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Abstract
In this paper we present a framework to address filtering

and smoothing problems for distributed parameter systems
when mobile (dynamic) sensors are used to provide system
measurements. This framework can be used for systems
governed by parabolic and hyperbolic partial differential
equations and hence has application to a diverse set of
problems such as estimating locations of biological and
chemical sources, target tracking and estimation. We formu-
late the problems as hybrid systems on infinite dimensional
spaces (coupled systems of partial, ordinary and delay
differential equations) and use infinite dimensional theory
to develop computational algorithms for the problems. A
simple numerical example illustrates the approach.

I. I NTRODUCTION

The background for this framework goes back to the
early 1970’s when people first started to think about optimal
sensor/actuator location problems for distributed parameter
systems [7], [10], [20], [23], [25], [26] . Much of the
initial research on mobile sensors and actuators focused on
achieving more practical observability and controllability
conditions. For example, a “typical” controllability condi-
tion for the 1D heat equation required that a stationary
point actuator be placed at an irrational point in the
domain to achieve controllability (see [11]). Clearly this
type of result has limited practical application. In 1973
Dolecki [10] first noted that a simple mobile actuator could
yield controllability for the 1D heat equation and since
then considerable work has been done on mobile control
of distributed parameter systems. During the mid 1990’s
Khapalov produced a series of papers on the design of
optimal mobile sensors for a robust filtering problem and
applied his results to parabolic and hyperbolic systems (see
[15], [16], [17], [18] and [19]).

The problem of optimally placing fixed actuators and
sensors to achieve “maximal” controllability or observabil-
ity of a distributed parameter system is fundamental to
estimation and control of such systems. However, the terms
“maximal controllability” and “maximal observability” are
not always precisely defined, even for finite dimensional
systems. Moreover, when the dynamical system in governed
by a partial differential equation or a system with delays,
the controllability and observability and feedback “gains”
are kernel functions in integral representations of feedback
operators. We shall consider the case where these operators
are computed by solving Riccati equations arising from
infinite dimensional estimation and control problems. When
these gains exist and can be computed, one has information
that provides insight into sensor location and design of low
order-local dynamic compensators.

In [3], [5] Burns and King showed that distributed
parameter systems described by certain parabolic partial
differential equations often have a special structure that
smoothe solutions of the corresponding Riccati equation.
When this result is applied to problems with distributed
controllers it can be established that the resulting feedback
operator is also smooth. Both properties are important
in addressing sensor and actuator location problems (see
[4]) and they have practical implications in the design of
reduced order controllers for PDE systems (see [6]). We use
these results as a starting point for optimal management of
mobile sensor networks and the development of practical
computational algorithms.

II. PROBLEM STATEMENT

In order to keep the presentation short we shall limit
our discussion to a two dimensional parabolic boundary
control problem. Consider a convection/diffusion process
in the regionΩ = [0, 1] × [0, 1] ⊆ R2 with boundaryΓ.
The system is described by the partial differential equation



with disturbancev(t) given by
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with boundary condition

T (t, x, y) |Γ= 0 (2)

and initial data

T (0, x, y) = T0(x, y). (3)

The natural state space for the process isZ = L2(Ω) and
we define the operatorA on the domain

D(A) = H2(Ω) ∩H1
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Also, we assume the disturbance input functionsbk(x, y)
are in Z = L2(Ω) so that in input operatorB : Rm −→
L2(Ω) defined by
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bk(x, y)vk (6)

is compact.
Assume that one hasp sensor-platforms (vehicles) mov-

ing in Ω, each with a sensor capable of measuring an
average value ofT (t, x, y) within an fixed range of the
location of the platform. Let~xi(t) = [xi(t), yi(t)]T ∈ Ω,
i = 1, 2, ..., p denote the position of theith sensor and let

hi(t) =
∫ ∫

Bδ(~xi(t))

k(x, y)T (t, x, y) dx dy + ηi(t) . (7)

denote the measured output which is the weighted average
of the fieldT (t, x, y) with weightk(x, y) and sensor range

Bδ(~xi(t)) ,
{
~x ∈ R2 : ‖~x− ~xi(t)‖ < δ

}
. (8)

η is a zero-meanwhite noise process and is uncorrelated
with the process disturbancev. Observe that one could also
define a dynamic local sensor by

hi(t) =
∫ ∫

Ω

χ(~x, ~xi(t))T (t, ~x) d~x + ηi(t), (9)

whereχ(~x, ~x(t)) is a (normalized) characteristic function
defined by

χ(~x, ~x(t)) =
{

1/(πδ2), ~x ∈ Bδ(~x(t)) ∩ Ω
0, ~x /∈ Bδ(~x(t)) ∩ Ω . (10)

This is the definition used by Khapalov (see [15], [16], [17],
[18] and [19]) and offers a certain structure that allows for
rigorous analysis when the dynamics of the vehicle network
is included. For any given network of vehicle trajectories
~xi(t) = [xi(t), yi(t)]T ∈ Ω, i = 1, 2, ..., p, we define the
output mapC(t) : L2(Ω) −→ Rp by

C(t)ϕ(·) =




C1(t)ϕ(·)
C2(t)ϕ(·)
C3(t)ϕ(·)

...
Cp(t)ϕ(·)



∈ Rp (11)

where

Ci(t)ϕ(·) ,
∫ ∫

Ω

χ(~x, ~xi(t))ϕ(~x) d~x. (12)

Now one can formulate an abstract (infinite dimensional)
model of the form

ż(t) = Az(t) + Bv(t) ∈ Z (13)

with measured output

h(t) = C(t)z(t) + η(t), (14)

where the state of the distributed parameter system is
z(t)(·) = T (t, ·) ∈ Z = L2(Ω).

One approach to optimal estimation is to observe that the
variance equation is an infinite dimensional Riccati (partial)
differential equation of the form

Σ̇(t) = AΣ(t) + Σ(t)A∗ + BB∗−Σ(t)C∗(t)C(t)Σ(t) ,

Σ(t0) = Σ0 , (15)

and to formulate the sensor management problem as a con-
trol problem for (15). In particular, consider the distributed
parameter optimal control problem of findingCopt(t) to
minimize [23]

J(C(·)) =
∫ t1

t0

tr Q(t) Σ(t) dt (16)

whereΣ(·) is a mild solution of (15),C(·) is defined by
(11)-(12), and for eacht ∈ [t0, tf ] Q(t) : L2(Ω) 7→ L2(Ω)
is a bounded linear operator. The (time-varying) mapQ
allows one to weight significant parts of the state estimate.
For example, optimal feedback control may be given by
a feedback operatorG : Z 7→ IRm. If the re-constructed
state is to be used in a feedback controller then one might
chooseQ = G∗G, in effect minimizing the error in the
control produced by variance in the state estimate.



If w̃(t) denotes the vector of sensor-platform positions

w̃(t) =



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~x2(t)

...
~xp(t)


 ,

then

C(t)ϕ(·) = C̃(w̃(t))ϕ(·) =
∫ ∫

Ω

χ̃(~x, w̃(t))ϕ(~x) d~x,

where

χ̃(~x, w̃(t)) =


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χ(~x, ~x1(t))
χ(~x, ~x2(t))

...
χ(~x, ~xp(t))


 .

The sensor management problem becomes:

Problem(P): Find w̃opt(·) so that C(w̃opt(·))
minimizes

J (w̃(·)) = J(C̃(w̃opt(·))) =
∫ t1

t0

tr Q(t)Σ(t) dt .

(17)
subject to the constraint (15).

There are several technical and computational challenges
that must be addressed in order to solveProblem(P) above.
We cite the following issues:

(1) Since the variance equation is infinite dimensional,
one must be able to establish that the operatorΣ(t)
is of trace class so that the cost functional (16) is
well defined over the interval[t0, t1]. This can be a
nontrival problem, but the results in [8], [9], [12],
[22], and [24] provide a background to develop the
necessary structure.

(2) The numerical solution to the problem requires the
introduction of approximations and these numerical
algorithms must be developed so that convergence
of the schemes is assured. The basic theory and
approximation schemes in [4], [6], [9], [12], [14],
[22], and [24] may be useful in this task.

(3) The sensor-platform dynamics, geometric constraints
and network constraints may be required in certain
settings. The leads to hybrid systems that are multi-
scale in time and space and may contain communi-
cation delays.

III. T HEORETICAL RESULTS

We will prove the technical details necessary forProb-
lem(P) to be addressed when the sensors are moving along
trajectories determined by a controlled differential equation
of the form ~̇x = f(t, ~x, u).

Let I1 and I2 denote the vector spaces of trace class
(nuclear) operators and Hilbert-Schmidt operators respec-
tively, over the same separable complex Hilbert spaceH .
Let L (H ) be the space of bounded linear operators from
H to H , and by‖A‖ we write the usual operator norm
of A if A ∈ L (H ). We denote the trace norm ofA ∈ I1

as ‖A‖1, this is equal to what we will define as the trace
of |A|, i.e.,

‖A‖1 = Tr (|A|) :=
∞∑

n=1

〈φn, |A|φn〉,

for some orthonormal basis{φn}∞n=1 of H , where|A| is
defined to be the unique positive operator such thatA =
U |A|, whereU is a partial isometry. A bounded operator
A is a Hilbert-Schmidt operator ifTr (A∗A) < ∞ and its
norm is defined as‖A‖2 =

√
Tr (A∗A). The pairs(Ii, ‖ ·

‖i) are complete vector spaces fori = 1, 2. If A ∈ I1,
then‖A‖ ≤ ‖A‖2 ≤ ‖A‖1.

Define the spacesC ([0, τ ]; Ii) for i = 1, 2, as

C ([0, τ ]; Ii) ={
F : [0, τ ] 7→ Ii

/
t 7→ F (t) is continuous in‖ ‖i

}
,

which endowed respectively with the norms|‖F‖|i =
supt∈[0,τ ] ‖F (t)‖i are Banach spaces. We will prove now
that the solution of the Riccati integral version of (14) is
of trace class for eacht.

Theorem 1:Let T (t) be aC0 semigroup onH , Σ0 ∈
I1 and Σ0 ≥ 0, B ∈ I2, and C(·) ∈ C ([0, τ ]; I2),
then the equationΣ = γ(Σ) has a unique solution in
C ([0, τ ];I1), whereγ : C ([0, τ ];I1) 7→ C ([0, τ ]; I1) is
defined by

γ(Σ)(t) = T ∗(t)Σ0T (t)+∫ t

0

T ∗(t− s)(BB∗ − Σ(s)(C∗C)(s)Σ(s))T (t− s) ds.

(18)

Proof. Since B ∈ I2 and C(·) ∈ C ([0, τ ];I2), then
BB∗ ∈ I1 and C∗C(·) ∈ C ([0, τ ];I1), then the inte-
gral term in the definition ofγ belongs toC ([0, τ ]; I1)
if Σ(·) ∈ C ([0, τ ];I1). Also since Σ0 ∈ I1 then
T ∗(·)Σ0T (·) belongs toC ([0, τ ]; I1) and thenγ is defined
from C ([0, τ ]; I1) to the same space.

The proof requires a slight modification of the one of
Bensoussan and Da Prato in [2]. SinceT (t) is a C0

semigroup, there is aMτ such that‖T (t)‖ ≤ Mτ for all
t ∈ [0, τ ], then defineβ = M2

τ (‖Σ0‖1 + τ‖B‖22) and pick
ρ ands ≤ τ such that

ρ = 2M2
τ β; s(‖B‖22 + ρ2|‖C‖|22) ≤ β;

2ρsM2
τ |‖C‖|22 ≤

1
2
;



then the mappingγ defines a contraction on the ball

Bs,ρ = {F ∈ C ([0, s]; I1)/|‖F‖|1 ≤ ρ},
and then the equationΣ = γ(Σ) defines an unique solution
on Bs,ρ. SinceΣ(t) ≥ 0 (see [8]) fort ∈ [0, s], andTr (·)
is a bounded linear functional onI1, then we observe that
‖Σ(t)‖1 ≤ M2

τ (‖Σ0‖1 + s‖B‖22) ≤ β, on [0, s] and this
allows to repeat the contraction argument on the interval
[s, 2s] and so on.

¥
We can now prove that the minimization of the functional

in (16) is well defined over a compact set of operators
in C ([0, τ ]; I2). We know that Tr (·) defines a linear
functional onI1, andΣ(·) 7→ ∫ τ

0
Tr (QΣ) (t) dt is linear

and also bounded onC ([0, τ ]; I1) as| ∫ τ

0
Tr (QΣ) (t)dt| ≤

τ supt∈[0,τ ] ‖Q(t)‖ |‖Σ‖|1 and then the following proof is
equivalent on proving continuity of the mappingC(·) 7→
ΣC(·), whereΣC(·) is the solution of the integral Riccati
equation for that particularC(·).

Theorem 2:Assume all the hypothesis of Theorem 1.
Let F be a compact subset ofC ([0, τ ]; I2), Q(t) ≥ 0 and
t 7→ Q(t) continuous for eacht ∈ [0, τ ], then

J(C(·)) = inf
Ĉ∈F

J(Ĉ(·)) ≥ 0,

for someC(·) ∈ F , whereJ is defined by 16.
Proof. DenoteΣC(·) to the solution of the Riccati

equation for a particularC(·) ∈ F . SinceΣC(t) ≥ 0 and
belongs toI1 for eacht and we have chosenQ(t) ≥ 0,
then Tr (Q(t)ΣC(t)) ≥ 0 (see [13]), thereforeJ(C) =∫ τ

0
Tr (QΣC) (t) dt, is bounded below by0.

By compactness we have a convergent minimizing se-
quenceCn(·) in F to someC(·) in theC ([0, τ ];I2) norm,
by properties of the norms inI1 andI2 this implies that
C∗nCn(·) → C∗C(·) in the C ([0, τ ];I1) norm.

SinceF is compact, then there is ac > 0 such that
|‖Cn‖|2 ≤ c for all n, then we can choose one time interval
[0, s] such that the the mappingsγC and γCn (defined to
be the mappingsγ in Equation (18) withC(·) and Cn(·)
respectively) are all12 contractions on some ballBs,ρ.
Without loss of generality suppose thats = τ (if s < τ , the
following argument can be used a finite number of times
over the intervals[s, 2s], [2s, 3s], etc).

Let {Σm
C (·)}∞m=1 and {Σm

Cn
(·)}∞m=1 denote the usual

recurring sequences determined by the contraction map-
ping principle Σm

C (·) = γ(Σm−1
C (·)) and Σm

Cn
(·) =

γn(Σm−1
Cn

(·)) converging toΣC(·) andΣCn(·) respectively
and withΣ1

C(·) = Σ1
Cn

(·) = 0. SinceC∗nCn(·) → C∗C(·)
in the C ([0, τ ];I1) topology, it can be proven inductively
that limn→∞Σm

Cn
(·) = Σm

C (·), for eachm = 1, 2, . . ..
Then,

ΣC − ΣCn =
(
ΣC − Σm

C

)
+

(
Σm

Cn
− ΣCn

)
+

(
Σm

C − Σm
Cn

)
,

the first term in parenthesis goes to zero asm → ∞
by the contraction mapping Theorem, the second term by
assumptions of the mappingγn, verifies|‖Σm

Cn
−ΣCn

‖|1 ≤(
1
2

)m|‖ΣCn‖|1 ≤
(

1
2

)m
ρ so it also goes to zero asm →∞

uniformly in n and the last term in parenthesis goes to zero
asn →∞, thereforeΣCn(·) → ΣC(·) in theC ([0, τ ]; I1)
topology.

Finally, Tr (ΣCn(t)Q(t)) → Tr (ΣC(t)Q(t)) uniformly
in t since|Tr (ΣC(t)Q(t))−Tr (ΣCn

(t)Q(t)) | ≤ q|‖ΣCn
−

ΣC‖|1, with q = sup ‖Q(t)‖, therefore

inf
Ĉ∈F

J(Ĉ(·)) = lim
n→∞

∫ t1

t0

Tr (Q(t)ΣCn
(t))

=
∫ t1

t0

Tr (Q(t)ΣC(t)) = J(C(·)).

¥
We will prove that the set of operators of the form (12),

determined by the trajectories, which are solutions to some
nonlinear ODE, of one moving sensor is compact under
certain assumptions, but the proof can be extended to finite
number of moving sensors.

Let (x(t), y(t)) = ~x(t) = ~x(t, ~x0, u) be such that
~x(·, ~x0, u) : [0, τ ] 7→ Ω ≡ [0, 1]× [0, 1] is a solution of

~̇x = f(t, ~x, u), (19)

~x(0) = ~x0, (20)

with f ∈ C1, ~x0 ∈ Ω fixed andu ∈ U , where

U = {u/
u is measurable andu(t) ∈ Γ for all t ∈ [0, τ ]},

andΓ is compact. We shall suppose the following
a) The response verifies~x(t, ~x0, u) ∈ Ω, for all u ∈

U and all t ∈ [0, τ ], so ~x(t, ~x0, u) is uniformly
bounded.

b) The setV (~x, t) = {f(t, ~x, u)
/
u ∈ Γ} is convex

for each fixed(~x, t).
For the case of one moving sensor, the operatorC(t)

in (11) is defined asC(t) : L2(Ω) 7→ IR, but it can
also defined asC(t) : L2(Ω) 7→ L2(Ω) by simply
assigning the valueC(t)ϕ(·) to be a constant function onΩ.
Similarly, in the case ofp moving sensors, we might define
(C(t)ϕ)(~x) =

∑p
i=1 χ(~x, ~xi(t))Ci(t)ϕ(~x) where theCi(t)

operators are defined in (12) asCi(t) : L2(Ω) 7→ IR, so
that C(t) : L2(Ω) 7→ L2(Ω).

Let F be the set of all operatorsC(t) : L2(Ω) 7→ L2(Ω)
of the form

C(t)ϕ(·) =
∫

Ω

χ(~x, ~x(t))ϕ(~x) d~x, (21)

where~x(t) = ~x(t, ~x0, u) is the solution of the differential
equation (19) with initial condition (20).

Theorem 3:The setF is compact in theC ([0, τ ]; I2)
topology.



Proof. Let C(·) ∈ F , then since for eacht ∈ [0, τ ],
the kernel of the integral representation for eachC(t) is
square integrable in the Lebesgue measure onΩ × Ω, the
operatorC(t) is Hilbert-Schmidt. Since the trajectory~x(·)
is continuous int for each u ∈ U , then t 7→ C(t) is
continuous in the Hilbert-Schmidt norm because‖C(t1)−
C(t2)‖22 =

∫
Ω×Ω

|χ(~x, ~x(t1)) − χ(~x, ~x(t2))|2 d~x d~y ≤
m‖~x(t1)− ~x(t2)‖IR2 for somem > 0. Therefore, for each
u ∈ U , we observeC(·) ∈ C ([0, τ ];I2).

Following the proof of Theorem 2, Chapter 4 of Lee and
Markus in [21], consider a sequence of controlsui ∈ U ,
then the sequence of functions

∫ t

0
f(t, ~xi(s), ui(s)) ds

is uniformly bounded and equicontinuous, then by the
Arzela−Ascoli Theorem there is a subsequence ofui (that
we call againui) such that

∫ t

0
f(t, ~xi(s), ui(s)) ds →∫ t

0
φ̄(s) ds uniformly in [0, τ ] for some integrable function

φ̄. By the proof we’ve mentioned, there is āu ∈ U such
that φ̄(t) = f(t, x̄(t), ū(t)) for t ∈ [0, τ ].

Let then Ci be the sequence of operators defined by
~xi(·, ~x0, ui) and C̄ be the one defined bȳx(·, ~x0, ū), then
‖Ci(t) − C̄(t)‖22 ≤ m‖~xi(t) − x̄(t)‖IR2 for somem > 0,
since xi(t) → x̄(t) uniformly in t, then Ci → C̄ in the
C ([0, τ ];I2) topology.

¥

IV. A N UMERICAL EXAMPLE

To illustrate the ideas with limited computational burden,
we consider a one-dimensional convection/diffusion model:

Tt(t, ξ) = εTξ ξ(t, ξ)− aTξ(t, ξ) + b(x)v(t),
0 ≤ ξ ≤ 1, t0 < t ≤ t1 , (22)

with boundary conditions

Tξ(t, 0) = 0, Tξ(t, 1) = 0 , (23)

and prescribed initial condition

T (t0, ξ) = T0(ξ). (24)

The constanta is given.
Furthermore, we consider a single sensor-platform with

output given by

h(t) =
1
2δ

∫ x+δ

x−δ

T (t, ξ) dξ + η(t) , (25)

where the sensor location is given by

x(t) =
(t− t0) xf + (tf − t) x0

(tf − t0)
. (26)

Thus, the sensor moves fromξ = x0 at time t = t0 to
ξ=xf at t= tf . Since the sensor path is parameterized by
(x0, xf ) ∈ IR2, it’s clear the cost functional in (17) depends
on these two parameters (i.e. J (x0, xf ). To evaluate this
functional we introduce approximations for the system

(abstractly ( 13), (14)), and for the Riccati differential
equation (15).

Given an integern > 2 we introduce a uniform grid
of n+1 points on the spatial interval[0, 1], and consider
the continuous, piecewise linear (hat) functions on this grid
with φn

ı (t) = δı . In this setting the dynamics (22 - 23-
24), projected to the(n+1)-dimensional space (Zn) spanned
by

{
φn

1 , ..., φn
n+1

}
, may be represented by

Mnżn(t) = Knzn(t) + Bnv(t) .

To approximate the sensor output (25) we introduce a(1×
n+1) output matrix (Cn) with

Cn
 (t) =

1
2δ

∫ x(t)+δ

x(t)−δ

φn
 (ξ) dξ, so that.

so thathn(t) ∼ Cn(t) zn(t). Approximation for the Riccati
pde (15) follows from approximations of the operators
A,B, C, although care must be taken in representing the
various adjoint operators.

These calculations were implemented for the case:

ε = 0.01, a = 0.80, δ = 0.05, t0 =0, tf = .2, n = 128.

We takeΣ0
n = (Mn)−1.

The projected Riccati differential equation (initial value
problem) was solved on[0, 0.2] using theMATLAB proce-
dure ode23, and the cost functional was evaluated using
trapezoidal integration. Symmetry in the Riccati matrix
was exploited. Note that more efficient Riccati solvers are
available [1], but have not yet been implemented here.

Figure 1 displays a surface plot from a survey over
the parameter range0.1 ≤ x0, xf ≤ 0.9. It appears
that there is avalley along the linex0 + xf ≈ 1. In
Figure 2 we display line plots along the parameter lines
x0 = xf (red) andx0 + xf = 1 (blue). Finally, we used
fminconstrained from MATLAB ’s Optimization Toolbox
to find x∗0 = 0.592, x∗f = 0.590. It appears that, for this
example, the best performance is achieved with anearly
stationary sensor.

V. SUMMARY

An approach has been sketched for optimal filtering
for a class of distributed parameter systems with mobile
sensors. A filtering problem has been formulated wherein
the state-to-output map depends on the path of the sensor-
platform(s). A cost-functional is defined as the time-integral
of the trace of the (weighted) covariance. A 1D convec-
tion/diffusion equation with parameterized sensor-platform
motion was used to illustrate the ideas. We noted that an
optimal stationary sensor performed as well as a mobile
sensor for this case. Similar results were observed in 2D
problems. Also, when one includes the sensor dynamics,
then we expect the mobile sensor network to perform



0
0.2

0.4
0.6

0.8
1

0

0.5

1
1.305

1.31

1.315

1.32

Initial Sensor Location
Final Sensor Location

J
(x
0
, 
x
f)

Fig. 1. Cost functional surface,ε= .01, a= .8, δ = .05, tf = .2, n=
128

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
1.306

1.307

1.308

1.309

1.31

1.311

1.312

1.313

initial sensor location

J
(x
0
, 
x
f)

stationary
ξ
f
 = 1!ξ

i

Fig. 2. Line plots,ε= .01, a= .8, δ= .05, tf = .2, n=128

less effectively. The problem is to determine the optimal
performance under dynamics sensor constraints. This is a
highly nonlinear, hybrid control problem and presents a
huge computational challenge.
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