A Distributed Parameter Control Approach to
Optimal Filtering and Smoothing with Mobile
Sensor Networks

J. A. Burns, Fellow, IEEE, E. M. CIiff, Member, IEEE, and C. Rautenberg
Center for Optimal Design and Control
Interdisciplinary Center for Applied Mathematics
Virginia Polytechnic Institute and State University
Blacksburg, VA 24061-0531.

Abstract The problem of optimally placing fixed actuators and
In this paper we present a framework to address filterirggnsors to achieve “maximal” controllability or observabil-
and smoothing problems for distributed parameter systeitys of a distributed parameter system is fundamental to
when mobile (dynamic) sensors are used to provide syst@stimation and control of such systems. However, the terms
measurements. This framework can be used for systetnzaximal controllability” and “maximal observability” are
governed by parabolic and hyperbolic partial differentiaiot always precisely defined, even for finite dimensional
equations and hence has application to a diverse setsybtems. Moreover, when the dynamical system in governed
problems such as estimating locations of biological arlay a partial differential equation or a system with delays,
chemical sources, target tracking and estimation. We fornire controllability and observability and feedback “gains”
late the problems as hybrid systems on infinite dimensioratie kernel functions in integral representations of feedback
spaces (coupled systems of partial, ordinary and delaperators. We shall consider the case where these operators
differential equations) and use infinite dimensional theosre computed by solving Riccati equations arising from
to develop computational algorithms for the problems. Afinite dimensional estimation and control problems. When
simple numerical example illustrates the approach. these gains exist and can be computed, one has information
that provides insight into sensor location and design of low
order-local dynamic compensators.
I. INTRODUCTION In [3], [6] Burns and King showed that distributed
parameter systems described by certain parabolic partial
The background for this framework goes back to thgifferential equations often have a special structure that
early 1970’s when people first started to think about optimsmoothe solutions of the corresponding Riccati equation.
sensor/actuator location problems for distributed paramet@hen this result is applied to problems with distributed
systems [7], [10], [20], [23], [25], [26] . Much of the controllers it can be established that the resulting feedback
initial research on mobile sensors and actuators focusedaperator is also smooth. Both properties are important
achieving more practical observability and controllabilityn addressing sensor and actuator location problems (see
conditions. For example, a “typical” controllability condi-[4]) and they have practical implications in the design of
tion for the 1D heat equation required that a stationargduced order controllers for PDE systems (see [6]). We use
point actuator be placed at an irrational point in thehese results as a starting point for optimal management of
domain to achieve controllability (see [11]). Clearly thisnobile sensor networks and the development of practical
type of result has limited practical application. In 1973omputational algorithms.
Dolecki [10] first noted that a simple mobile actuator could
yield controllability for the 1D heat equation and since Il. PROBLEM STATEMENT
then considerable work has been done on mobile control
of distributed parameter systems. During the mid 1990's In order to keep the presentation short we shall limit
Khapalov produced a series of papers on the design afr discussion to a two dimensional parabolic boundary
optimal mobile sensors for a robust filtering problem ancdontrol problem. Consider a convection/diffusion process
applied his results to parabolic and hyperbolic systems (seethe region2 = [0,1] x [0,1] € R? with boundaryT.
[15], [16], [17], [18] and [19]). The system is described by the partial differential equation



with disturbancev(t) given by

where x (&, Z(t)) is a (normalized) characteristic function
defined by
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+a*(z,y) ox +a’(z,y) oy This is the definition used by Khapalov (see [15], [16], [17],
m [18] and [19]) and offers a certain structure that allows for
+ Z bi(z,y)vk(t), (1) rigorous analysis when the dynamics of the vehicle network
k=1 is included. For any given network of vehicle trajectories
with boundary condition Fi(t) = [z:(t),v:(t)]" € Q, i = 1,2,...,p, we define the
. _ . RpP
T(t,2,y) [r=0 ) output mapC|(t) : L2(Q) RP by
- Cr(t)e()
and initial data !
Ca(t)e(:)
T7(0,2,y) = To(z,y). (3 C(t)p() = Cs(t)e(-) | ¢ Re (11)
The natural state space for the procesgis Lo(Q2) and :
we define the operatad on the domain Cp(t)o()
D(A) = H*(2) N Hy (), (4)  where
b - o g
Y cve) 2 [ [ x@zmop@ar @2
a®(-
Ap() =elp() + <( ay8 ) , V() Now one can formulate an abstract (infinite dimensional)
del of the f
[P0 L PO )220 | g0 O OO
Ox? oy? Oz oy |’ 2(t) = Az(t) + Bu(t) € Z (13)
5
®) with measured output
Also, we assume the disturbance input functiopér, y)
are in Z = Ly(2) so that in input operatoB : R™ — h(t) = C(t)(t) +n(t), (14)

Ly(92) defined by

where the state of the distributed parameter system is

v z(t)(-) =T(t,") € Z = L2(Q).
Uy m One approach to optimal estimation is to observe that the
Bl vz | = Z b (2, ) Vi (6) variance equation is an infinite dimensional Riccati (partial)
. 1 ’ differential equation of the form
Um N(t) = AN(t) + 2(t)A* + BB* — S(t)C* (1) ()2 (t) |

is compact.

Assume that one hgssensor-platforms (vehicles) mov-
ing in €, each with a sensor capable of measuring #1d to formulate the sensor management problem as a con-
average value ofl'(t,z,y) within an fixed range of the trol problem fo_r (15). In particular, consid_er.the distributed
location of the platform. Leff;(t) = [z;(t),y:(t)]T € Q, Parameter optimal control problem of findin@,,(t) to
i=1,2,...,p denote the position of th&é" sensor and let Minimize [23]

hi(t)://Ba(fi(t)) k(2. y)T(t, 2, y) dz dy + 15(1) - (7) J(C(-)):/to tr Q) S(¢) dt

denote the measured output which is the weighted averagiere >(-) is a mild solution of (15),C(-) is defined by
of the field7'(t, x, y) with weightk(z, y) and sensor range (11)-(12), and for each € [to,t/] Q(t) : L2(2) — La()
Bs(Z:(1)) 2 {fe R | & — 2| < 5}_ @8) is a bounded Iin.ear o_pergtor. The (time-varying) n@p
allows one to weight significant parts of the state estimate.
n is a zero-mearmwhite noise process and is uncorrelategtgr example, optimal feedback control may be given by
with the process disturbanee Observe that one could alsog feedback operatof : Z — IR™. If the re-constructed

define a dynamic local sensor by state is to be used in a feedback controller then one might
Lo L choose) = G*G, in effect minimizing the error in the
m = [ [ x@aores asne.  ©

Y(to) = X0, (15)

(16)

control produced by variance in the state estimate.



If

w(t) denotes the vector of sensor-platform positions Let .#; and .% denote the vector spaces of trace class
(nuclear) operators and Hilbert-Schmidt operators respec-

7L (? tively, over the same separable complex Hilbert spa€e
W(t) = le( ) , Let () be the space of bounded linear operators from
: 2 to s, and by| Al we write the usual operator norm
Zp(t) of Aif A e Z(s). We denote the trace norm df € .#;
as|| 4|1, this is equal to what we will define as the trace
then '
of |4], i.e.,
COp) = Cla)e0) = [ [ 1@ a0)e@ o, =
¢ 1Al = Tr (JA]) := Y (dn, [Aln),
where oL n=1
igﬂ gg;; for some orthonormal basiss,, }°2 , of 27, where|A| is
X(Z, () = ’ _ ) defined to be the unique positive operator such that
: U|A|, whereU is a partial isometry. A bounded operator
X(&, Zp(t)) A is a Hilbert-Schmidt operator ifr (A4*A) < oo and its
The sensor management problem becomes: norm is defined agAll; = /Tr (A*A). The pairs(.7, | -

l;) are complete vector spaces for= 1,2. If A € .7,
then || A[| < [[Alls < [[A]x.

Problem(P): Find () so that C(wep:(-)) Define the space®’([0, 7];.%;) for i = 1,2, as

minimizes
5 t1 ¢([0,7]; F) =
i(-) = J(C(Wopt(+)) = tr Q(t)X(t) dt . . : .
T(w(-)) = J(C(Wope(+))) /to r Q()X(t) {F [0, 7] ﬂi/t — F(t) is continuous in|| ||i},
(17)
subject to the constraint (15). which endowed respectively with the normF|||;, =

supyeo,- [|1F(?)[|; are Banach spaces. We will prove now

There are several technical and computational challengBat the solution of the Riccati integral version of (14) is

that must be addressed in order to sdveblem(7P) above. Of trace class for each .
We cite the following issues: Theorem 1:Let T'(t) be aCy semigroup on’, 3, €

@)

)

3

Since the variance equation is infinite dimensionat’! @14 X0 = 0, B € %3, and C(-) € ([0, 7]; %),
one must be able to establish that the operai@r) then the equatior = (%) has a unique SOIUt'On. n
is of trace class so that the cost functional (16) ig([,o’ﬂ;jl)’ wherey : €([0,7]; #1) — ([0, 7]; A1) is
well defined over the interva, ¢,]. This can be a defined by

nontrival problem, but the results in [8], [9], [12], (D) () = T*(t) ST (t)+

[22], and [24] provide a background to develop the

necessary structure. / T*(t — s)(BB* — X(s)(C*C)(8)X(s))T'(t — ) ds.
The numerical solution to the problem requires the V0

. . L : (18)
introduction of approximations and these numerical
algorithms must be developed so that convergenceProof. Since B € %, and C(-) € %([0,7]; .%2), then
of the schemes is assured. The basic theory am3* € .# and C*C(-) € 4([0,7]; #), then the inte-
approximation schemes in [4], [6], [9], [12], [14],gral term in the definition ofy belongs to% (|0, 7]; #1)
[22], and [24] may be useful in this task. if 3() € €([0,7];.#). Also since X, € .# then
The sensor-platform dynamics, geometric constrains (-)3,7'(-) belongs to#’([0, 7]; .#1) and theny is defined
and network constraints may be required in certafiftom ([0, 7]; .#1) to the same space.

settings. The leads to hybrid systems that are multi- The proof requires a slight modification of the one of
scale in time and space and may contain commurBensoussan and Da Prato in [2]. Sing@&t) is a Cy
cation delays. semigroup, there is &/, such that||T'(¢)|| < M, for all

t € [0, 7], then define3 = M2(||So|l1 + 7||B||3) and pick

Ill. THEORETICAL RESULTS p ands < 7 such that

We will prove the technical details necessary Ryob- ) s )
lem(P) to be addressed when the sensors are moving along » = 2M7/3; s(IBlz + o7 lICN[2) < B

trajectories determined by a controlled differential equation
of the formZ = f(t, &, u).

20sMZ[| O3 <

N |



then the mappingy defines a contraction on the ball the first term in parenthesis goes to zeromas— oo
by the contraction mapping Theorem, the second term by
By, ={F € €([0,s]; A)/[|Fll < p},

assumptions of the mapping, verifies|||X7 —3c, ||[1 <

and then the equatiofl = (%) defines an unique solution (%)m|||zcn I < (%)mp so it also goes to zero as — oo
on B, ,. SinceX(t) > 0 (see [8]) fort € [0, s], andTr (-) uniformly in » and the last term in parenthesis goes to zero
is a bounded linear functional osf;, then we observe that asn — oo, thereforeXc, () — X¢(-) in the €([0, 7]; )
IS0l < M2([Soll + s BI3) < 4. on [0,s] and this topology.
allows to repeat the contraction argument on the interval Finally, Tr (X¢, (£)Q(t)) — Tr (Ec(t)Q(t)) uniformly
[s,2s] and so on. in ¢ since| Tr (S¢ (1) Q(t)) —Tr (Xc, (HQM)) [ < ¢l[[Ee, —

[ Yelll1, with ¢ = sup ||Q(t)]], therefore

We can now prove that the minimization of the functional A ty
in (16) is well defined over a compact set of operators  inf J(C(-)) = lim Tr (Q(H)X¢, (1))
in ¢([0,7]; #2). We know thatTr(-) defines a linear cer n
functional on.#;, andX(:) — fOT Tr(C;E) (t) dt is linear :/ Tr (Q(H)Ec(t)) = J(C()).
and also bounded d# ([0, 7]; .#1) as| [, Tr (QX) (t)dt| < to
7supsepo,- Q)| [[2]/l1 and then the following proof is g
equivalent on proving continuity of the mappif@(-) — e will prove that the set of operators of the form (12),
Yo(+), whereXic(-) is the solution of the integral Riccati getermined by the trajectories, which are solutions to some
equation for that particula€’(-). nonlinear ODE, of one moving sensor is compact under

Theorem 2:Assume all the hypothesis of Theorem leertain assumptions, but the proof can be extended to finite

t — Q(t) continuous for each € [0, 7], then Let (z(t),y(t)) = &) = &(t,Zo,u) be such that
J(C() = inf J(C(-) >0, (-, Zo,u) : [0,7] — Q =1[0,1] x [0,1] is a solution of
o 7= f(t,7u), (29)
for someC(-) € F, whereJ is defined by 16. #(0) = 7, (20)

Proof. DenoteX¢(:) to the solution of the Riccati
equation for a particula€’(-) € F. SinceX¢(t) > 0 and with f € C!, 7, € ( fixed andu € U, where
belongs to.#; for eacht and we have chose@(t) > 0,

then Tr (Q(1)So(t)) > 0 (see [13]), thereforel(C) — U = {u/u is measurable andi(t) € T for all ¢ € [0, 7]},

fOT Tr (QX¢) (t) dt, is bounded below by. andT" is compact. We shall suppose the following
By C0mpa§tness we have a ConVergent m|n|m|Z|ng Se'a) The response Veriﬁeg(t’j’o,u) c Q7 for all u €
quenceCy(-) in F to someC(:) in the ([0, 7]; .#2) norm, U and allt € [0, 7], so Z(t,Zo,u) is uniformly
by properties of the norms i#; and.#; this implies that bounded.
CrCu(:) = C*C() in the €([0,7]; .#1) norm. b)  The setV(Z,t) = {f(t,%,u)/u € T} is convex
Since F is compact, then there is @ > 0 such that for each fixed(z, ¢).

[|ICrlll2 < ¢ for all n, then we can choose one time interval £or the case of one moving sensor, the operat(r)
[0, s] such that the the mappingg: andvc, (defined to ;, (11) is defined as”(t) : L2(Q) ~— IR, but it can

be the mappings/ inlEquation _(18) withC'(-) and C,,(+) also defined asC(t) : L2(Q) — L2(Q) by simply
respectively) are all; contractions on some balBs.,.  agsigning the valué!(t),(-) to be a constant function d.
Without loss of generality suppose that 7 (if s <7, the  gjmjjary in the case ob moving sensors, we might define
following argument can be used a finite number of t'meﬁj‘(t)cp)(f) = S (Z,7(t))C;(t)p(Z) where theC; (t)
. - i=1 s L 7 I3
over the 'T?Lter"i!éts’%]' [23,35], eg)' operators are defined in (12) &(t) : L*(Q) — IR, so
Let {XZ(-)}m=1 and {¥7 (-)};2-; denote the usual that C(¢) : L2(2) — L2(Q).
recurring sequences determined by the contraction mapy ¢t  pe the set of all operatol&(t) : L2(Q) — L2(Q)

ping principle £(-) = (3 7'()) and 2 () = of the form

%(Eg"ﬂ—l(-)) converging toX¢(:) andX¢, (-) respectively

and with$} () = ¥¢, (1) = 0. SinceC;: 0, (1) — C*C(:) Ct)e(r) = / X(Z, 2(t))p(Z) d, (21)

in the € ([0, 7]; .#1) topology, it can be proven inductively Q

thatlim,, .. 3% () = S (-), for eachm = 1,2,.. .. where Z(t) = Z(t, Zo,u) is the solution of the differential
Then, ' equation (19) with initial condition (20).

. . . . Theorem 3:The setF is compact in theg ([0, 7]; %)
Yo — X, = (Ec - Ec) + <Ecn - ECTL) + (Ec - Ecn)topology.



Proof. Let C(-) € F, then since for each € [0,7], (abstractly ( 13), (14)), and for the Riccati differential
the kernel of the integral representation for eaeft) is equation (15).
square integrable in the Lebesgue measuréon (2, the Given an integem > 2 we introduce a uniform grid
operatorC(t) is Hilbert-Schmidt. Since the trajectoi§(-) of n+1 points on the spatial intervdl, 1], and consider
is continuous int for eachu € U, thent — C(t) is the continuous, piecewise linedraf) functions on this grid
continuous in the Hilbert-Schmidt norm becauyigg(t,) — with ¢]'(¢,) = 4, ,. In this setting the dynamics (22 - 23-
Ct)I3 = [ouq IX(@ Z(t1) — x(Z,&(t2))* dif d <  24), projected to thén+1)-dimensional space/”) spanned
m||Z(t1) — #(t2)|| gz for somem > 0. Therefore, for each by {¢7, ..., ¢, }, may be represented by
u € U, we observeC(-) € €([0, 7]; H). non " n "

Following the proof of Theorem 2, Chapter 4 of Lee and M":"(t) = K"z"(t) + B™v(t) .
Markus in [21], consider a sequence of contrals€ U,  To approximate the sensor output (25) we introduce a
then the sequence of functionf f(t,;(s), ui(s)) ds n-+1) output matrix C™) with
is uniformly bounded and equicontinuous, then by the
Arzela—Ascoli Theorem there is a subsequence:pfthat (1) = 1 /m(tHé ¢"(€) d¢, so that
we call againu;) such that f] f(t,7;(s),u(s)) ds — J 28 Juy-s ’ i
[g #(s) ds uniformly in [0, 7] for some integrable function

¢. By the proof we've mentioned, there istac U such 4o (15 follows from approximations of the operators

thatg@(t) — f(t,2(®). alt)) for ¢ € [0, 7]. A, B, C, although care must be taken in representing the
Let then C; be the sequence of operators defined t{y’ ] 9 p g

I = : PR arious adjoint operators.
Zif, 7o, v:) a”gc be the one defined by(-, @0, ), then  tpoce calculations were implemented for the case:
[Ci(t) — C(t)ll3 < m||Zi(t) — z(t)|| z> for somem > 0,

sincez;(t) — z(t) uniformly in ¢, thenC; — C inthe ¢=0.01, ¢ =0.80, § =0.05, tx=0, t;=.2, n = 128.

€([0,]; #) topology. n A —
- 2 We takeX," = (M™)~L.

The projected Riccati differential equation (initial value
IV. A NUMERICAL EXAMPLE problem) was solved of0, 0.2] using theMATLAB proce-

To illustrate the ideas with limited computational burderflure ode23 and the cost functional was evaluated using

we consider a one-dimensional convection/diffusion moddfapezoidal integration. Symmetry in the Riccati matrix
was exploited. Note that more efficient Riccati solvers are

Ti(t,€) = eTee(t,§) —aTe(t, &) + blx)v(t), available [1], but have not yet been implemented here.
0<E<1, to<t<t:, (22 Figure 1 displays a surface plot from a survey over
o - the parameter rang®.1 < zg,z; < 0.9. It appears

so thath™(t) ~ C™(¢) 2" (t). Approximation for the Riccati

with boundary conditions that there is avalley along the linexg + z; ~ 1. In
_ _ Figure 2 we display line plots along the parameter lines
Te(t,0) =0, Te(t,1) =0, 23 ,
e(t,0) et 1) (23) zo = 2/ (red) andzo + z; = 1 (blue). Finally, we used
and prescribed initial condition fminconstrained from MATLAB’S Optimization Toolbox
to find z§ = 0.592, =% = 0.590. It appears that, for this
T(to, €) = To(€). (24) 0 ! br

example, the best performance is achieved withearly
The constant is given. stationary sensor.
Furthermore, we consider a single sensor-platform with

output given by V. SUMMARY
| o+ An approach has been sketched for optimal filtering
h(t) = 7/ T(t,€) dé +n(t) , (25) for a class of distributed parameter systems with mobile
20 Joms sensors. A filtering problem has been formulated wherein
where the sensor location is given by the state-to-output map depends on the path of the sensor-
(t—to) ws + (t; — 1) @ platform(s). A cost-functional is defined as the time-integral
x(t) = ! ! 0 (26) of the trace of the (weighted) covariance. A 1D convec-
(tr —to) tion/diffusion equation with parameterized sensor-platform

Thus, the sensor moves fro;h= z( at timet = t; to motion was used to illustrate the ideas. We noted that an
&=uxy att=t;. Since the sensor path is parameterized mptimal stationary sensor performed as well as a mobile
(wo,x¢) € IR?, it's clear the cost functional in (17) dependsensor for this case. Similar results were observed in 2D
on these two parameterse( J(zo,zs). To evaluate this problems. Also, when one includes the sensor dynamics,
functional we introduce approximations for the systerthen we expect the mobile sensor network to perform
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less effectively. The problem is to determine the optimal
performance under dynamics sensor constraints. This ig#
highly nonlinear, hybrid control problem and presents a
huge computational challenge. [
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