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1. Introduction

Over the last couple of decades, spurred on by applications in control and sig-
nal processing, there have been a number of new developments in generalizing
and refining the clagsical theory of Nevanlinna-Pick interpolation; we mention in
particular the books [19, 30, 31, 32]. This work uses the tool and language of
matrix- and operator-valued functions on the unit disk or the right-half plane
(see [38, 40]). We focus here on the disk setting corresponding to discrete-time
(rather than continuous-time) linear systems. A cornerstone of this function the-
ory is the Beurling-Lax-Halmos (BLH) theorem (see [26, 36, 33]) which provides a
representation for a shift-invariant subspace of the Hardy space H? over the unit
disk D of any multiplicity (or, in later versions, shift-invariant subspaces of the
space L? over the unit circle T) in terms of a matrix- or operator-valued inner
function (the representer of the invariant subspace). The first author and Helton
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later obtained various generalizations of this result; we mention two particular
versions: (1) where the representer is required to have J-unitary (rather than uni-
tary) values on the unit circle (the BLH-theorem for the Lie group U(m,n) in
[20]) and (2) where the representer is only required to have invertible values on
T but is required to represent a pair of subspaces (one forward-shift-invariant,
the other backward-shift-invariant) simultaneously (the BLH theorem for the Lie
group GL(n,C) in [21]). The U(m,n)-BLH theorem in particular is central to
the Grassmannian approach to interpolation developed also in [20] and developed
further in [17, 34, 35, 23|. Formulas for the representer in terms of state-space
coordinates for both the GL(n,C) and U(m,n) versions of the BLH theorem and
a state-space formulation of the bitangential matrix-valued Nevanlinna-Pick in-
terpolation problem (suggested by work of Nudelman [39]) were carried out in
[1, 18, 24, 25, 19], but only for the rational case. In particular, one can character-
ize a shift-invariant subspace M (or, in the rational setting, a submodule of the
module of vector rational functions over the ring of scalar rational functions with
no poles in a prescribed subset o of the extended complex plane CU{oo}) via pole
and zero directional data which can be encoded in a five-tuple of finite matrices
(an admissible Sylvester data set G); one can then build the BLH-representer for
M in realization form via various matrix constructions from the Sylvester data
set 6.

The purpose of the present paper is to extend and complete the state-space
formulas from [18, 24, 19] to handle the general nonrational setting in [20, 21].
We make precise the class of realizations (strongly bi-dichotomous realizations)
required for state-space implementation of the GL(n, C)-BLH theorem from [21].
As was observed in [21], one gets the U(m,n)-BLH theorem by specializing the
GL(n,C)-BLH theorem for the pair of subspaces to the particular case where
M* = M*7. We make use of this idea here to obtain the infinite-dimensional
state-space implementation of the U(m, n)-BLH theorem as the special case of the
GL(n,C) case where M* is the J-orthogonal complement M*7 of M. The results
lead to new types of realization formulas which are closely related to recent work
of Arova [14, 15, 16]. We also are able to identify the class of L?-regular J-inner
functions arising here as being the same as the class of strongly Arov-regular J-
inner functions which has played a prominent role in the study of inverse problems
for canonical systems by Arov and Dym [4, 5, 6, 7, &, 9, 10, 11, 12].

The paper is organized as follows. In Section 2 we organize preliminary mate-
rial concerning dichotomous linear systems and formally define the class of strongly
bi-dichotomous realizations which plays a key role in the analysis to come. In Sec-
tion 3 we introduce and carefully prove the GL(n,C) BLH theorem from [21] to
allow for even n = oo (i.e., for an infinite-dimensional coefficient space U). In Sec-
tion 4 we introduce the appropriate notion of admissible Sylvester data set for the
infinite-dimensional setting, and obtain the connection between Sylvester data sets
and (forward and backward) shift-invariant subspaces of L? ® U; this extends the
work of [19, Part III] to a nonrational context and establishes a connection with
functions having meromorphic pseudocontinuation of bounded type (see [29, 28]).
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Section 5 gives the algorithm for the state-space implementation of the GL(n, C)-
BLH theorem from [21]; this is a canonical generalization of the main result of
[18] (see [19, Theorem 5.5.2]). In Section 6 we specialize the main result of Sec-
tion 5 to the case where M* = M/ to obtain the state-space implementation
of the U(m,n)-BLH theorem obtained in [20]. Section 7 draws on results from
[22] to study the special structure arising when the J-unitary function is actually
J-inner, i.e., the associated kernel Ko (z,w) = [J—0(2)JO(w)*]/(1—2w) is a pos-
itive kernel on D x D. The final Section 8 makes the connection with generalized
Nevanlinna-Pick interpolation and with the class of strongly Arov-regular J-inner
functions introduced in [4].

An interesting project is to develop the analogues of all the results of the
present paper for the case where the unit disk D is replaced by the right half
plane. The difficulty for realization theory is that the point at infinity is now on the
boundary of the domain rather than in the interior, but a formalism has now been
worked out to handle these difficulties (see the recent book [42]). Nevertheless, the
realization theory for a Schur-class function on the right half plane can be tricky
and counter-intuitive—see [37].

Finally it our pleasure to thank our colleague Vladimir Bolotnikov of the
College of William and Mary and the anonymous reviewer for valuable comments
on the original version of this paper.

2. Preliminaries

2.1. Notational conventions

Throughout the paper we shall use the following notation, most of which is stan-
dard in the literature. We let Z denote the set of all integers, Z the set of nonnneg-
ative integers and Z_ = Z\ Z. the set of negative integers. For U a Hilbert space,
we use 0(Z), by (Z4) and £(Z_) to denote the space of norm-square-summable
sequences with values in U/ indexed by Z, Z and Z_ respectively with the usual
Hilbert space norm

{u(m)}nezlle, @) = D llulm)li-
nez

We view (% (Z) and ¢Z(Z_) as subspaces of (%(Z) in the usual way. The Z-
transform

{u(n)}nez = U(2) = Y u(n)2" (2.1)

nez

transforms the sequence spaces (%(Z), (3,(Zy) and ¢3(Z_) into the respective
Hilbert spaces of measurable U-valued functions on the unit circle T

12— {f(z) = 3" fus fa e Uwith |2 = S 1l < oo} ,

nez nez
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Hy =< f(z) = fuz™: fo €U with |[fI> =Y |Ifullfy < o0 ¢,

n€Zy neE”Z

and

21
fﬂl

F(2)=Y fa2": fo €U with |7 = D |l fallfy < o0

n€Z4 nezZ_

When convenient, we view an element f of H7, as a holomorphic function on the
unit disk D and an element g of H&L as also an analytic U-valued function on the
exterior D, of the closed unit disk (with value 0 at infinity).

The Banach space of essentially bounded measurable U-valued functions on
the unit circle is denoted by L. We shall have use of two of its subspaces

HY = L7 N HE,
HSy = Ly N H

which can also be viewed as bounded U-valued analytic functions on the unit disk
D and as bounded U-valued analytic functions on the exterior of the unit disk D,
with value 0 at infinity, respectively; as is suggested by the notation, as a function
on the unit circle T, H;?, is just the image of the space H;, of bounded {/-valued
analytic functions on ID vanishing at the origin under complex conjugation. If ¢ and
Y are two Hilbert spaces, £L(U,)) denotes the space of bounded, linear operators
from U to ); we shall abbreviate L(U,U) to L(U).

We shall use one nonstandard notation: L%(u,y) denotes the space of weakly
measurable L(U, Y)-valued functions W(z) on T with the property that the mul-
tiplication operatorMy, : u +— W(z) - u maps constant vectors u € U into L%,:

L9y = {W:T — LU, Y): My € LU, L3)}.

Note that a consequence of the closed graph theorem (see e.g. [41, statement 2.15])
is that My, is bounded as an operator from U into L%, just from the assumption
that My maps any vector v € U into L%,. We shall also have occasion to need a
weak L'-version

Ly ={W:T — LU,Y): (Wu,y)y € L' for u €U and y € Y}.

Here L' is the standard Lebesgue space of modulus-integrable measurable complex-
valued functions on T. Note that in case U/ and ) are finite-dimensional and
L(U,Y) is identified with the collection of finite matrices of some fixed size, then
the space L%(u,y) is simply the space of L(U, Y)-valued functions with each matrix
entry in L?; a similar remark applies to the space Llﬁ(uy).

The following fact will be useful in the sequel.

Proposition 2.1. If W € L%(%y) and W € L%(X}y), then W*W € Llﬁ(u,x)'
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Pl’gof. Suppose that W and W are as in the hypotheses. We wish to show that
(W*Wu,z)x € L* for each u € U and x € X. By duality it suffices to show that
the scalar-valued function

2 (W(2)* W (2)u, f(2)z)x

isin L' for each f € L™ and = € X. For this purpose, note that

(W)W (), f(2)2)2 = (W (2)u, W (2) ] (2)2)y (22)
where by assumption both W (z)u and W(z)f(z)x are in L3,. By the Cauchy-
Schwarz inequality, the function in (2.2) is in L' as needed. O

2.2. Preliminaries from linear system theory

By an output pair we mean any pair of operators (C,A) with A € L£(X) and
C € L(X,)) for a pair of Hilbert spaces X and ). Associated with any output
pair (C, A) is the forward-time state-output linear system

Az(n)

! CJ an+1)
2st;ate/out' { y(n) — Cx(n) (23)

Note that the initial condition z(0) = z¢ uniquely determines the solution of the
system equations (z(n),y(n)) for n > 0 according to

x(n) = A"z(0), y(n) = CA"z(0).

We denote by Oé,A the observation operator which assigns to z(0) the resulting
output sequence {y(n)},>o:

Oé_’A: r— {CA"x}pez, . (2.4)
If this operator is injective, we say that the pair (C, A) is observable. In case (’)é)A
maps X into €§(Z+), we say that the pair (C, A) is output-stable; in this case,
by the closed-graph theorem it is automatic that Oé’ 4 is bounded as an operator

from X into E%(ZQ. If it happens that OQA is bounded below as an operator
from X into £3,(Z), namely

oL x|, > 6||xz||x for some § > 0 for all z € X,
Z7B Zy(Z+)
we say that the output pair (C, A) is ezactly observable. In this case the observ-

ability gramian Go 4 given by

N
Goa = (0L 4)* 0L 4, =slimy oo Y A™C*CA

n=0

is the unique solution H of the Stein equation

H—- A"HA=C*C. (2.5)
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Moreover, iteration of (2.5) gives
N—1
H=Y" A"C'CA" + A*NHAN (2.6)
n=0
for every N =1,2,.... For the case where H = G¢ 4, the first term on the right
hand side converges strongly to H = G, 4 as N — oo and we conclude that

A}im (GoaAN 2, ANg)y =0 for all z € X.

As G¢ 4 is strictly positive definite in the exactly observable case, we get from this
that
lim ||ANz||% =0 for all z,€ X (2.7)
N—o0

ie., A is strongly stable whenever there is a C' so that the output pair (C, A) is
exactly observable.

Application of the Z-transform (2.1) leads to the Z-transformed version @é A
of the observation operator Oéﬁ A
o0
(5é7A: T = Oé’Ax = Z(C’A”x)z” =C(I —zA) ',

n=0

where the latter equality holds at least in a neighborhood of 0. In particular, if
(C, A) is output-stable, then @QA maps X into H3).

Given the output pair (C, A), instead of the forward-time state-output linear
system (2.3) we could have considered the backward-time state-output linear system

b f z(n) = Az(n+1)
Zstate/out' { y(n) = C’aj(n—l—l)

In this case, specifying an initial condition z(0) = xo and letting the system run
determines (z(n),y(n)) for n € Z_ = {n € Z: n < 0} according to

xz(—n) = A"z(0), y(—n) = CA" 12(0) forn =1,2,....
We therefore define the associated backward-time observation operator by
O¢at @ {CA " a}ner.

with corresponding Z-transformed version

(2.8)

@bC’A: T Z(CA”_lx)z_” =C(z—A) 2
n=1
where the latter equality holds at least in a neighborhood of infinity. Note that
the pair is output-stable for the backward-time system (2.8) in the sense that O%,A
maps X into £3,(Z_) if and only if (C, A) is output-stable for the forward-time
system in the sense defined above, namely,

Z |[CA™z|3, < cofor all z € X. (2.9)

n=0
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Thus output-stability for the pair (C, A) is also equivalent to the the Z-transformed

backward-time observation operator O% , mapping X into H3".
All these ideas have dual formulations on the input side. By an input pair
we mean any pair of operators (Z, B) where Z € £(X) and B € L(U, X) for some

Hilbert spaces X and U. Associated with any input pair (Z, B) is a forward-time
f

in/stat

x(n+1) = Zz(n) + Bu(n). (2.10)

input-state linear system X . given by

If {u(n)}nez_ is a U-valued input string finitely supported on Z_ (say u(n) =0
for n < —N for some N < oo0) and if we assume that z(n) = 0 for all n < —N,
then we may use the system equation (2.10) to solve for x(0):

u(—N)
N u(—N+1)
2(0)=Y_ Z"'Bu(-n) = [ZN"'B ZN7?B ... ZB B] :
" u(=2)

We therefore define the forward-time control operator C£ g be the block row-matrix
CQB = roWnez [Z7 "' B]

considered as an operator from the space of finitely-supported U-valued sequences
on Z_ into X. If this operator has dense range in X', we say that the pair (Z, B) is
controllable. In case Cé)B extends to define a bounded operator from £3,(Z_) into
X, we say that the input-pair (Z, B) is input-stable. In case this extended operator
maps Z%, onto the state space X, we say that (Z, B) is ezactly controllable. In the
exactly controllable case, the controllability gramian

N
Gz.p :=Ch 5(Ch 3)" =slimy o > Z"BB*Z*"
n=0
is strictly positive-definite on X and is the unique solution H of the control Stein
equation

H— ZHZ* = BB*. (2.11)
Iteration of (2.11) gives
N-1
H=)Y z"BB*Z*"+zNHZ™". (2.12)
n=0

From this we are able to conclude that Z* is strongly stable, i.e.,

Jim |Z*Nz||3 =0 forall z € X (2.13)

whenever there is an input operator B so that the input pair (Z, B) is exactly
controllable.
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We define the Z-transformed forward-time control operator CZ p to map
polynomials in z~! with coefficients in U/ into X by
N

N
CAQB: Z u(n)z™" — Z Z" ' Bu(n).
n=1

n=1

In the input-stable case, (?é g extends to define a bounded operator from Hgf- into
X according to the formula

CAQB: Z u(n)z™" — Z Z" ' Bu(n).
n=1 n=1

This extended operator has dense range in X (respectively, has range equal to all
of X) if the pair (Z, B) is controllable (respectively, is exactly controllable).

Given an input pair (Z, B) rather than the forward-time input-state sys-
tem (2.10) we could have considered instead the backward-time input-state system
Zibn/stam given by

x(n) = Zz(n + 1) + Bu(n). (2.14)

Given a U-valued input string {u(n)}nez, finitely supported on Z (say u(n) =0
for all n > N for some N < oo), under the assumption that the state z(n) also
vanishes for n > N, we can compute z(0) by iterating the system equation (2.14)
according to

u(0)
N u(1)
z(0) ZZZ”Bu(n) = [B ZB ... zZN-1pB ZNB]
" u(N —1)
u(N)

This suggests that we define the backward-time control operator C%B as the block
row-matrix

CZB = 10Wpez, [Z2" B]
considered as an operator mapping U-valued input strings finitely supported on
Z, into X. In case the pair (Z, B) is input-stable, then C;B extends to define a

bounded operator from ¢Z(Z ) into X. The Z-transformed version @ g s defined
to take polynomials with coefficients in U into X according to the formula

@,33 Zu(n)z” — Z Z"Bu(n).
n=0 n=0

In the input-stable case, @’Z p extends to define a bounded linear operator from
H} into X.

Given any output pair (C,A) we may consider (Z, B) := (A*,C*) as an
input pair, and given an input pair (Z, B) we may consider (C,A) = (B*,Z*)
as an output pair. Note that each of the concepts discussed for an output pair
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transfers to the corresponding concept for an input pair under this duality. Thus,
an output pair (C, A) is output-stable if and only if (A*, C*) is input-stable, the
input pair (Z, B) is input-stable if and only if the output pair (B*, Z*) is output
stable, and then

(0L,4)" =Che - € LWX,HF), (0 4)" = Ch. o € L(X HFY),
(CL.p)" = O 2 € LIX,H"),  (Chp)" = Of. 5 € LIX,Hf).
Moreover, the output pair (C, A) is observable (respectively, exactly observable)
if and only if the input pair (A*, C*) is controllable (respectively, exactly control-

lable).

We now introduce the notion of dichotomous discrete-time linear system. A
descriptor system (in output-nulling form—see [13]) is a system of the form

Ex(n+1) = Az(n) + Bu(n) + Boy(n)
0 = Cx(n) + D;u(n) + Doy(n) (2.15)
The associated extended behavior W, is the set of all triples of functions

{u(n), z(n),y(n)}nez

(with u(n) € U, z(n) € X, y(n) € Y for all n € Z) such that the system of
equations (2.15) is satisfied. The behavior W of the system (2.15) consists of
all input-output pairs {u(n),y(n)}nez for which there exists a state trajectory
{z(n)}nez so that {u(n),z(n),y(n)}nez is an element of the extended behav-
ior W,. We say that the system (2.15) has dichotomy (with respect to the pair
T /L?) if the following property holds: for each choice of finitely supported in-
put signal {u(n)}nez (s0 W(2) = >, cpu(n)z" is in the space Ty of trigonomet-
ric polynomials with coefficients in U), there is a unique choice of output signal
{y(n)}nez so that {y(n)}nez € (3(Z) (and hence §(z) = 3., y(n)z" € L3)
and {u(n),y(n)}nez € W. In case the corresponding state trajectory {x(n)}nez is
also uniquely determined, one would say that the system (2.15) is an observable
dichotomous system. One way for this to happen is that there exists a decompo-
sition of the state space X = X +X_ so that the operators in (2.15) have matrix
decompositions of the form

it N R i E ol o R
c=[c, C], D, =D, D,=—-1Iy
from which it follows that the system equations (2.15) assume the form
z4(n+1) = Ayzi(n) + Bru(n)
x_(n)=A_z_(n+1)+ B_u(n)
y(n) =Cyaxy(n)+ C_x_(n)+ Du(n) (2.16)

where
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1. either (Cy, A4 ) is an output-stable pair or (A4, B) is an input-stable pair
(SO W+(Z) = C’_;'_(I_;\gr — ZA_;,_)ilB_;'_ S Hz(u7y)), and
2. either (C_, A_) is an output-stable pair or (A_, B_) is an input stable pair

(s0 W_(2) = C_(2lx. — A_)"'B_ € Hzgy, )

(see Section 2.1 for our notational conventions). Indeed, in this situation, given a
input signal {u(n)},ez of finite support, say on —N < n < N, and an initialization
of the state by 2 (—N) = 0 and z_(N +1) = 0, one can use the first of equations
(2.16) to recursively compute x4 (n) for n > —N and the second of equations
(2.16) to compute z_(n) for n < N. If we then set x1(n) = 0 for n < —N and
x_(n) =0for n > N +1, then the first two of equations (2.16) are satisfied for all
n € 7. If we then use the last of equations (2.16) to compute {y(n)}nez, apply the
formal Z-transform {x(n)}nez +— > ,cz2(n)z" in all three of equations (2.16),
and then eliminate the state variable, we arrive at y(z) = W (z)u(z) where the
transfer function W(z) is given by

W(z) =2C+(I —2A.) "By + D+ C_(2I — A_)"'B_.

If both conditions (1) and (2) above hold, then W (z) = W, (2)+ D+ W_(2) is in
L%(u,y) and it follow that My, maps trigonometric polynomials 7z, into L%,.

The particular form of dichotomy which we shall work with here is as fol-
lows. We shall say that the system is strongly dichotomous if both (Cy, A;) and
(C_,A_) are exactly observable, (A, B;) and (A_, B_) are both controllable,
and both A, and A_ are strongly bi-stable.

Analogously, we say that system (2.15) has strong inverse-dichotomy (with
respect to the pair 7 /L?) if the following property holds: for each choice of
finitely supported output trajectory {y(n)}nez (s0 Y(z) = >, cpy(n)z" is in the
trigonometric-polynomial space Ty ), there is a unique choice of input trajectory
{u(n)}nez so that {u(n)}nez € 6 (Z) (and hence u(z) =", ., u(n)z" € L) and
additionally {u(n),y(n)}nez € W. One way for this to happen is that there is a
decomposition X* = X 4+X so that the operators in (2.15) take on the form

xr 0

A% 0 0 B*
+ R — +
¢ r A R S ]

c=[cx ¢X], Di=-Iy, D,=D*

1

E= A=

so the system equations have the form
ri(n+1) = Alz7(n) + Biy(n)
X (n) = A%z*(n+1) + BXy(n)
u(n) = ClzX(n) + CXzX(n) + D y(n) (2.17)
where

1. either (C}, AY) is an output-stable pair or (A}, BY) is an input-stable pair
(so Wi (z) = Cj(le —2AY)" !B € szz(y,u))7 and
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2. either (O, AX) is an output-stable pair or (AX, BX) is an input stable pair

(so WX(z2) = C* (fof - AX)7'BX € sz('y,u))'

The particular form of dichotomy which we shall impose for the inverse system
is as follows. We shall say that the system is strongly inverse-dichotomous if both
(AY,BY) and (AX, BX) are exactly controllable, both (C, A%) and C*, AX) are
observable, and both A% and A are strongly bi-stable.

If the system is both strongly dichotomous and strongly inverse-dichotomous,
we shall say that the system is strongly bi-dichotomous. For convenience in the
sequel we shall take U = ) without loss of generality. We now summarize in a
formal definition what we mean by a strongly bi-dichotomous realization for a
given L(U)-valued function W on T.

Definition 2.2. Let W be a given L(U)-valued function on T. We say that W has
a strongly bi-dichotomous realization if there exist operators

CyelL(Xe,U), Ar € L(X1), By € LU, X1), D € L(IU),
CL € L(XE,U), AL € L(X]), BY € LU, X),D* € LIU)

subject lo
1. (Cy,Ay) and (C—, A_) are exactly observable,
2. (A4, By) and (A_, B_) are controllable,
3. (CF,AY) and (CX, AX) are observable,
4. (AX,BY) and (AX, BX) are exactly controllable,
5. Ay, A_, AY and AZ are all strongly bi-stable, and finally
6. W(z) and W (z)~! have realizations of the form

W(z)=204+(Ix, —2A1) "By + D+ C_(2Ix —A_)"'B_ (2.18)
W(z)™! =205 (Tx = 2AD)TIBY 4+ DX 4+ CX (2« — AX)7'BX. (2.19)

We emphasize that the meaning of (2.18) and (2.19) is

D if n=0,
W(z) = Z W, 2" where W,, = ¢ C, (A )" !B, if n>1, and
nez C_ (AR ifn< -1
DX if n =0,
W(z)~" =Y [W'],2" where W], = ¢ CX(AX)"'BY  ifn>1, and
neZ CX(AX)=n=DpBX ifn < —1.

n=1
and that Z;ifoo C_(A_)=m=Yznisin H%J(-X_ u and hence W € L%(u)' Similarly,
. . .. . . [ele] X\n—1 X n 2 2
assumption (4) in Definition (2.2) implies that )" | (AZ)" 'BXz" isin HC(U,Xf)
and Y01 (AN BX2" is in szzé_u,xf) and hence W~! € LZ . Thus both

W and W= are in L%(u) whenever W has a strongly bi-dichotomous realization.

Assumption (1) in Definition (2.2) implies that > o | CL A% 2" is in HE‘,(X_,_.M)
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3. Dual shift-invariant pair of subspaces via strongly regular
Beurling-Lax representer

We say that the subspace M of L, is shift-invariant if M is invariant for the shift
operator M, : f(z) — zf(z). Such a subspace is said to be simply-invariant if

(N (2)"M = {0}
n=0
and to be full-range if
U (M,-1)"M is dense in L.
n=0

Similarly, a subspace M ™ is said to be backward-shift-invariantif M- M* C
M* . Such a subspace is simply-invariant (for the backward shift) if in addition

M) (M.—)" M* = {0}
n=0
and to be full-range if
U (M,)"M* is dense in L},
n=0

As a short hand we define a dual shift-invariant pair of subspaces as follows.

Definition 3.1. Let M and M* be a pair of (closed) subspaces of L?,. We say that
the pair (M, M*) is a dual shift-invariant pair if

1. M is full-range simply-invariant for the forward shift M.,

2. M™* is full-range simply-invariant for the backward shift M-, and

3. M and M* form a direct sum decomposition of the whole space:

MAM* =L, (3.1)

Remark 3.2. In Definition 3.1, the conditions (1) and (2) can be weakened either
to

1" M is simply-invariant for M,

2" M* is simply-invariant for M,
or to

1" M is full-range for M,

2" M* is full-range for M,-1.
Indeed, given that M is invariant for M, and that M* is invariant for M,-1, then
application of the bounded invertible operator M,~ (respectively M,-~) to the
decomposition M*+M gives

L} = N MV M, L} =2 " M4V M

for all N = 1,2,.... From the first decomposition, we see that then M is full-
range for M,-. if and only if M is simply-invariant for M,. From the second
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decomposition, we see that M* is simply-invariant for M,-1 if and only if M is
full-range for M,.

Definition 3.3. We say that the L(U)-valued function W on the unit circle is L*-
regular if
1. W(¢)~! exists for almost all € T and both W and W' are in L%(u), i.e.,
multiplication by either W or W= maps U into L}, and
2. the operator
My Pz Myt L (T) — Ly, (T)
has range in L} (T) and extends to define a bounded operator from L7, into
itself.

The next result from [21] gives the fundamental connection between these
objects. We include a more polished version of the proof from [21] which handles
the case dim U = oco.

Theorem 3.4. (See [21].) Suppose that (M, M*) are two subspaces of L},. Then
the following are equivalent:

1. (M, M*) is a dual shift-invariant pair.

2. There exists a L*-reqular L(U)-valued function W so that

M = L*-clos WH;® and M* = L*-clos WH,. (3.2)

Moreover, in this case the dual shift-invariant pair (M, M™) uniquely determines
W up to an invertible constant right factor, i.e., if W' is another L*-reqular L(U)-
valued function as in part (2), then there is an invertible constant operator X €
L(U) so that W' (z) = W(2)X.

Proof of (1) => (2): Given a subspace of N of L?,, we shall abuse notation and
write simply VA for the space M ,~AN = z" - N. From the assumption

Ly = M*4M, (3.3)
we also have
L} =20} = 2M* 2 M. (3.4)
Since M* C zM* and zM C M, combining (3.3) and (3.4) gives
L} = M*+LF2M, M = LizM (3.5)
where we have set
L=zM*NM. (3.6)

Similarly, from
L} =270 = 2 " M* 427 M
we get
L} =2 "M* 271 LdM, MX =2 MX L
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An inductive argument then gives

Ly = 2 NM* 2N ed - e e L e L - 2N T L2 M,

M = LizL4- 42N L4h2N M,

MX =N M N T (3.7)
for N =0,1,2,... (with the interpretation L? = M*4+M, M = M and M* =
M* for the N = 0 case). Note that the projection onto 2V M along the subspace

N M*F {—Fg::lNz”K} = 2N M*
in the first line of (3.7) is given by
Qn = Mox PogM, - (3.8)
where Py, denotes the projection onto M along M*. The estimate
1Qn = | Mox PacMoo | < [ Pa]

then shows that @y is uniformly bounded in N and hence a subsequence converges
to an operator ()~ in the weak-* topology. From the fact that Qn,Qn = Qn, once
N > Ny, we see that actually the whole sequence {Qn }n=1,2,.. converges to Qoo
as N — oo and that Q. is a projection (Q% = Q). One can check that Q.
is a projection of L, onto Ny>02™ M along L?-clos Uy>02™ M*. The hypothesis
that M is simply invariant for M, implies that Q. = 0, and hence Py = I — Qn
converges to the identity operator 2 From the decomposition for z¥ M*

MM = M | {4—,]:]:02"4

we see that, in particular, each f € M has the generalized Fourier series expansion
(with limit in the weak-L?, topology)

N
f= Nlim 2", with ¢, = PeM,—nf foralln € Z, for all f € M.  (3.9)
— 00 n=0
Similarly, given that M* is simply invariant for M,-1, it follows that elements of
M* have a Fourier series expansion

-N
f=wlimy_ oo Z 2"0,, with £, = PoM,—.f for all n € Z_ for all f € M*.
n=—1
(3.10)
Hence elements f of L? have a bilateral Fourier series expansion

N

f=wlmy oo Y 2"y with &, = PeM,— f for all n € Z for all f € L.
n=—N

(3.11)
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While it need not be the case that the series (3.11) converges for an arbitrary norm-
square summable sequence {{, } ez, it is easily verified that absolute summability
(> _nez 1€nll < o0) is sufficient for (even norm) convergence of the series (3.11):

N
> ]l < 00 => Jim > 2", exists. (3.12)
nez T =N

Choose U to be a Hilbert space of the same dimension as £ and let W: U—L

be an isomorphism. Then we can view W as an operator-valued function in Li
The Fourier decompositions (3.9), (3.10) and (3.11) tell us that

W - Py is dense in M, W - Py, is dense in M*, W - Ty is dense in L,

(3.13)

where P denotes the space of analytic polynomials ZTJLO pr2™ (N < 00) with
coefficients p, € U, P, ; denotes the space of strictly antianalytic polynomials

uuy’

N prz~ " with coefficients p,, € u , and 7~ denotes the space of all trigonometric
n=1 u &

polynomials with coefficients in U.

Note that if (M, M*) is a dual shift-invariant pair with P equal to the pro-
jection onto M along M*, then ((M*)+, ML) is also a dual shift-invariant pair
with (Pa)* equal to the projection onto (M*)+ along M~. We apply the pre-
ceding analysis to produce an L%(u)—function W, and a second coefficient Hilbert

space Z]l so that
W, =M (MO = M) M)t =L, (3.14)
Thus, since WPy C zM and WPy, C M*, for each u € U and uy € Uy,
(Wiug, WPU>L§( =0forallp e Py+Pp.
It follows that the LZ @) function Wi W has all its Fourier coefficients [W7} W],
equal to zero with the exception of the zero coefficient [WiW]o. It fgll(lws that
the operator-valued function W} W is equal to a constant, say L € L(U,U ).

We argue next that this constant L is invertible. To see this, note from the
definition (3.14) of £, that the orthogonal complement of £, is given by

(L)t = MXd2M.
From the direct-sum decomposition (3.5) we conclude that
L = LH(L)*
Thus, if P, is the orthogonal projection of L, onto £, we have
L, =RanP;, =Ran (P, |z), Ker(Pg, |c)=LNn (L) ={0}

and it follows from the open mapping theorem (see e.g. [41, Corollaries 2.12]) that
the operator
PLL |£ L= L)
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is bounded and invertible. By construction we have that the restricted multiplica-
tion operators

Mwlg =PeMwl|;: U — L, Mw, |z =P, Mw, |z UL — L1
are bounded and invertible and we can write

Py (Mw, )" =Py (Mw, )"Pr,

where PgL and P, are the orthogonal projections from L?j onto U 1 and from
€1

L} onto £ respectively. Hence we have
L=Mw,)"Mw|; =Py (Mw,)"Mw|z =Pz (Mw,)"Ps, Mw|;

= (PLLMWJQJ (P, ) - (PcMwly)

is the composition of isomorphisms and hence is invertible.
A parallel analysis (not needed for the proof of the theorem) shows that

L = MMt
from which we deduce that
L} =L, +ct
and that the operator
P£|/;J_ . EL i [:
is invertible, and finally that

L* = (PcMwlg)" - (Prle,)- (PLLMWJZJL) UL —U

is invertible; of course this last fact follows directly from the fact shown above that
I € £(U,U,) is invertible by taking the adjoint.

Since

WPy =Unsole VLA 27 L LhzLd - F2N 1L

is dense in La by the full-range/simply-invariant assumptions, we see that the
range of W({) must be dense for almost all { € T. The previous analysis shows
that T=1W ({)* serves as a left inverse for W (() almost everywhere. We conclude
that in fact W(¢) is invertible for almost all ¢ and without loss of generality we
may takeLNI:Z/N{L =U.

Since the operator ]V[WPHa Myy -1 represents the projection of L}, onto M
along M* (which is bounded by hypothesis), we see that Myw Pz Myy -1 has

a bounded extension to an operator defined on all of L?. It follows now that
W e L%(u) meets all the requirements of statement (2) in the theorem. (]

Proof of (2) = (1): The converse follows by essentially reversing the argument
in the proof of (1) = (2). Suppose that W is as in (2). Necessarily the bounded
operator on L7, arising from the extension of ]\/[WPHE{ My -1 acting on L7} is equal

to a (bounded) projection operator Paq of L} onto M along M*. Thus (3.1) holds.
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As in the proof of (1) = (2) we pick up the Fourier series decompositions (3.7)
with £ = 2M>* (M. But from the assumption (3.2) we see also that

wuccrL

and hence
L2-clos WPy = Ran (Py — Qo)

where Qo = weak-* limy_,ooQn with Qn as in (3.8). But on the other hand,
since W is a Beurling-Lax representer for M (see (3.2)), necessarily

L2-clos WPy = M = Ran Py,.

We conclude that Q, = 0, i.e., M is simply invariant. That M* is simply invariant
for M,-1 can be proved in a similar way. By Remark 3.2, it follows now that
(M, M*) is a dual shift-invariant pair, and (1) follows as wanted.

Along the way we showed that any representer W must arise via the con-
struction given in the proof of (1) = (2), and hence is uniquely determined up
to a choice of identification map between U and L; this observation leads to the
uniqueness statement in Theorem 3.4. (]

4. Dual shift-invariant pair of subspaces via pole-zero data

Definition 4.1. Let (C, A, Z, B,T") be a collection of operators such that
C:Xpﬂu, A:Xfp—>X'p, Z:XZ—>X3, B:u—>Xz, F:X'p—>Xz.

Then we say that & := (C, A, Z, B,T") is an admissible Sylvester data set if

1. the output pair (C, A) is exactly observable,

2. the input pair (Z, B) is exactly controllable, and

3. the coupling operator I' is a (possibly unbounded) closed operator with dense
domain D(T') C Xp such that A: D(T') — D(T') and T satisfies the Sylvester
equation

T'Az — ZTx = BCx for all z € D(T). (4.1)

Note that if (C, A, Z, B,T) is an admissible Sylvester data set, then the dis-
cussion above concerning the Stein equations (2.5) and (2.11) tells us that A
and Z* are automatically strongly stable (i.e., (2.7) and (2.13) hold). Moreover,
since the exact controllability of (Z, B) implies that (Z, B) is also input-stable,
it follows that both functions [(2I — Z)~'B] and [(I — 2Z)~'B] are in L%(XZ’M).
As a consequence of Proposition 2.1, it then follows that, for any h € L?,, both
(2 — Z)"'Bh(z) and (I — 2Z)"'Bh(z) are in L}, and in particular have well-
defined Fourier coefficients.
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We associate with any admissible Sylvester data set a subspace of L7, in two
distinct ways:

Mg :={C(zI — A) "'z + f(2): 2 € D(T') and f € Hf, such that
(=T~ 2)'BJ(2)]_, =Ta},
ME :={g(z) + C(I — zA)'y: g € HZ" and y € D(T) such that
(I —22)""'Byg(2)]_, =Ty} (4.2)

Here [h(2)]_1 is the coefficient of 27! in the Fourier series h(z) ~ > 02 ___ h(n)z"

n=—oo
for a function h € Lﬁ(z. In terms of control and observation operators, we can
write instead

Me :={Ok qa+ f: 2 € D) and f € HY such that Cy 5f =Tz},  (4.3)
s ={g+ @é’Ay: g € HY' and y € D(I') such that é\é’Bg =Ty} (4.4)

Given a pair

6 =(C,AZ B,T), &* = (C*, A%, 2", B*,T'¥) (4.5)
of Sylvester data sets, we define the coupling matriz I's gx by
_é\f é\b _FX D(F) XX
Pgex = | 2B 04 ~ : z |, 4.6
) B ) I 2

Then we have the following result.

Theorem 4.2. 1. M is a closed shift-invariant subspace of L}, if and only if M
has the form Mg for an admissible Sylvester data set

& = (C, A, Z, B,T).

Moreover,
(a) M is simply invariant for M, if and only if in addition A* is strongly
stable (so A is strongly bi-stable), and
(b) M s full range if and only if Z is strongly stable (so Z is strongly
bi-stable).
2. M* is a closed backward-shift-invariant subspace of L}, if and only if M*
has the form M>* = Mg, for an admissible Sylvester data set

&X = (C*, A%, 2%, B*,T). (4.7)

Moreover
(a) M™ is simply invariant for M,—1 if and only if in addition (A*)* is
strongly stable (so A is strongly bi-stable).
(b) M* is full range if and only if Z* is strongly stable (so Z* is strongly
bi-stable).
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3. Suppose that (M, M*) is a pair of subspaces of L?, of the form M = Mg
and M* = Mg, (so M is closed and shift-invariant and M* is closed and
backward-shift-invariant). Then (M, M*) satisfies the matching condition

LY = M*4M (4.8)
if and only if the coupling matriz
x
s ex: [Yiérg)] — r/,éi] (4.9)
associated with & and &> as in (4.6) is invertible. More precisely,
dim(M N M*) =dimKer I's gx, (4.10)
dim L7, /(M + M*) = dim(Xz & X3)/Ran I's g~ (4.11)

Proof of (1): Suppose first that M has the form M = Mg for an admissible
Sylvester data set & as in (4.7). One can see that M is a closed subspace of L
as follows. Suppose that (’)g’Awn + fn € M and converges to k + f in L}, where
k € H2' and f € H}. Then necessarily

(/9\%7A:L’n—>k€H5[L and anfGHf, as n — 0o
where we know that
CA’%,Bfn =Tz, foralln=1,2,....
Since (C, A) is exactly observable, from the fact that Oba A%y converges to k it
follows that x,, converges to some x € Xp and then k = (’)bC’Aac. From the fact
that f, — f as n — oo and that @’Z’B is bounded, we see that
Iz, :CA%_Bfn —>(:’\%ny' as n — 0o.

As T is closed, we conclude that = € D(T') and that I'z = @7Bf. We now see that

k+f= @gyAx + f € M, and it follows that M is closed as claimed.

We argue that M is M -invariant as follows. Let C(zI—A) "tz +f € Mg =
M, with z € D(T') and f € Hj. Then

2[C(2I — A to + f] = C(2I — A)HA+ (21 — A)]x + 2f
=C(2I — A Az + (Cx + 2f).
while
(2] — Z)'B(Cx + 2f)|-1 = BCx + (21 — Z) "' Z + (21 — Z)|Bf] _
=BCx + (21 - Z)'ZBf + Bf]_,
=BCz+Z[(z1 - Z)"'Bf]_,
= BCzx+ ZI'x =T Ax

by the Sylvester equation. Therefore 2[C(2] — A)~lz + f] € M, i.e., M is M,-
invariant.

1
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Suppose conversely that M is a closed shift-invariant subspace of L?,. Let
P = L*-<los Pyz. M and Z = Hj; © (M N Hp). Then there is a closed operator
I': P — Z with domain D(T') = Prpz1 M so that M = {k4Tk: ke DD)}d(MnN
H?). Define A: P — P and Z: Z — Zby A= PpM.|p and Z = PzM,|z. Also,
define C: P — U and B: U — Z by C(k) = [k]-1 and B(f) = Pzf. We claim
that & = (C, A, Z, B,T") is an admissible Sylvester data set and that M = Msg.

We first show that (C, A) is output stable and exactly observable. Let x =

St ugzF € P. Then CA™z = [PpM.uz]_, = [Pp S ukz”“‘k}

u_,_1. Hence (’)éA: r — {CA"x},—012. . maps P into ¢%(Zy), so (C,A) is
output-stable. Since A* = PpM,-1|p and C*u = uz~!, we find that

i(A*)"C’*CA"x = i(A*)"C’*u_n_l = i(A*)"u_n_lzfl
n=0 n=0 n=0
= i Up12 " =1
n=0

Thus (O(J;A)*OQA = I, so the observation operator is an isometry and (C, A) is
exactly observable as wanted.

We next check that (Z, B) is input-stable and exactly controllable. If the
sequence {uy ez, is in €3(Z,), then

I[B 2B 2°B - J{wlrez, % = 1Y wnz"llfz = Huntrez. |7, z,)-

n=0

So [B ZB Z°B ] is bounded, i.e., (Z, B) is input-stable. Also, since Z* =
PzM,-1|z and B*: f — fy, it follows readily that the control operator CA%B is an
isometry, and thus (Z, B) is exactly controllable.

The fact that I' is a closed operator follows from the fact that M is a closed
subspace of L. We next check the validity of the Sylvester equation (4.1). Let
k+Tk+f € M, where k € D(I') = Py22 M and f € HZ N M. Since M is
shift-invariant, we may express z(k + Tk + f) = k' + Tk’ + f’ for some k' € D(T')
and f' € H7, N M. It follows that k' = Ppz1 2k, Tk = Pzk_1 + PzM.T'k, and
= PrzamM:Tk+zf. We have BCk = Bk_y = Pzk_y, and ZI'k = Pz M.T'k =
I'k' — Pzk_y. Therefore 'k’ = (BC + ZD')k. But k' = P21 2k = Pya1 M |pk =
PpM,|pk = Ak. Thus TAk = BCk + ZTk for each k € D(T), so the Sylvester
equation is satisfied. We are now able to conclude that & = (C,A,Z,B,T) an
admissible Sylvester data set.
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If f(z) =>"0°_ fmz™ € HY, then

i an—n—lB (i fmZ’m>‘|
-1

(21 = Z)"'Bf]

n=0 m=0
= Y PzM.ifu=Pz) fu2"=Pzf.
n=0 n=0
Also,if x =Y, 2_p,z"™ € P, then CA™: x — x_,,_1 and hence
[e.e] oo
Clzl — A)~ 'z = Z(CA”x)z_"_l = Zx_n_lz_"_l = .
n=0 =0
Hence
Ms = {z+f:2eDI), fe HY, Pzf =Tz}

= {x+sz+PH5me:PZf:Fx}
= {2+ Te:xeDD)} @ (HZNM)
M.

Suppose next that M = Mg for the admissible Sylvester data set & as
in (4.7). Then M being simply invariant for M, is equivalent to the operator

(Zpm)*: M — M given by
Zig = Pra(M.)*| (4.12)
being strongly stable, i.e., to
|Prm (M -1)" f|| — 0 for each f € M.
Since Py2 M, | g2 s strongly stable, an equivalent condition is that the operator

PLz—clos (MJrHa)(MZ)* |L2—clos (M+HZ) (413)

is strongly stable, where
L?-clos (M + H}) = M(c, 4,000 = Ran @bc,A @ Hy.
Let us note that the identity
Pran 63, M:00, 4 = Pyz MO 4 = O 4 A
implies that the bounded, invertible operator
X = (/9\1(’;714: Xp — Ran (51’0714

implements a similarity between A := Paon 6gYAMz|Ran o, , and A:

AX = X A.
Then also A* = X*~1A*X*. Thus the strong stability of

~ ~ ~
A" = PRan O%vAszl|Ran O%)A



22 Joseph A. Ball and Michael W. Raney Comp.an.op.th.

is equivalent to strong stability of A*. Thus statement (1a) in Theorem 4.2 follows
once we establish the following lemma.
Lemma 4.3. The following are equivalent.

1. The operator given by (4.13) is strongly stable.
2. The operator Py, e, Mz—l |Ran e, is strongly stable.

Proof of Lemma 4.3. Condition (1) in Lemma 4.3 means that
i (| Py o, s (M) f]| = 0 for all f € Ran O 4 © H

while condition (2) means that

lim
n—oo

H Ran O, , M,-1)" f ‘_OfOYallfeRanOCA

Thus (2) follows from (1) simply by restricting f € Ran OC7A @ Hf to f €
Ran (/9\% A

For the converse, note that condition (2) means that the M,-i-invariant
subspace HE,J- © Ran @bc 4 has a Beurling-Lax representation as

o Ran@bcyA = 0" H*

where © is a two-sided inner function in H7{,,) (i.e., both ©(z) and ©(1/z)" are
isometric operators for |dz|-a.e. z € T) (see [38]). Thus

Ran 0% , = HZ* © ©"HY = ©*HY © HE
and
Ran ObA@Hu = O"H}.
From this representation it is clear that Py, | &, @ (M.)* | gom o, @ is strong-
s u s u

ly stable.
O

We next tackle statement (1b) in Theorem 4.2. Note that the M,-invariant
subspace M is full range if and only if M* is simply invariant for M, 1. By a
computation to come (see Proposition 6.2 below), if M = Mg for the admissi-
ble Sylvester data set & = (C, A,,Z, B,T), then M+ = MY, where &+ is the
admissible Sylvester set given by

Gt = (B*, z*, A*,C*, -T*).
In this way we see that statement (1b) in Theorem 4.2 follows directly from state-

ment (2a). This concludes the proof of statement (1) in Theorem 4.2. O

Proof of (2) in Theorem 4.2. The proof of these statements is exactly parallel to
the proof of the parallel assertions in part (1) of the theorem; hence we leave the
details to the reader. (]
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Proof of (3) in Theorem 4.2. Assume that M = Mg and M* = Mg, for two
admissible Sylvester data sets & and &* as in (4.5). To verify statement (3) in
Theorem 4.2, it suffices to verify the general statements (4.10) and (4.11). By the
definition of Mg in (4.2), we read off that

MnN HE = Ker CA’%B.

Since by assumption (Z, B) is exactly controllable, we know that Gz p is strictly
positive definite and that

Izp:= (92,3)71/2@,35 Hj — Xz
is an isometry with kernel equal to M N H. Then the orthogonal projection onto
H2 o (HENM) = (Ker Iz )" is given by
* b * —1/7b
Puzomzom) = Zz,8)Tzp = (Cyp) (G28) 'Ch 5

In case @bczsc + f is a generic element of M (so z € D(T") and @’Z’Bf =Tz), we
therefore have

Prgemgnml = (Chp) (Gz5) 'Cznf = (C p)"(Gzp) 'Te.
We now conclude that
M = (6’5714 + (@’B)*QZBF) D(T) & (M N HE). (4.14)
By an exactly parallel analysis one can show that
M* = (M* OB & (€ ) (G p) T+ 0L, 4 ) DITX). (4.15)

Note also that the operator @%’A + (@’Z’B)*QZBF is injective on D(T") since (C, A)
is observable and Ran (/9\%714 C HZ*+ while Ran (CE,B)* C H}, and hence (4.14)
sets up a one-to-one correspondence between D(I') x (HZ N M) and M. Similarly,
(4.15) sets up a one-to-one correspondence between D(I'*) x (HZ- N M*) and
M*.

Define an operator fg’gx : D) & D(I*) — L by

Tsex = [@bc,A +(Chp)* (Gz.8) T (Chu )" (Gzx px) 1T +5£X7Ax} .

(1.16)

Note that, by (4.14) and (4.15), we have
M+ M* =Ran Tg g« + (HZ* N M*) + (HZ 01 M). (4.17)
If we extend 5£X gt HEF — X% and CA‘%)B: H? — Xz to act linearly on all of

L7 by setting
Cly miliz =0, CYplyze =0
Zx ,Bx |HZ, ) Z,BIHZ-
then we have the factorization
~Cl px | 2
FG,GX = /7) ’ Fe,ex . (418)
CZ7B
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Moreover, since

_of
CZX,BX] = (HF} n M) @ (HEN M), (4.19)

Ker
Ch

it follows that
(XZ () XZX)/Ran FG’GX = LZ%{/ (Ran fG,GX -+ (Hz?{l M MX) + (H2 n M))
=L/ (M* + M) (4.20)

and (4.11) is established.
Suppose now that f € MNM*. Write f = g+ h with g € HZ- and h € H7.
Since f € M, necessarily

g= @bCAx for some = € D(T') and @,Bh =Tz. (4.21)
Since also f € M-, necessarily
h= @éxymy for some y € D(I'*) and CZX’BXg =T"y. (4.22)
Using the first parts of (4.21) and (4.22) to eliminate g and h leaves us with
~ ~ et LOf « axy=Tx
f=0% sz + 0L, ,.y where A?’B A Y y
’ CZX,BXOC_’Ay:F Y,
ie.,

f= [@bw —Oémx] {_xy} where [_xy] € Ker I'g gx. (4.23)

Conversely, it follows from the definitions of M and M™ that any f of the form
(4.23) is in M [ M*. We have established: the operator

[6%’,14 7@£><’ij| : Ker FG,GX — M ﬂ'/\/lx

Ker FG,GX
establishes a bijective correspondence between Ker I'g gx and M N M*. This
establishes (4.10) and completes the proof of Theorem 4.2 O

If we assume that dim i is finite, we can use the construction in the proof of
Lemma 4.3 to say more about L2-regular £(I)-valued functions. As preparation
for the statement of the result, we recall the following definitions (see [28, 29]).
Given a measurable £(Uf)-valued function defined on T, we shall say that W has
meromorphic pseudocontinuation to the unit disk D if there is a meromorphic L(U)-
valued function W on D so that W(z) = limy_,, W()\) for a.e. z € T where the
limit is taken as A € D approaches z € T nontangentially. We say that W' has
pseudocontinuation of bounded type to D if one can take the function W(A) to
have the form W(A) = H(\)/¢(A) where H(X) is a bounded holomorphic £(U)-
valued function and ¢(z) is a nonzero bounded holomorphic scalar function on
D. Similarly, we say that W has meromorphic pseudocontinuation to D, := (CU
{00}) \ D or W has pseudocontinuation of bounded type to D, if one replaces the
unit disk D by the exterior of the unit disk D, in the preceding definitions.
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Theorem 4.4. Suppose that W € L%(u) is L%-reqular. Then there are two-sided
inner functions ©,® such that

OW € Hzyy,  ®'W e Hzy,. (4.24)

In particular, if dim U < oo, then W has pseudocontinuation of bounded type to
both D and to D..

Proof. Suppose that W is L2-regular. Then by Theorem 3.4 we know that M =
L%-clos WH;F is full-range simply-invariant for M,. As explained in the proof
of Lemma 4.3, there is a two-sided inner function © so that OM C H7. As
M = L?-clos WH;?, it then follows that © - W € HZ .

Now suppose that dim U < oco. Let us denote by G the Hz(u)—function given
by
G=0 W
Solving for W then gives
W(z) = 0(2)"'G(2) = (adj O(2))G(z)/ det(O(2)). (4.25)

Here adj ©(z) is the adjugate matrix for ©(z) appearing in Cramer’s rule for the
inverse. Since ©(z) is bounded and holomorphic on I, so also is adj ©O(z) as well
as det ©(2). It is known that H?-functions are of bounded type on the unit disk
(i.e., can be written as the ratio of bounded holomorphic functions). Hence (4.25)
gives the pseudocontinuation of W(z) to D.

To verify the statement concerning ®, we use Theorem 3.4 to see that M* =
L?-clos W HF, is full-range and simply-invariant for M,-1. Hence the argument
in Lemma 4.3 can be used to show that there is a two-sided inner function ¥
so that U~IM> C HZ. This then implies that V"W = H € H?:(lu). One
can now proceed as before (with D, playing the role of D) to see that W has
pseudocontinuation of bounded type to D, for the case where dim U < cc. O

If W has a strongly bi-dichotomous realization as in Definition 2.2, then
in particular both W and W~1! are in LQE(U). Hence, in case W also satisfies the

regularity condition in part (2) of Definition 3.3, then W is L?-regular and Theorem
3.4 applies. Our next result identifies how to compute the pole-zero data &, &>
for the associated dual shift-invariant pair of subspaces (M, M*) directly from
the realization data.

Theorem 4.5. Suppose that W € L%(u) has a strongly bi-dichotomous realization
as in Definition 2.2, so (2.18), (2.19) holds with the realization data

D= (CiaA:t7B:t7D7Ci7Ai5Bi’DX)

satisfying conditions (1) -(5) in Definition 2.2. Let M and M* be the associated
forward- and backward-shift-invariant subspaces

M = L?-clos W - Hi?, M = LP-clos W - H,.
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Then there exist coupling operators
I':DI) Cc Xy — X, r*:pr*)cx. —xx
so that
&= (C_,A_,AX,B*I), 6% = (Cy, Ay, AY,BX,TX) (4.26)
are admissible Sylvester data sets such that
M= Mg, M* = M,
(see (4.3) and (4.4)).

Remark 4.6. Note that the cross-decoration x for the matrices in a bi-dichotomous
realization refers to matrices associated with the realization for W ! whereas those
without the X are matrices associated with the realization for W. In connection
with Sylvester data sets, on the other hand, matrices with the cross-decoration
x refer to matrices associated with the backward-shift-invariant subspace M*
while those without the decoration x refer to data for the forward-shift-invariant
subspace M. Theorem 4.5 is one place where these conventions get tangled up; this
explains the perhaps startling appearance of & and &% in (4.26). A similar tangling
occurs in the context of Theorem 5.1. Note that matrices A, B, C' coming from a
bi-dichotomous realization always carry a subscript A1, By, Cy (or A, BY,CY),
with + associated with the part analytic on the unit disk D and — associated with
the part analytic on the exterior of the closed unit disk, while C, A, Z, B from a
Sylvester data set carry no subscripts.

Proof of Theorem 4.5. We verify only the statement concerning M and & as the
proof of the corresponding statements concerning M* and &* is exactly parallel.

We first verify that
Pz M ={C_(2I = A_)"'a: 2 € D} (4.27)

for a dense linear submanifold D of X_. Consider first the case where h = W-p € M
for a polynomial p(z) = > .7, pn2" where p, € U is zero once n > N for some
N < oco. Then we compute, for n < 0,

[Wp]n = Z C,AZB,pj

i,j€Zy: —i—14j=n

Y CoATBy,

JELy
_ C,A:n_l . Z A‘]_pr]
JEL+
=C_A"" 12 where z = Z A'Zprj = 5?47,3,11

JELy
(Note that the sum defining = is finite since p(z) is a polynomial.) We conclude
that R
P (W(2) pl2)) = O (s~ A)a = Ob_y
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where z € Ran C, 4_.B_|p,- Conversely, by reversing the above computation we see
that
{Obcw77A7$:$ERan CA,,B,‘PM} CPHaLM. (4.28)

Now suppose that h € L} is a general element of M. Then h = L} —
lim,, o W - p, for a sequence of polynomials p,, € P,;. Then also
Pyaih =L — lim Pyay (W py).
By the polynomial case done above, we know that
PHaJ_ (W -pn) = @C,,A,xn

for a vector x, € A_. Since Pz, (W -pn) — Pz h in HZ* as n — oo, by the
assumed exact observability of (C_, A_) it follows that lim, o ©, = z exists in
X and then also
Pyaih=0p 4 .
Thus there is a linear submanifold D of X_ so that (4.27) holds. As D contains
Ran CY 5 |p, by (4.28) and (A_, B_) is assumed to be controllable, it follows
that D is dense in X_.
We next verify that

MO HY =Ker Cyx px. (4.29)
Suppose therefore that h € M N HF. Then
h:LZ,fnlgr;OW-pn
for a sequence of analytic polynomials p,, € Py,. Since W1 ¢ L%(u), My -1: f —
W1 f is continuous from L}, into L}, in the weak sense of Proposition 2.1, and
hence
Wt h=H}— lim Wt (Wp,) = H}, — lim p,
exists as a weak limit in sz In particular, W~th € Hz}t and it follows that
W=t hl,=0fornecZ_.
We compute, for n € Z_,
0= W= h], =[CX(zI — AX)"'B*h(2)]n
= > C*(A*)'B*h;
1,JE€Ly 1 —i—14j=n
_ Z Cfo(fnflfi)thj
JELy
= XA N (AX) B by
JELy

= CX(A) G
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Since by assumption (C*, A*) is observable, we conclude that CAIbAX7BXh = 0.
Conversely, reversing the argument shows that if h € Ker CAZX BX the;l I/I}*l -h e
H}, and hence h € H3 N M. In this way we have verified (4.29).
Now let k be an arbitrary element of M. By (4.27) k has the form
k=0 4 a+f

for some z € D and f € Hf,. Define an operator I': D — X by

T =Chx pof. (4.30)
Since by (4.29) we know that MNH is exactly equal to Ker CAZX X it follows that

the formula (4.30) for T' is well-defined, i.e., the expression (:’zx B

of the choice of f € H7 for which (5%7,1479: + f € M. It follows that we recover
M from & = (C_,A_,AX,BX,T) (as in (4.26)) as M = M.

To check that & given by (4.26) is an admissible Sylvester data set, it remains
only to check that I' with domain D as given above is a closed operator. This follows
from M being a closed subspace of L}, as follows (the reverse direction was done
in the proof of part (1) of Theorem 4.2). Suppose that {x, }ncz, is a sequence of
vectors from D such that

f is independent

lim z, =z € Xy and lim Tz, =y € X[,
n—oo n—oo

As @é,,A, is bounded, we then get

lim Cl 4 @, =Cl 4 a. (4.31)

n—oo

Since (AX, BX) is exactly controllable, we may choose

fn € Ran (@X,BX)* = (Ker @X7BX)L C H}
so that
Iz, = CAZE,BE fn-
The characterization of M as M = Mg then implies that
O 4 ap+ foeMioralneZ,. (4.32)

The assumption that lim,_, ., 'z, = y exists combined with the exact controlla-
bility of (A*, B*) implies that
lim f, = f € Hf exists in H and y = lim 'z, = C%AX gr [ (4.33)
n—oo n—oo — —

But then, by (4.31) and (4.33) we have

lim [@7}A7xn + ful = %77A7x + f. (4.34)

n—oo
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By (4.32) and the hypothesis that M is closed, we conclude that
(?8_7 A+ feM.
Now the characterization of M as M = Mg together with (4.33) gives us that
mEDandy:CZ"X’BXf:Fx.

We have now verified that I' is closed as wanted. This completes the proof of
Theorem 4.5. U

5. Dichotomous realizations for strongly regular matrix-valued
functions via pole-zero data

The following result provides a state-space implementation of Theorem 3.4 as well
as a converse to Theorem 4.5. We refer the reader to Remark 4.6 for a guide
through the thicket of notation in the following theorem.

Theorem 5.1. Suppose that (M, M*) is a dual shift-invariant pair of subspaces as
in Definition 3.1. Then:

1. There are admissible Sylvester data sets
6:(O7A7Z7B7F)7 6>< :(OX7AX7Z><7BX7FX) (5'1)
such that
(a) A*, Z, (A™)*, Z* are all strongly stable (and hence in foct A, Z, A
and Z* are all strongly bi-stable),
(b) the coupling operator I's gx (see (4.6)) is invertible, and
() M= Mg, M* = Mg, (see (4.3) and (4.4)).
2. There is an L*-reqular L(U)-valued function W on T such that
M = L-clos WH?, — M* = L*-clos WHS,,. (5.2)

Realization formulas for W and W~ can be constructed from the Sylvester
data sets & and &> in (5.1) as follows. Define operators U and ¥ according

to
M i DI
U — r 7Z@,BOéX,AX -B . D(;X)) |:XZ:| (5 3)
— | _oxpf b X _px | - X :
I Z CZX,BXOC,A r B U =z
N —I* —Cl 5Ok 4A D) X%
V= _é\%,BOé’x,AXAX =T : |:D(F) :| — | Xz |. (5'4)
O —-C u

Then it holds that

dim Ker ¥ = dim U, dim {féi} /Ran ¥ = dim U.
zZ
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Let
B_ D(T)
By|:U—Ker¥C |DITX) (5.5)
D u
be an isomorphism between U and Ker U, let
Xz
[CX C* D¥]: |Xz| —U (5.6)
U
be a surjective linear map with Ker [C*  C} D*]| = Ran U, and set
L=CXCl. 5Ok 4B +C*CY 3O, ,.Bs+ D D, (5.7)

Then L is invertible and one choice of an L*-regular W satisfying (5.2) is
W(z)=C(zI — A)'B_+D+2C*(I1 — zA*)"' By (5.8)
with inverse W1 given by
W(z) "' =L""[CX(z] = Z) "B+ D" 4+ 2C5(I — 2Z*)"'B"] (5.9)
and (5.8), (5.9) provide a strongly bi-dichotomous realization for W.

Proof of (1): Let (M, M*) be a dual shift-invariant pair of subspaces of L?,. In
particular, M is full-range and simply invariant for M,. Hence, by part (1) of
Theorem 4.2, M has the form M = Mg for an admissible Sylvester data set & =
(C, A, Z,B,T) with both A and Z bi-stable. Similarly, as M* is full-range and sim-
ply invariant for M, -1, part (2) of Theorem 4.2 guarantees that M* has the form
M* = Mg, for an admissible Sylvester data set 6% = (C*, A%, Z*,B*,T*)
with both A* and Z* bi-stable. Finally the matching condition (3.1) in part (3)
of Definition 3.1 combined with part (3) of Theorem 4.2 guarantees that the cou-
pling operator I'g g~ associated with & and & as in (4.6) is invertible. We have
now verified all of (a), (b), (¢) in part (1) of Theorem 5.1. O

Proof of (2): We assume that we are given a dual shift-invariant pair of subspaces
of the form Mg, Mgx for admissible Sylvester data sets &, &* with the stability
properties listed in part (la) in the statement of the theorem. By the proof of
Theorem 3.4, we need only construct a function W &€ L%(u) so that

WU =zM*"NM=:L.

Suppose that h € 2zM>* N M. Then, on the one hand, h = zk* where k>, as an
element of M*, has the form

EX(2) = [OL o™ + £X)(2) = (I — 2A) 2™ + fX(2)
for an 2% € D(I'*) and an f* € HZ' subject to

Chu pu I =T"a.
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Then h = zk* has the form
h(z) = [M. - (Ofs ye™ + [)](2)
=207 (1 — zA) 12X 4+ 2f%(2)

= 20" (I = zA%) '™ 4 (Ppae Mo f*)(2) + [f*] -1 (5.10)
On the other hand, as an element of M, h also has the form
h(z) = [O% 4z + fl(z) = C(2I — A) "'z + f(2) (5.11)
where z € D(T') and f € H satisfy
(?%,Bf =Tz

By equating H7*- and H2-components in (5.10) and (5.11) we see that
Py M.f*)(2) = Ca1 — A,
F(2) = [F]r + 207 (T — 2A%) 2%,
By combining (5.10) and (5.11) we see that we can assume that h has the form
h(z) = C(zI — A) te +u+ 207 (1 — 2A%) 1o (5.12)

for an z € D(I'), a u € U (considered as a constant-function element of H7) and
an z* € D(I'*). The added condition for an element of the form (5.12) to be in
M is that

szCA%,B(u—I—MZ@éX ax ). (5.13)
We note that
C'%Bu = Bu

and we compute

oo
6%~,BMZO\£X,AX'IX = Z ZHB[MZ@éX,AX xx}n
n=0

Z ZnBCX(AX)nflzx

n=1

=7y Z"BC*(A*)"x*
n=0
= Z@Z’B@éx ax T
Thus (5.13) can be written in more succinct form as

x
r —zCYy 0L, ,. —B] 2| = 0. (5.14)
u
Similarly, we require that h as in (5.12) have the property that

2T h(z) =270 — A) e 4 2T u 4+ CF (1 — 2A) T
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be in M*. The additional constraint for this to happen is that

Ch g (M1 O 43+ M—1u) = T*z*, (5.15)
We note that
Cl. pM,1u=B*u
and a calculation similar to that done above gives that
Cho g M1 Of g1 = Z7Ch 1 O s,
Thus (5.15) can be written more succinctly as
R R x
{—Zxch 5O, T —BX} 2| =o. (5.16)
u

Combining (5.14) and (5.16), we conclude that h of the form (5.12) is in zM*NM

x

exactly when [;CX ] s wn Ker W.
u

By assumption the input pairs (C, A) and (C*, A*) are observable, and hence
the correspondence

x
2| s C(2f — A) 7 ro + 20°(1 — 2A) 12X 4 u
u

between Ker ¥ and L is bijective. Under the assumption that (Mg, Mg, ) is
a dual shift-invariant pair, the proof of Theorem 3.4 tells us that £ and U are
isomorphic. Hence we may choose an isomorphism between £ and Ker ¥ of the
form (5.5). Then, according to the prescription in the proof of Theorem 3.4, W(z)
as in (5.8) gives a Beurling-Lax representation for the dual shift-invariant pair
(M, M*) as in (5.2).

As was shown in the proof of Theorem 3.4, W*~! arises as the Beurling-Lax
representer for the dual shift-invariant pair ((M*)+, M*). By the formula (6.2)
proved below, we know that

(M) = Mexyr,  Mb=Mg,
where the admissible Sylvester sets (&*)+ and &+ are given by
(6><)J_ _ (BX*,ZX*,AX*,CX*, —FX*), GJ_ _ (B*,Z*,A*,C* _ 1—‘*). (5.17)

Let us denote the constraining operator given by (5.3) but with ((&*)+, &%) in
place of (6,6) by ¥, . Then careful substitution gives
. _Ix* _Ax*é\zp(* Cx*é\é* - —_Ox*
L= ofH T ’
_A CA*,C*OZ)BX*,ZX* _F _O*
as an operator from D(I'**)&D(I™*)GU into X &Xp. We follow the recipe arrived
at in the first part of the proof with this new data set and choose an isomorphism
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of the form
(5 D(I")
(C*)*| : U — Ker ¥, C | D(I'™)
(D¥)" U

Then we arrive at a Beurling-Lax representer W for (M>)+, M1) of the form
Wi(z) = B**(2I — Z7*) " (CL)* + (D*)* + 2B*(I — zZ*) "' (CX)*.
Therefore we find that
Wi(1/z)" =2CX(I —22*)"'B* + D* +C*(zI - Z)"'B (5.18)
where the block row matrix
(C3)
(€ ©¢* Dx]=|(C¥)
(D*)*
is characterized as a bounded linear operator from X7 & Xp ®&U onto U with kernel
equal to (Ker ¥, )+ = Ran ¥* . Finally we note that ¥% = W where ¥ is given
by (5.4). Thus W (1/z)*~!, apart from the constant factor of L=! in the front, is
given by the expression (5.9).
From the uniqueness part of Theorem 3.4, we know that there is a constant
invertible operator L on U so that
W (1/2)* 'L = W (2)
where W (z) is given by (5.8). The constant operator L is then determined by
L=wW,(1/z)"W(z). (5.19)
To find L (denoted for the moment L(z) but it eventually will turn out to be a
constant function), we compute
L(2) = (201 (I —2Z2*) 'B* + CX(2I — Z)"'B + D*)
(C(zI — A)'B_ 4+ 2C*(I —zA*)"'B, + D)
B_
=[C¥ CX DX]|Q(2) | By
D

where we have set Q(z) equal to

Qu(z) Qu2(2) Qus(2)
Q(2) = [Q21(2) Q22(z) Qa3(2)
Q31(2) Q32(2) Q33(2)
2(I —2Z2*)"1B*
= |z ' I -2 2)7'B| [z7'CI — 27t A)~ 20%( —zA%)" 1.
I
(5.20)
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Since (Z*,B*) and (Z, B) are exactly controllable, we see that the left factor

. . . . 2 . . . .
on the right hand side of (5.20) is in Lc(u,x; o xsoU) similarly, since (C, A) and

(C*,A*) are exactly observable by assumption, we see that the right factor on

. . . . 2
the right hand side of (5.20) is in Ll:(XpeaX; U L)’ Hence the product Q(z) has

each block entry in the appropriate operator-valued L'-space by Proposition 2.1.
We compute

Qu(2) =2(I —22°)'B* . 27'C(I — 27 *A)~!
_ Z ZXiBX (AT i+l i1
1, EL

and hence the Fourier coefficients Q11(2) = >, 4 [Q11]n2" for Q11 are given by

Quln= Y.  Z¥B*CA
4,J€ELy  i—j=n
S0 W ZXBXCAY =C, Ok if n =0,

S o ZXHBXCAT = 27XCY, 5 Ok, ifn > 1,
S ZXIBXCAT =Cf, 08 AT i < —L
Thus Q11(z) is given by

-~

o0 o0
Qui(z) = c§X7BX Obia+ > 27Ch. B Ob a2+ Cl. pxOp A A"

n=1 n=1
=Clo 5Ot g+ 2(1—227°)7127Cl 5. O 4
+Cl 5 OLa Az (I =27 A) (5.21)
Similarly
Qua(2) = 2(I — 2Z2°)7'B* - 2C* (I = 2A*) ' = > Z¥'BXC* A2,
1,JE€EL

Thus [Q12], = 0 for n < 1. If we restrict all operators to D(T") and use the Sylvester
equation (4.1) associated with &>, we see that, for n > 2,

n—2

[Qi2]n = Z ZXIBX (X gXn—2—1

=0

n—2 ) )
_ Z sz(FxAx _ ZXFX)Axn—2—z

=0

-2
— nz: [inl—\xAxn—l—i _ in+1FxAxn—2—i]
=0
— F><A><n71 o anflrx
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and hence

QlQ(Z) _ ZFXAanlzn _ Z ZXn—1pX n
n=2 n=2
_ ZI\XAXn—lzn _ Z ZXn=1px n
n=1 n=1
=T%2(I — 2A) "t — 2(I — 22°)7 1T, (5.22)

Similar computations or direct copying from the definition (5.20) give us the re-
maining entries of Q(z):

Qi3(2) = 2(I — 22*)"'B*, Qo(2) =T -2(I —2zA)™' — 2(I — 22)7'T,
Q22(2) = CY pOL 4x +ChpOL. 4 A - 2(I—2A%)7"
+2 M =271 2)71 2CY pOL 4
Qas(2)=2"YI—-27"12)7'B, Qa1(2)=2"'C(I - 271471,
Qgg(z) = ZCX(I — ZAX)_l, Q33(Z) =1. (523)

We emphasize that we view expressions of the sort
I -2t 2)7 2(I —227)71, M I —271A)7 2(I —zA)™!

as formal Fourier series in powers of z and z~!; only after performing the operations
indicated in (5.24) at the level of formal Fourier series do we arrive at a formal
Fourier series which is guaranteed to be the Fourier series of the weak H'-function
Q(2).

We reorganize this information (5.21), (5.22), (5.23) in the form

oI — 22%)! 0 o 1
Q(z) = — 0 (21 — Z)" L 0} v
0 0
3 0 I|[z7YI—-z1A)"! 0 0
I 0 0 2(I—2zA%)"1 0
Cl 5Ok 4 0 0
+ 0 Ch50L. 4x O (524)
0 0 I

Since

B_
U [By|=0and [CY CX D*]T=0
D
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by construction, we see that L(z) collapses to the L given by (5.7) since

B_
L(z)=[C} C* D*]Q(z) |B+
D

CéX,BXOg‘,A 0 0 [B-

X X A

=[c; C* DX 0 CY 5OL 4 0| | B+

0 0 I\ LD

= CCh 5xOf aB- +C*CY 3OL. By +D*D=L.

From the general theory from the proof of Theorem 3.4, we know that L is invert-
ible and the formula (5.9) follows as well.

To verify that (5.8) and (5.9) provide a strongly bi-dichotomous realization for
W, it remains only to check that (A, B_) and (A*, By) are controllable and that
(CX,Z) and (CI, Z*) are observable. We check only that (A, B_) is controllable
as the others are similar. Since L?-clos WH;? = M = Mg, it follows from the
proof of Theorem 4.5 that it must be the case that

Ran @‘737 |7, is dense in D(T").

As D(T') is dense in Xp we conclude that Ran (:’\Z_B_ |p, is dense in Xp, i.e., the
input pair (A, B_) is controllable. This completes the proof of Theorem 5.1. [

Remark 5.2. As a corollary of the proof of Theorem 3.4 and part (3) of Theorem
4.2, we see that I'g g x invertible implies that dim Ker ¥ = dim U, i.e., after some
transformations to write the result in the starkest terms, under the assumption
that & = (C,A,Z,B,T') and 6* = (C*,A*,Z*,B*,I'*) are both admissible
Sylvester data sets, we have

r et 0oL, ..
S ~b Z,B S A invertible
CZX,BXOC,A r
r 7¢O -B
— dim K N . B O, A% = dim U.
im Ker Zxch ong,A I B im

We do not know how to prove this directly except in some special cases. One such
special case is the case where both A* and Z* are invertible. In this case one can
use the identity

I 0
0 —C*
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to see that Ker W is isomorphic to i/ when I'g gx is invertible. In this case one

B_
choice of {34 is

D
B_ 0 1 0 X\ —1 1o x
Bi|l =10+ [0 —A%| Teex)" [(Z )B B } (5.25)
D 1 0 —-C*
In this case we may write
207°(I — 2A%) 7 = —2C* A (2l — AXTH7!
— _CAX—l _CAX—l(ZI_ Ax_l)_lAX_l.
Then we have
W(z)=[CzI — A~ 2C*(I —2zA4%)7] [B} +D
By
_ v ax_11 [(zI = A)71 0 1 0 B_
=lc ora] [ 0 (2 — A<= lo —ax—1||B,
—C*A*"'B, +D.
If we now use (5.25) to plug in for B_, By, D we get
[T = A7t 0 1 0
W(z)=[C C*A*] [ 0 (2 — A1~ |0 —ax-1|
I 0 1 [Z2*71BX*
: |:O _A><:| (FG,GX) ! |: B :|
Zx—le
_ X AX—1 _AX —1
CXA [0 —A¥] (Do .ox) [ B }
fole
_ X -1
+ <I+[O C*] (Tg,ex) [ B D
1 [T = A7t 0 1 [Z2*71BX*
= [C crAx 1}|: 0 (ijAxfl)fl (F6,6X> ' B + 1.

This is the form of the solution with value at infinity equal to I given in [19,
Theorem 4.3.1] for the rational case.
Similarly, it would complete the theory to have a direct proof of the fact that

invertibility of the coupling matrix I's g~ implies the invertibility of the operator
L (5.7).

Remark 5.3. We can now give an alternative proof of the result of Theorem 4.4
concerning pseudocontinuation of bounded type as follows. Suppose that W €
LZL(U) is L2-regular and that dim & < oo. By Theorem 5.1, W has a strongly
bi-dichotomous realization (5.8), (5.9) arising from a pair of admissible Sylvester
data sets

6:(C7Aﬂz7B7]‘_‘)’ GX:(CX?AX7ZX7BX7PX)
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for which

L*-clos WH;Y = Mg, LP-closWH, = MZ,.
By the proof of Theorem 4.2, we may assume without loss of generality that &
and &> have the model form

Xp = L*-clos Pz M, Xz =Hj6 (MnH),
Xp = L*clos Pz M, X3 = Hjy- © (M™ N H")
with
A=Px,M.|x,, Z=Px,M|x,
A = Py 2% = Prx Mot 5.

z—1 |X7>,< 5
As we have seen via Lemma 4.3, the fact that M is full-range simply-invariant
for M, and that M* is full-range simply-invariant for M,-1 implies hat A,Z A%,
and Z* are all strongly bi-stable, i.e., are in the Sz.-Nagy-Foias class Cyy with
characteristic function equal to a matrix-valued (since dim U < oo) two-sided inner
function. As all these operators are contractions, certainly all have spectra in the
closed unit disk . In case dim & < oo, one can say more: the intersection of the
spectrum with the open unit disk consists only of eigenvalues of finite multiplicity
having no accumulation point in D and consequently each of the resolvents (21 —
AL (2I=2)7Y, (21 =A%)t and (21— Z*)~1 is meromorphic on D (see e.g. [38,
Section VL.4]). We then see that 2(I—2A4%)"! = (271 1-A*)"tand 2(I-22%)"1 =
(2711 — Z*)~! are meromorphic on . As A, Z, AX and Z* are all contractions,
by the Neumann series expansion we read off that (21 — A)~! and (21 — Z)~! are
analytic on D, and that z(I —2A*)~! and 2(I — 2Z>*)~! are analytic on D.. Then
from the formulas for W and W~ (5.8) and (5.9) we read off that W and W1
have meromorphic pseudocontinuation to both D and D.. Moreover, since dim U <
00, it is possible to argue that these pseudocontinuations are of bounded type,
but we omit the details concerning this point. By the observability/controllability
properties of the realizations (5.8) and (5.9), one can say more: the poles of W in D
consist exactly of the eigenvalues of A in D, the poles of W in D, consist exactly of
the reflections 1/ of the eigenvalues A of A* in D (where we interpret oo = 1/0),
the poles of W1 in D consist exactly of the eigenvalues of Z inside I, and the poles
of W=t in D, consist exactly of the reflections 1/) of the eigenvalues A of Z* in
D. In this way we arrive at a realization-theoretic proof of the pseudocontinuation
part of Theorem 4.4.

Remark 5.4. 1t is of interest that strongly bi-dichotomous realizations for a given
L?-regular function W are unique up to a state-space similarity, i.e., given a
strongly bi-dichotomous realization (2.18) and (2.19) together with a second strong-
ly bi-dichotomous realization for W

W(z) =20 (Ix; —2A ) 'Bl.+ D' +C" (21, — A" )" 'B_ (5.26)

+

W(z)™' =20 (T — ZAV)TIBY 4 D+ O (2l — A)TIB, (5.27)
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then there are bounded and invertible similarity transforms
Sy e L(Xy, XL, S_eL(x_,x),
SPeLxr,xr) S*er(xr,xx)

so that

CL=Cy87", A, =S A;S7', B, =SBy,

. =0c_87", A =S A.S"' B =SB,

c = CISIA, Al = SIAJrSf’l, B = S¥By,

c*=cx8x AX = §XAXgx Y B =S*B_. (5.28)
One way to prove this is to show that any strongly bi-dichotomous realization is
similar to the model bi-dichotomous realization coming from Theorem 5.1 with
Sylvester data sets (&,5*) taken to be the model Sylvester data sets arising
from the dual shift-invariant pair (L*-clos W H;?, L*-clos W H;,). However one
can proceed more directly as follows. By equating Fourier coefficients in the two
supposed realizations for W (z), we get the moment equalities

CLATB, =CAYB forneZ,, D'=D,C_A"B =C_A"B_forneZ,.
To get the first set of equalities in (5.28), it suffices to find a bounded, invertible
similarity T = S77': X, — X/ so that
cy=r1cy, Af=TAT', B*=BT" (5.29)
It is then natural to define T so that
T: A"Chiuw— AZCY.

which then forces

TCax cr{utnez, =Carr o {ttnez,
Since as part of a strongly bi-dichotomous realization we know that (C4, AL ) is
exactly observable, it follows that

T =Capcr(Cascr) ' = (00, a,) (Oc, 4, )

is bounded and invertible. It is now straightforward to check that T meets all the

intertwining conditions (5.29). The other intertwining relations in (5.28) can be

solved in a similar way using the exact observability of (C_,A_) and (C’,A")

and the exact controllability of (A%, BY), (A, BY), (AX,BX), and (A, B™).
In a similar vein, one can show that two admissible Sylvester data sets

6= (C,A,Z B,T), &' =(C" A, Z BT

give rise to the same full-range M, -simply-invariant subspace Ms = Mg if and
only if & and &' are similar in the sense that there are bounded, invertible simi-
larity transformations

S: Xp — Xp, T: Xz — X%
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so that
C'=081, A =SAS™H, Z'=T2ZT7!, B' =TB, " =71rs*

A similar statement holds for two admissible Sylvester data sets giving rise to the
same full-range M,-:-simply-invariant subspace Mg = M, .

6. J-orthogonal dual pairs of shift-invariant subspaces and strongly
regular J-unitary functions

We now assume that .J is an operator on I such that J = J* = J~!. We identify .J
with J®1Iy: (the operator of multiplication by the constant function J on L}). We
say that the £(U)-valued function ©(z) is a J-unitary function if ©(2)*JO(z) = J
for almost all z € T. We are interested in adapting the results of the previous
sections to the case where W = O is a J-unitary function in L%(u)'

From the J-unitary property of ©(z) for z € T, it follows that ©(z)~! =
JO(2)*J for almost all z € T, and therefore we also have ©~1 € Li(u)' Following

the terminology of Definition 3.3, we say that the J-unitary function © is L2-
regulor J-unitary if the operator
—1
MePyz Mg': L — Ly

extends to define a bounded operator from L7, to itself. From the identity ©7! =
JO*J we see that the J-unitary function © is L2-regular exactly when the operator
Mg JPH@ Mg J extends to define a bounded operator on Lg,. This operator in turn

is a J-self-adjoint projection operator onto the subspace M := L2-clos OHY.
Thus the J-unitary function © being L2-regular means simply that the subspace
M := L?-clos ©H} is the range of a bounded J-self-adjoint projection operator,
ie., that M is regular as a subspace of L?, considered as a Krein space with
indefinite inner product (-,-); induced by J:

(b = F.9)1z, = 5= [ Q9O 1.

If © is J-unitary and M = L%-clos ©H;?, then one can check that
M* = L*-clos OHF
= L*-clos JO* ' JH®
= L*-clos JO* ' HP
= (Lz—clos QHLOIO) +
— ML
With these observations, Theorem 3.4 assumes the following form.

Theorem 6.1. (See [20, 21|.) Suppose that M is a subspace of L?,. Then the fol-
lowing are equivalent.
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1. M is a full-range, simply-invariant subspace for M, which is reqular as a
subspace of the Krein space (L}, (-,-)).
2. There exists an L*-reqular J-unitary function © so that M = L*-clos OH.

Proof. Suppose first that M is a full-range simply-invariant J-regular subspace
This means that the pair (M, M=7) is a dual shift-invariant pair. By Theorem
3.4 there is an L*regular £(U)-valued function W so that M = L2-clos W H;?
and M+7 = L2-clos W HF,- It is not difficult to check that W’ = JW*=1 also
serves as a representer for M and M=7. By the uniqueness assertion in Theorem
3.4, it follows that there is an invertible constant operator X € L(U) so that
JW*=1 =W X1 ie., so that

W(z)*JW(z) = X for almost all z € T.

Thus X must have the same inertia as J, i.e., there is a constant operator X’ €
L(U) so that X = X*JX'. If we then set ©(z) = W(2)X'~!, then O(z) meets
all the requirements of part (2) of Theorem 6.1. The converse direction is easily
checked directly. This completes the proof of Theorem 6.1. (|

Proposition 6.2. Suppose that & = (C, A, Z, B,T") is an admissible Sylvester data
set as in Definition 4.1 and let Mg be the associated full-range simply-invariant
subspace for M,. Then

MéJ = éLJ7 (Mé)LJ :MGJ.J (6.1)

where we have set
6+ = (JB*, Z*, A*,C*J,—T*). (6.2)

Proof. We prove only the first of the identities (6.1) as the proof of the second is
completely similar.

First note that it is an easy consequence of the Definition 4.1 that &7 is
again an admissible Sylvester data set whenever G is an admissible Sylvester data
set. Indeed, exact observability of (C, A) is equivalent to exact controllability of
(A*,C*) and hence also for (A*, C*J), exact controllability of (Z, B) is equivalent
to exact observability for (B*, Z*) and hence also for (JB*, Z*), and it is an easy
(if somewhat delicate) exercise to show that

I'Az — ZT'x = BCx for all x € D(T') <
A T*y —T*Z*y = C*B*y for all y € D(T™).

Thus MéM is a closed M,-:-invariant subspace of L?, along with M being a
closed M, -invariant subspace.

Suppose now that g + h is J-orthogonal to all of Mg, where g € HZ" and
h € Hp. In particular, necessarily h is J-orthogonal to Mg N HY = KerCA%,B.

~
*

As (Z,B) is exactly controllable by assumption, (@_’B) = Of;*,z* has closed
range and (Ker @7B)L = Ran @J’;*,Z*. Hence, the fact that h is J-orthogonal to
Mg N HZ% gives us that there exists a y € X'z so that h = 553*,2*9' Next let
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@bC’Ax + f be a generic element of M. Then the J-orthogonality of g+ h to Mg
gives us

0= (J(g+h), 08 sz + f)rz

= (Jg, O%,Am>H§l + <JO§B*,Z*ya f>H5

= <C£*,C*J97$>XP + <y’€‘é,3f>2(z

= <C£*7C*J‘g7 .’II>X7;, + <y’ Fx)XZ
where we used the defining condition @’Z pf =Tz for the admission of (5% ar+f
to Mg in the last step. This last identity finally shows that y € D(I'*) and
Iy = —Cfl*,c*Jg, i.e., that g+O§B*,Z*y € MélJ. We conclude that (Mg)+7 C
Mé 17+ The reverse containment can be checked directly. This concludes the proof

of Proposition 6.2. O

Remark 6.3. Suppose that we are given two admissible Sylvester data sets G and
G asin (4.5). As explained in part (3) of Theorem 4.2, then the pair (Mg, M, )
satisfies the matching condition if and only if the coupling operator I's gx (see
(4.6)) is invertible. Using the definition (6.2), substitution into (4.6) gives

FGXJ_J gls = _gﬁ*,c*(lé\ng*7ZX* . ]_—‘*Af
3 —FX* CAX*l’CX*JO'JB*’Z*
of b
R Vo = e
—_Ix* CAX*,CX*OB*,Z* ,

In particular, I'gx1s grs is invertible if and only if I'g gx = (I‘GXLIﬁM)* is
invertible. As a consequence of part (3) of Theorem 4.2, we conclude that the pair
(M, M*) satisfies the matching condition (4.8) if and only if the pair ((M>)+7,
M*7) satisfies the matching condition. This gives a concrete proof (via null-pole-
data calculus) of this result which can be also proved by using general duality
ideas. Note that the particular case of this result for the case J = Iy was used in
the proof of Theorem 3.4.

When part (3) of Theorem 4.2 is applied to the case where M* = M=*7 and
M is assumed to be in the form M = Mg for an admissible Sylvester data set,
we arrive at the following corollary.

Corollary 6.4. Let 6 = (C, A, Z, B,T') be an admissible Sylvester data set. Then
the associated subspace Mg is a regular subspace of the Krein space (L, (-,-)s)

if and only if the associated coupling operator
.| D) Xp
. [D (F*)] - [ XZ} (6.3)

—(Oc¢.a)*JOc.a I*

P = ~ ~
6,647 T CZ’BJ(CZJ;)*

is invertible.
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Proof. Simply use the result of Proposition 6.2 that (Mg)t”/ = MX,, and apply
part (3) of Theorem 4.2. O

We are now ready to obtain a result concerning the realization of a J-unitary
Beurling-Lax representer in terms of null-pole data.

Theorem 6.5. Suppose that S = (C, A, Z, B,T") is an admissible Sylvester data set.
Then there is a L?-regular J-unitary function © such that

Mg = L*-clos© - H;?
if and only if the coupling operator I's 1 given by (6.3) is invertible. If this is
the case, introduce

U = r _Z@,B‘](@,B)* -B
A0 1) IO, —T* —c*J|’
let
B_ D(I)
By|:U—Ker ¥ cC |DIX)
D u

be an isomorphism between U and Ker U, with the additional property that
J = B* (0% 1) JOL 4B_ + B.CY 5J(CY )" By + D*JD.
Then a choice of © is given by
O(2) =C(zI — A 'B_+D+2JB*(I — 2Z*)"'By. (6.4)

Proof. This follows by following the recipe in Theorem 5.1 for the particular case
where G* = &7, In this case it works out that

N I ~Cl. o 08 4 A I 00
U= |-CY ,0)p. . 2" -T =0 I 0|¥*  (65)
_JB* -C 0 0 J
B” B_
If we use the notation |:B;_:| in place of {34 for the column matrix constructed
D’ D
as in (5.5), then
L =B"(Ok 4)*JOL 4B" + B} CY 5J(CY 5)* B, + D*JD . (6.6)

From the connection (6.5) between ¥ and U, we see that, in the recipe given by
Theorem 5.1, we can take

[c¥ C* D*|=[B* B} D*J].
Then the formula (5.8) for W (z) specializes to
W(2)=C(zI — A)~'B_ + D' +2JB*(I —z2Z*)"' B, (6.7)
while the formula (5.18) W, (1/Z)* specializes to
Wi (1/2)* = zB*(I — 2A*)"'C*J + D™*J + B (I — Z)"'B. (6.8)
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Hence W is a Beurling-Lax representer for the pair of subspaces (Mg, Mgis). If
we use (6.7) to compute W(1/z)* we arrive at

W(1/2)* = 2B™(I — zA*)"'C* + D™ + B/} (1 — Z)"'BJ (6.9)
and we see that
Wi (1/z2)" =W (1/z)"J.
From (5.19) we see therefore that
W(1/z)*JW(z) =L (6.10)
with L given by (6.6). From (6.10) we see that L has a factorization L = X*JX

with X € L(U) invertible. From (6.10), it is clear that ©(z) := W(z)X ! has
J-unitary values on T as wanted and that ©(z) is given by (6.4) with

B_ B"
By| =B | XL
D D’

7. Realization theory for J-inner functions
In this section we assume throughout that
dim U < oo. (7.1)

Then, as a consequence of Theorem 4.4 and Remark 5.3, any L2?-regular function
W e L%(u) has pseudocontinuation of bounded type to D and to D.. In particular

this is true for a L2-regular J-unitary function ©, so the values ©(z) for z € D
make sense at any point of analyticity of © which is at all points of D except for
the discrete set of poles in D. We can then introduce the kernel function Kg(z,w)
defined by

J—0(2)J0(2)*

Ke(zw) = 1—zw

(7.2)

for all pairs of points z,w in D where © is analytic. We say that the J-unitary
function O(z) is J-inner if the kernel Kg is a positive kernel on D x I in the sense
that

N
Z (Keo(zi, zj)uj, ui) >0
ij=1
for all choices of points of analyticity z1,...,zy of © inside D and vectors uq, ...,

uy € U for N =1,2,.... Among all L2-regular J-unitary functions, the L2-regular
J-inner functions have special structure, as summarized in the following theorem.
This result is essentially contained in [22]; for completeness we give a direct proof
for our context here.



Vol. 99 (9999) Discrete-time well-posed linear systems 45

Theorem 7.1. Suppose that © is a L?-reqular J-unitary function with associated
dual pair of shift invariant subspaces

Me = L?-closOH;Y,  Megrs = L*-closOH ) = M*
arising from the admissible Sylvester data set
6 =(C,AZ BT
as in (4.3), (4.4) and (6.2). Then the following are equivalent.
1. © is J-inner, i.e., the kernel (7.2) is a positive kernel on D x D.
2. The operator Q: L}, — L2, defined by
Q = JPy — JMe Pyz Mo (7.3)
18 positive:
(QFf, firz, >0 for all f € L.
3. The coupling operator I' is bounded and the coupling matriz I's g1 given by
(6.3) is positive-definite:
—(0c,4)"JOc, A r >0

T g = ~ ~
6,657 I CZ,BJ(CZ,B)* -

Proof. Choose a two-sided £(U)-valued inner function v so that ¢-© € Hp. Then,
for z,w points of analyticity for ¢~ in D and for all pairs u, u’ of vectors in U, it
is not difficult to see (see [22, Theorem 3.3]) that

(QMyrksy (- w)h(w)* ™, My ks (-, 2)36(2) ) o = (Ko (2, w)u, u'),
(7.4)
where we use the notation kg, (z,w) for the Szegt kernel

1
1—z2w

ks (z,w) =

From (7.4) we see immediately that (2) = (1). As Q‘wfl.Hg(L = 0, we see that
(1) = (2) as well.
We prove (2) <= (3) in detail under the additional assumption that

G4 = CY 5J(CYy )" is invertible. (7.5)

The general case can be reduced to this case by approximating (Z, B) by output
pairs (Z,, By,) which are still exactly controllable and which have the additional
property that ggm p,, are all invertible.

We therefore assume that G é p is invertible. In general, we have the following
general principle for computation of J-orthogonal projections: if X : X’ — N C L%,
is an injective parametrization of a subspace N' C L, then N is a regular subspace
of (L}, J) if and only if X*JX s invertible on X' and then the J-orthogonal
projection of La onto N is given by

Py = X(X*JX) ' X*J.



46 Joseph A. Ball and Michael W. Raney Comp.an.op.th.

We apply this principle to the case where N' = H?S ; (HZNM) with X = J(@’Z’B)*
and X*JX = Gj p to conclude that H} & (Hj N M) is a regular subspace of
(L%, J) with J-orthogonal projection given by
b * -15p
P2, m20m) = J(Cz B) (G7.8) Chs

The content of the extra assumption (7.5) is that not only M but also M N HZ,
and hence furthermore HZ ©; (HZ N M), is a regular subspace of the Krein
space (L%, J). Then necessarily M & (H7, N M) is also a regular subspace of
(L%, J). To compute its J-orthogonal projection, we have to first find an ap-
propriate parametrization X: X' — M ©; (HZ N M). For x € D(I'), define
f» € H> 6, (H3 N M) by

fo= J(CA%,B)* (gé,B)_l Iz.

The point here is that f, is the unique element of H? &, (H7 N M) so that
Og’A:r + f» € M. We conclude that

MOy (HiNM) = {0 4z + fr: x € D(T)}
and we can take the parametrizing map X to be
X =0, +J(Cp)*(Ghp) 'T:DI) = MS (HZNM)C LY. (7.6)

We now apply the general principle above with N'= M & (HZ N M) and X as
in (7.6). We therefore set

Gl = XIX = ((Ob ) +T"(G4,5) ' ChpT ) T (O a+1(Clp)"(G45)7'T)
=Gla+T"(Gzp) T (7.7)
and the J-orthogonal projection onto M &, (HZ N M) is given by
Pume a20m) = (@%,A + J(é\Z,B)*(gé,B)_IF) (Gx)7!
(O +T*(G45)7'T) . (7.8)
Let us set Py = M@PHE{M@—I equal to the J-orthogonal projection of L? onto
M. Therefore the operator @ given by (7.3) can be computed as
Q= JPy> — JPy
= J(Puz2o,mnmz + Prnnmz) = J(Prey(mnmz) + Punmz)
= JPH291(M0HZZ) = JPpme,mnn, HZ)

= 0% £+(G}5) (O 1) = T (Oa +J(C5)"(G45)7'T) -

B
(Gx)7 - ((Ok,0)" +T7(G.5)'C T ) . (7.9)
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Write Q as a 2 x 2-block operator matrix with respect to the decomposition L?, =
H? @ HZ*; the result is
| Qu ~(C} p)"(G%5) "' T(GX) (O 4)"T

*JObC,A(g')]()flr*(gé,B)il@,B 7JO%,A(Q§>71(OZ‘,A)*J
where we have set

/\b * - /\b /\b * — — * — Ab
Qu = (CZ,B) (gé,B) 1CZ,B - (CZ,B) (gé,B) 11“(95]() 'T (gé,B) 1CZ,B-

We note the factorization

Q

_ 925 -TGH)'T T, .
Q=M { e _g)JC M
where we have set
Mo |Con) @z 0 .
0 JO 4(G%)

Since M is injective, we see that positivity of @ is equivalent to positivity of the

middle factor
o [04s-T@) T T
= e —Q}I( .

By a Schur complement analysis, positivity of Q' is equivalent to

—G% >0and (G753 —T(Gx)'T") = (-D)(=G%) "' (-T")) = Gz.5 > 0.
(7.10)

On the other hand, I's g1 given by (6.3) can be written as

I 1J = _gé’A r
©e r gé,B

where we are assuming that G é g (as well as I'g 1) is invertible. A simple Schur-
complement analysis with pivot equal to the (2,2)-block entry tells us that the
positive-definiteness of I's & is equivalent to

Gy p>0and —GZ 4, —T*(Gy 5)~'T > 0. (7.11)

Recalling now the definition (7.7) of G we see that (7.11) and (7.10) are equiva-
lent. This finally gives us the equivalence of (2) and (3) for the case that G 5 is
invertible. 7

Finally we note that I's g.s being positive-semidefinite implies that I' is
bounded. To see this, apply the Cauchy-Schwarz inequality for the positive-semi-
definite form (-,-)r_ _ on D(T") & D(I'*) given by

S,6%

SR R
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to conclude that

(B, <R BB

(Cf, "zl < I(=G2a) A1 1G2.8) 29 | < I(=G2 ) 2MI(GZ.8) Al |

from which we conclude that
T < 1(=G& a) 2GS, 5) 2]l < oo.

This concludes the proof of Theorem 7.1. (]

8. Generalized Schur-Nevanlinna-Pick interpolation

In this section we still assume that dim ¢/ < oo but in addition we assume that U/
has a decomposition as
U,

The notation is to suggest that U; is an input space and U, is an output space
and we are interested in studying the space H?;?ui u) of L(U;,U,)-valued analytic
functions on the unit disk D. We are particularly interested in the closed unit ball
of this space, often called the Schur class, which we shall denote by

S Uo) ={s € Hey )¢ lslloe < 13-

We follow the usual conventions and abbreviate S(U;,U;) to S(U;) and similarly
with S(U,). We assume that we are given a two-sided inner function b, € Sgy,), a
two-sided inner function b; € S(i;), and a function sg € HZw, u,)- The generalized
Schur interpolation problem (with data set b,, b;, so) GSIP(b,, b;, so) then is: find
s € S(Ui,Uy) so that by (s — so)b;* € HZus, .- We introduce a notation for the
set of all solutions: /

S(bo, biys0) = {s € SU;,U,): s solves GSIP(b,, b;, so)}-

There is an equivalent state-space formulation of the problem GSIP(b,, b;, so),
called a bitangential interpolation problem (BTIP), which we now discuss. Let
A: Xp = Xp, U: Xp - U;, V: X — U, Z: X, — X, X: U, = X, Y: U; —
Xr and I': Xr — X be bounded linear operators. We say that

T=(UV,A,ZX,Y,T) (8.1)

is an admissible interpolation data set if (U, A) is exactly observable, (Z, X) is
exactly controllable, A and Z are strongly bi-stable, and T" satisfies the Sylvester
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equation TA — ZT' = XV — YU. It is immediate that if (U, A) is exactly observ-
able then ([};], A) is exactly observable, and if (Z, X) is exactly controllable then
(Z,[x -v]) is exactly controllable. Hence

&7 = dg} VA Z X =Y ,F) (8.2)

is an associated admissible Sylvester data set. The bitangential interpolation prob-
lem (with data set Z7) BTIP(Z) then is: Find all s € S(U;,U,) so that

PHZ‘f{i Msal(},A = @Q/,Aa CA%,X]\/[S‘HZZ = @,Y? @,XPHZZ;O MS@bU,A =TI
We introduce a notation for the set of all solutions:
S(T) = {s € S(U;,U,): s solves BTIP(Z)}.

Given (b,, b;, sg) for the GSIP, we may construct Z as follows. Let M be the
full-range M., -simply-invariant subspace

b, s pt
Mboab'iyso = |:0 Zle :| HZ?{ (83)

and construct an admissible Sylvester data set & = (C, A, Z, B,T') so that
Mb07bi,30 = MG
Then & has the form

62([% A 7, [x -v], r)

where T = (U, V, A, Z, X,Y,T") is an admissible interpolation data set. Moreover,
the solution sets for the two problems are the same: BTIP(Z) = GSIP (b,, b;, s¢)-
Conversely, given an admissible interpolation data set T for a BTIP, it is possible
to construct a data set (b,, b, so) for a GSIP so that S(bg, b;, s0) = S(T).
Parametrizing solutions of such problems is closely related to J-inner func-
Iy, 0
0 —Iy
bining the results of this paper with the approach to interpolation from [20, 19, 23].

tions where we take J = { ] . The following result can be proved by com-

Theorem 8.1. Given the data (b,, b;, so) for a GSIP (respectively, the data T as in
(8.1) for a BTIP), form the subspace M := My, p, 5, = Ms, . ., asin (8.3) (re-
spectively, the subspace M := M1 = Mg, where St is the admissible Sylvester set
associated with T as in (8.2)). Then the interpolation problem GSIP (respectively
BTIP) has solutions if and only if the coupling matriz T := ngmbilso7(6%%50%1
(respectively, I' := ', (&,)L7) is positive semidefinite. In case I is strictly positive
definite, let
_ [011(2) O12(2)
O(z) = [921(2) 922(2)]
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be a J-inner function such that L*-clos ©H7 = M. Then a function S € S(U;,U,)
solves the interpolation problem GSIP (or BTIP) if and only if S has the form

5(2) = (011(2)g(2) + ©12(2))(O21(2)g(2) + O2a(2)) ™ (84)
for some free-parameter Schur-class function g € S(U;,U,).

The parametrization result in Theorem 8.1 handles only the case where the
coupling operator (which can be identified with the Pick matriz in the classical
case) is (strictly) positive-definite. There is a more general situation where the
coupling operator is positive-semidefinite but still has no kernel. In this case the
associated shift-invariant subspace M contains no isotropic subspace, i.e., M N
M = {0}, but M+ ML is only dense in L7, rather than being equal to all of L.
This corresponds to the so-called completely indeterminate case of the interpolation
problem (see e.g. [4]) where there exists a point w € D where both b,(w) and b;(w)
are invertible such that, for every nonzero vector n € U;, there exists a solution
s € S(bo,bi,s0) s0 that s(w)n # so(w)n. In this case there is a still a linear-
fractional parametrization of the set of all solutions S(b,,b;,so) via a J-inner
function © as in Theorem 8.1, but the so-called resolvent matriz © in general is not
L2-regular. The precise class of J-inner functions arising in this way is now called
the class of Arov-regular J-inner functions and has a number of characterizations
(see [2, 3]). The subclass of strongly Arov-regular J-inner functions has come up
in a number of applications and has a number of characterizations (see [4, 5, 6,
7,8, 9,10, 11, 12, 14, 15]), one of which is that the associated set of solutions of
the associated interpolation problem S(b,, b;, so) includes at least one interpolant
s with ||s]|ee < 1 (the strictly indeterminate case—see [4]). Our contribution here
is to draw attention to another characterization via the L2-regular property which
we have developed in this paper.

Theorem 8.2. Let © be a J-inner function on D. Then the following are equivalent.

1. © is strongly Arov-regular, i.e., the set of functions s of the form (8.4) for
some g € S(U;,U,) includes a function s € S(U;,U,) with ||s]jeo < 1.

2. The reproducing kernel Hilbert space H(Kg) associated with the kernel Ko
(7.2) is contained in L} :

3. © € L, and the function

A(z) := (021(2) + 022(2))"(O21(2) + O22(2))

satisfies the Muckenhoupt condition: if, for I an arc on the unit circle, we
set |I| equal to the length of the arc I and A;(A) = I%I J; A(z) |dz| equal to
the average of A(z) over I, then

sup AI(A)l/zAI(Afl)l/z‘ < 00.
I

4. © is L?-regular, i.e., © € L%(u) and M@PHsz{ Mg-1 = M@PHsz{ J Mg~ J extends

to a bounded operator on Lg{.
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Proof. The equivalence (1) <= (2) is established in [4] while the equivalence (1)
<= (3) is carried out in [9]. We shall show that (4) = (2) and that (1) = (4).

(4) = (2): By assumption Py = Me Pz Mg-1 is bounded, so Q defined by
(7.3) is also bounded. We know from Theorem 7.1 that () is positive-semidefinite
since © is J-inner. In more detail, from the proof of this fact coming out of the
identity (7.4), we read off that the reproducing kernel Hilbert space H(Kg) can
be characterized as Ran Q'/2 with lifted norm

1QY2 et = | Paser 0y Fllis
In particular, it follows that H(Ke) C L.

(1) = (4): By the Grassmannian approach to interpolation from [20], we
know that a strictly contractive solution of GSIP(b,,b;,s) is equivalent to the
subspace M containing a subspace G which is (1) uniformly negative, (2) maximal
negative as a subspace of M, and (3) shift-invariant. Just the first two properties
together imply that M is orthocomplemented in (L}, J) (see [27, Lemma V.7.5]).
This in turn is equivalent to the existence of a bounded J-orthogonal projection
Py. Necessarily Py, is an extension of M@PHEIM@—I, i.e., © is L%-regular. O
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