (x)

dx

dγN
j (x)

dx

]

dx,

respectively. Here,α is a stabilization parameter that can
be used to control the error and depends on the mesh used
to generate the finite element system. Likewise, the control
operator is approximated as above by adding the additional
terms defined by the quadratic part of the test function. In
particular, let

G̃
N =

[

G̃
N
1 G̃

N
2 · · · G̃

N
N

]T

where fori = 1, 2, . . . , N, G̃
N
i =

〈

b(·), γN
i (·)

〉

L2(0,1)
and

set
G

N
α = G

N + αG̃N .

It is instructive to look at the upwind system defined by
the Petrov-Galerkin approximation above. For no control the
system has the form

[

(1
6 + α

4 )ẇk−1(t) + (2
3 )ẇk(t) + (1

6 − α
4 )ẇk+1(t)

]

=
µ

∆x2
[wk−1(t) − 2wk(t) + wk+1(t)]

+ [(wk+1(t)) − wk−1(t))] /(2∆x)

+
αv

2∆x
[wk−1(t) − 2wk(t) + wk+1(t)]

and one sees that the upwind approximation essentially
introduces additional dissipativeness and modifies the mass
matrix. Also, it is clear that asα → 0 the upwind method
approaches the finite element system. The choice of the
stabilization parameterα is crucial in obtaining good results.
For the steady state problem with no control, the optimal
parameter is known to beαopt = ∆x/6. For the time
dependent problem and the control problem above the choice
of an optimal parameter is not well understood (see [7] and
[12]).

V. CONVERGENCE ANDMESH INDEPENDENCETHEOREM

There are two basic aspects of the Mesh Independence
Principle (MIP) for Newton type methods (see [1] and
[2]). Roughly speaking, the MIP may be broken down into
convergence under mesh refinement and Newton iteration
counts on a given mesh. LetF : D(F) ⊆ E −→ E be a
nonlinear operator on an infinite dimensional Hilbert space
E and consider the equation

F(Π) = 0. (21)

Let EN ⊆ E be a sequence of finite dimensional approx-
imating spaces and consider the sequence of discretized
equations

FN (ΠN ) = 0, (22)

whereFN : D(FN ) ⊆ EN −→ EN . Assume that (21)
and (22) have unique solutionsΠ∞ ∈ D(F) and ΠN

∞
∈

D(FN ), respectively. We say that the approximation scheme
convergesif

lim
N→+∞

∥

∥ΠN
∞

− PNΠ∞P
N

∥

∥

EN = 0, (23)

wherePN : E −→ EN is the projection ofE ontoEN . Now
assume that one applies a Newton type algorithm to (21) and
(22) which produces (quadratically) convergent iterationsΠk

andΠN
k , k = 1, 2, . . . .

For a givenε > 0, Π0 ∈ D(F) andΠN
0 ∈ D(FN ) define

the numbersM(ε,Π0) andMN(ε,ΠN
0 ) by

M(ε,Π0) , inf{k : ‖Πk − Π∞‖ < ε} (24)

and
MN (ε,ΠN

0 ) , inf{k :
∥

∥ΠN
k − ΠN

∞

∥

∥ < ε}, (25)

respectively. Here,Π0 andΠN
0 are the starting values for the

iterations. The (strong) MIP (see Theorem 2.1 in [2]) applied
to the Riccati equation takes the form

M(ε,Π0) = MN(ε, PNΠ0) + τ(N), (26)

whereτ(N) −→ 0 asN −→ +∞.
In addition, assume there are minimal constantsc andcN

(independent ofk) such that

‖Πk+1 − Πk‖ ≤ c ‖Πk − Πk−1‖2

and
∥

∥ΠN
k+1 − ΠN

k

∥

∥ ≤ cN
∥

∥ΠN
k − ΠN

k−1

∥

∥

2
,

respectively. One (strong) form of the MIP would be the
condition that

cN = c+ γ(N), (27)

whereγ(N) −→ 0 asN −→ +∞ (see [2]).
The following assumptions are essential to most of the

results involving convergence and mesh independence for
infinite dimensional systems.

Assumption 1 For eachx ∈ H , SN (t)PNx −→ S(t)x and
the convergence is uniform int on bounded subintervals of
[0,+∞), for eachu ∈ U ,BNu −→ Bu and for eachx ∈ H ,
CNPNx −→ Cx.

Assumption 2 For eachx ∈ H , [SN (t)]∗PNx −→ S∗(t)x
and the convergence is uniform int on bounded subintervals
of [0,+∞), for eachx ∈ H , [BN ]∗PNx −→ B∗x and for
eachy ∈ Y , [CN ]∗y −→ C∗y.

Assumption 3 The family of pairs(AN , BN ) is uniformly
stabilizable and the family of pairs(AN , CN ) is uniformly
detectable.

Assumption 4 The operatorsB andC are compact.

The assumptions above (along with various technical con-
ditions involving the smoothing property of the semigroup)
can be used to establish norm convergence of the Riccati
operators. There are a number of results along this line
(see [6], [8], [9], [10], [13] and [14]). In addition, mesh



independence follows from these same conditions (see [4]).
The following result follows from the general results in [4]
and involves establishing which conditions above hold for
the finite element and upwind schemes.

Theorem 5 The finite element scheme and upwind scheme
with α = ∆x/6 satisfy Assumptions 1, 2 and 3. If in
addition Assumption 4 holds, then there exist a constantc
and δ(N) −→ 0 asN −→ +∞ such that

‖ΠN
k+1 − PNΠ∞P

N‖ ≤ (c+ δ(N))‖XN
k −XN

∞
‖2 + ∆N ,

(28)
where∆N −→ 0.

Observe that (28) implies both convergence and mesh
independence. Since the Newton method converges for the
finite dimensional Riccati equation (14), one obtains uniform
operator convergence of the Riccati operators. The triangle
inequality implies mesh independence. It is important to note
that the assumption on compactness, Assumption 4, can not
be ignored as is illustrated in the following example.

Example: Let H = R × L2 and A =

[

−1 0
0 −I

]

where I is the identity onL2. Let B =
[

1 0
]T

and

C =

[ √
3 0

0
√

2I

]

so thatQ = C∗C =

[

3 0
0 2I

]

. Since

B∗B =

[

1 0
0 0

]

it follows that Π∞ =

[

1 0
0 I

]

is the

solution to the Riccati equation

F(Π) , A∗Π + ΠA− ΠBB∗Π +Q = 0.

Let HN = R × RN and definePN : H → HN to be the
natural projection ontoHN . If AN = PNA, BN = PNB
and CN = CPN , then all the conditions in the previous
theorem are satisfied except thatC is not compact. The
solution to the finite dimensional Riccati equation

FN (Π) , [AN ]∗ΠN + ΠN [AN ] − ΠN [BN ][BN ]∗ΠN

+QN = 0

is ΠN
∞

=

[

1 0
0 IN

]

where IN is the identity onRN .

Clearly, ΠN
∞

does not converge toΠ∞ in the uniform
operator norm sinceI is not compact. It is interesting to
note that the feedback gain operators

KN = [BN ]∗ΠN
∞

=
[

1 0
]

= K (29)

converge uniformly. This situation occurs in many problems
and can be exploited to address mesh independence issues.
We shall discuss this issue in a future paper. We now turn
to some numerical examples.

VI. N UMERICAL EXAMPLES

We focus on two issues: (1) The impact of upwinding
on convergence of the functional gains, mesh independence
of the Kleinman-Newton algorithm and conditioning of the
Riccati equations and (2) The role that the compactness of
C plays on convergence and mesh independence. Note that
if C is compact, thenQ is Hilbert-Schmidt.

We illustrate the issues with numerical examples. Set the
control input function tob(x) = exp(1 − x) throughout and
consider two output operators,C1 : L2(0, 1) −→ Y =
L2(0, 1) and C2 : L2(0, 1) −→ Y = R1 defined by
C1[w(·)] =

√
10w(·) andC2[w(·)] =

√
10

∫ 1

0
b(τ)w(τ)dτ ,

respectively. Here,Q1 = C∗

1C1 = 10IL2 is not compact and
Q2 = C∗

2C2 is the Hilbert-Schmidt operator defined by

Q2[w(·)](x) = 10b(x)

∫ 1

0

b(τ)w(τ)dτ.

1) Convergence of Functional Gains:Consider the prob-
lem with µ = 1/850, ν = 1 andQ = Q1. In Figure 1 below
we compare functional gains computed with the upwind and
finite element methods. Note the oscillations in the functional
gain computed using the standard finite element scheme. The
stabilization parameter was set to beα = 1/6N and the
results is typical to what is seen when upwinding is used.
However, the stabilization parameter can greatly impact the
convergence rate (see [12]).

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0
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6

Fig. 1. The red jagged curve is the plot ofkN (s) computed with standard
finite elements. The blue dashed curve is the plot ofkN (s) computed with
the upwind scheme and the solid black curve is the converged gain.

2) Mesh Independence for the Heat Equation:Consider
the system withµ = 1/850 and ν = 0. We investigate
mesh independence of the Kleinman-Newton iterations using
Q = Q1 (not compact) andQ = Q2 (Hilbert-Schmidt)
respectively. The Kleinman-Newton iterations is started with
initial operator Π0 = 2IL2(0,1) and the tolerance is set
to be ‖ΠN

k − ΠN
∞
‖ < 10−12 = ε. As defined in (25),

MN (ε, PNΠ0) denotes the number of iterations necessary
to meet the required tolerance. For briefness we denote
MN (ε, PNΠ0) by MN

Q1
for the case whereQ = Q1 and

MN
Q2

whenQ = Q2.

SinceQ2 is Hilbert-Schmidt, mesh independence of the
Kleinman-Newton iterations is guaranteed, see ([4]). From
Table I we see that even thoughMN

Q1
andMN

Q2
are close,

mesh independence is not obtained for the case whereQ is
not compact.

3) Mesh Independence of the convection diffusion equa-
tion and conditioning of the Riccati equation:We consider
the convection diffusion equation withµ = 1/1500, ν = 1
and as before,b(x) = e1−x. The results obtained using the
standard finite element scheme are compared to the upwind



Q = Q1 Q = Q2

N MN
Q1

MN
Q2

8 7 7
16 7 7
32 7 6
64 7 6
128 7 6
256 7 6

TABLE I

NUMBER OF ITERATIONS NECESSARY TO SATISFY THE TOLERANCE

‖ΠN
k

− ΠN
∞
‖ < 10−12 FORQ = Q1 AND Q = Q2 RESPECTIVELY.

scheme forQ = Q1 andQ = Q2 respectively. In addition
to comparing the number of iterations,MN(ε, PNΠ0), we
also compute a lower bound,L, and an upper bound,U , on
the condition number of the Riccati equation, see [11].

Let Π0 = 2IL2(0,1), ε = 10−12 andα = 1/N .

FEM Upwind FEM Upwind
N M

N
Q1

M
N
Q1

L U L U

8 7 7 25 79 3 10
16 7 7 13 54 10 37
32 7 7 15 64 27 104
64 7 7 26 112 68 266
128 7 7 51 221 165 656
256 7 7 119 514 402 1645

TABLE II

NUMBER OF KLEINMAN -NEWTON ITERATIONS AND UPPER AND LOWER

BOUNDS ONRICCATI CONDITION NUMBER WITH Q = Q1 FOR THE

STANDARD AS WELL AS THE UPWIND SCHEME.

FEM Upwind FEM Upwind
N M

N
Q2

M
N
Q2

L U L U

8 7 7 40 135 1 5
16 7 7 8 32 2 9
32 7 7 4 16 4 16
64 7 7 6 23 10 41
128 6 6 10 42 25 106
256 6 6 21 93 64 275

TABLE III

NUMBER OF KLEINMAN -NEWTON ITERATIONS AND UPPER AND LOWER

BOUNDS ONRICCATI CONDITION NUMBER WITH Q = Q2 FOR THE

STANDARD AS WELL AS THE UPWIND SCHEME.

Tables II and III illustrate that both schemes behave
similarly with respect to the number of iterations necessary
to satisfy the given tolerance, regardless of the properties
of “Q”. If Q = Q2, Hilbert-Schmidt, the bounds on the
condition number of the Riccati equation implies that the
condition number, for a givenN , will be significantly smaller
for both schemes than for the case whereQ = Q1 is not
compact. In addition, the bounds for the standard and upwind
schemes are of the same order ifQ = Q2, unlike the case
whereQ = Q1.

VII. C ONCLUSIONS

In this short paper we present results concerning mesh
independence and numerical conditioning for approximation
of infinite dimensional Riccati equations that arise in feed-
back control of PDE systems of diffusion-convection type.
Observe that compactness of the input and controlled output
operators is an important factor in convergence and mesh
independence. Also, numerical results alone can be mislead-
ing unless there is some theoretical foundation to support
the results. For example, iteration counts for the discrete
problems is not sufficient to ensure mesh independence.

For convection dominated problems, it is possible to estab-
lish convergence and mesh independence for finite element
and stabilized (upwind) schemes as long as theB and C
operators are compact. The numerical conditioning of the
Riccati equations is better for the upwind scheme on coarse
grids, but on fine grids the finite element method is better
conditioned. Mesh independence for the case whereC is not
compact is not clear.
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