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1. Introduction

Over the last couple of decades, spurred on by applications in control and sig-
nal processing, there have been a number of new developments in generalizing
and re�ning the classical theory of Nevanlinna-Pick interpolation; we mention in
particular the books [19, 30, 31, 32]. This work uses the tool and language of
matrix- and operator-valued functions on the unit disk or the right-half plane
(see [38, 40]). We focus here on the disk setting corresponding to discrete-time
(rather than continuous-time) linear systems. A cornerstone of this function the-
ory is the Beurling-Lax-Halmos (BLH) theorem (see [26, 36, 33]) which provides a
representation for a shift-invariant subspace of the Hardy space H2 over the unit
disk D of any multiplicity (or, in later versions, shift-invariant subspaces of the
space L2 over the unit circle T) in terms of a matrix- or operator-valued inner
function (the representer of the invariant subspace). The �rst author and Helton
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later obtained various generalizations of this result; we mention two particular
versions: (1) where the representer is required to have J-unitary (rather than uni-
tary) values on the unit circle (the BLH-theorem for the Lie group U(m,n) in
[20]) and (2) where the representer is only required to have invertible values on
T but is required to represent a pair of subspaces (one forward-shift-invariant,
the other backward-shift-invariant) simultaneously (the BLH theorem for the Lie
group GL(n,C) in [21]). The U(m,n)-BLH theorem in particular is central to
the Grassmannian approach to interpolation developed also in [20] and developed
further in [17, 34, 35, 23]. Formulas for the representer in terms of state-space
coordinates for both the GL(n,C) and U(m,n) versions of the BLH theorem and
a state-space formulation of the bitangential matrix-valued Nevanlinna-Pick in-
terpolation problem (suggested by work of Nudelman [39]) were carried out in
[1, 18, 24, 25, 19], but only for the rational case. In particular, one can character-
ize a shift-invariant subspace M (or, in the rational setting, a submodule of the
module of vector rational functions over the ring of scalar rational functions with
no poles in a prescribed subset σ of the extended complex plane C∪{∞}) via pole
and zero directional data which can be encoded in a �ve-tuple of �nite matrices
(an admissible Sylvester data set S); one can then build the BLH-representer for
M in realization form via various matrix constructions from the Sylvester data
set S.

The purpose of the present paper is to extend and complete the state-space
formulas from [18, 24, 19] to handle the general nonrational setting in [20, 21].
We make precise the class of realizations (strongly bi-dichotomous realizations)
required for state-space implementation of the GL(n,C)-BLH theorem from [21].
As was observed in [21], one gets the U(m,n)-BLH theorem by specializing the
GL(n,C)-BLH theorem for the pair of subspaces to the particular case where
M× = M⊥J . We make use of this idea here to obtain the in�nite-dimensional
state-space implementation of the U(m,n)-BLH theorem as the special case of the
GL(n,C) case whereM× is the J-orthogonal complementM⊥J ofM. The results
lead to new types of realization formulas which are closely related to recent work
of Arova [14, 15, 16]. We also are able to identify the class of L2-regular J-inner
functions arising here as being the same as the class of strongly Arov-regular J-
inner functions which has played a prominent role in the study of inverse problems
for canonical systems by Arov and Dym [4, 5, 6, 7, 8, 9, 10, 11, 12].

The paper is organized as follows. In Section 2 we organize preliminary mate-
rial concerning dichotomous linear systems and formally de�ne the class of strongly
bi-dichotomous realizations which plays a key role in the analysis to come. In Sec-
tion 3 we introduce and carefully prove the GL(n,C) BLH theorem from [21] to
allow for even n = ∞ (i.e., for an in�nite-dimensional coe�cient space U). In Sec-
tion 4 we introduce the appropriate notion of admissible Sylvester data set for the
in�nite-dimensional setting, and obtain the connection between Sylvester data sets
and (forward and backward) shift-invariant subspaces of L2 ⊗ U ; this extends the
work of [19, Part III] to a nonrational context and establishes a connection with
functions having meromorphic pseudocontinuation of bounded type (see [29, 28]).
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Section 5 gives the algorithm for the state-space implementation of the GL(n,C)-
BLH theorem from [21]; this is a canonical generalization of the main result of
[18] (see [19, Theorem 5.5.2]). In Section 6 we specialize the main result of Sec-
tion 5 to the case where M× = M⊥J to obtain the state-space implementation
of the U(m,n)-BLH theorem obtained in [20]. Section 7 draws on results from
[22] to study the special structure arising when the J-unitary function is actually
J-inner, i.e., the associated kernel KΘ(z, w) = [J−Θ(z)JΘ(w)∗]/(1−zw) is a pos-
itive kernel on D × D. The �nal Section 8 makes the connection with generalized
Nevanlinna-Pick interpolation and with the class of strongly Arov-regular J-inner
functions introduced in [4].

An interesting project is to develop the analogues of all the results of the
present paper for the case where the unit disk D is replaced by the right half
plane. The di�culty for realization theory is that the point at in�nity is now on the
boundary of the domain rather than in the interior, but a formalism has now been
worked out to handle these di�culties (see the recent book [42]). Nevertheless, the
realization theory for a Schur-class function on the right half plane can be tricky
and counter-intuitive�see [37].

Finally it our pleasure to thank our colleague Vladimir Bolotnikov of the
College of William and Mary and the anonymous reviewer for valuable comments
on the original version of this paper.

2. Preliminaries

2.1. Notational conventions

Throughout the paper we shall use the following notation, most of which is stan-
dard in the literature. We let Z denote the set of all integers, Z+ the set of nonnneg-
ative integers and Z− = Z \Z+ the set of negative integers. For U a Hilbert space,
we use `U (Z), `U (Z+) and `U (Z−) to denote the space of norm-square-summable
sequences with values in U indexed by Z, Z+ and Z− respectively with the usual
Hilbert space norm

‖{u(n)}n∈Z‖`2U (Z) =
∑
n∈Z

‖u(n)‖2U .

We view `2U (Z+) and `2U (Z−) as subspaces of `2U (Z) in the usual way. The Z-
transform

{u(n)}n∈Z 7→ û(z) :=
∑
n∈Z

u(n)zn (2.1)

transforms the sequence spaces `2U (Z), `2U (Z+) and `2U (Z−) into the respective
Hilbert spaces of measurable U-valued functions on the unit circle T

L2
U =

{
f(z) =

∑
n∈Z

fnz
n : fn ∈ U with ‖f‖2 =

∑
n∈Z

‖fn‖2U <∞

}
,
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H2
U =

f(z) =
∑
n∈Z+

fnz
n : fn ∈ U with ‖f‖2 =

∑
n∈Z

‖fn‖2U <∞

 ,

and

H2⊥
U =

f(z) =
∑
n∈Z+

fnz
n : fn ∈ U with ‖f‖2 =

∑
n∈Z−

‖fn‖2U <∞

 .

When convenient, we view an element f of H2
U as a holomorphic function on the

unit disk D and an element g of H2⊥
U as also an analytic U-valued function on the

exterior De of the closed unit disk (with value 0 at in�nity).

The Banach space of essentially bounded measurable U-valued functions on
the unit circle is denoted by L∞U . We shall have use of two of its subspaces

H∞
U = L∞U ∩H2

U ,

H∞
U,0 = L∞U ∩H2⊥

U

which can also be viewed as bounded U-valued analytic functions on the unit disk
D and as bounded U-valued analytic functions on the exterior of the unit disk De
with value 0 at in�nity, respectively; as is suggested by the notation, as a function
on the unit circle T, H∞

U,0 is just the image of the space H∞
U,0 of bounded U-valued

analytic functions on D vanishing at the origin under complex conjugation. If U and
Y are two Hilbert spaces, L(U ,Y) denotes the space of bounded, linear operators
from U to Y; we shall abbreviate L(U ,U) to L(U).

We shall use one nonstandard notation: L2
L(U,Y) denotes the space of weakly

measurable L(U ,Y)-valued functions W (z) on T with the property that the mul-
tiplication operatorMW : u 7→W (z) · u maps constant vectors u ∈ U into L2

Y :

L2
L(U,Y) = {W : T → L(U ,Y) : MW ∈ L(U , L2

Y)}.

Note that a consequence of the closed graph theorem (see e.g. [41, statement 2.15])
is that MW is bounded as an operator from U into L2

Y just from the assumption

that MW maps any vector u ∈ U into L2
Y . We shall also have occasion to need a

weak L1-version

L1
L(U,Y) = {W : T → L(U ,Y) : 〈Wu, y〉Y ∈ L1 for u ∈ U and y ∈ Y}.

Here L1 is the standard Lebesgue space of modulus-integrable measurable complex-
valued functions on T. Note that in case U and Y are �nite-dimensional and
L(U ,Y) is identi�ed with the collection of �nite matrices of some �xed size, then
the space L2

L(U,Y) is simply the space of L(U ,Y)-valued functions with each matrix

entry in L2; a similar remark applies to the space L1
L(U,Y).

The following fact will be useful in the sequel.

Proposition 2.1. If W ∈ L2
L(U,Y) and W̃ ∈ L2

L(X ,Y), then W̃
∗W ∈ L1

L(U,X ).
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Proof. Suppose that W and W̃ are as in the hypotheses. We wish to show that

〈W̃ ∗Wu, x〉X ∈ L1 for each u ∈ U and x ∈ X . By duality it su�ces to show that
the scalar-valued function

z 7→ 〈W̃ (z)∗W (z)u, f(z)x〉X

is in L1 for each f ∈ L∞ and x ∈ X . For this purpose, note that

〈W̃ (z)∗W (z)u, f(z)x〉X = 〈W (z)u, W̃ (z)f(z)x〉Y (2.2)

where by assumption both W (z)u and W̃ (z)f(z)x are in L2
Y . By the Cauchy-

Schwarz inequality, the function in (2.2) is in L1 as needed. �

2.2. Preliminaries from linear system theory

By an output pair we mean any pair of operators (C,A) with A ∈ L(X ) and
C ∈ L(X ,Y) for a pair of Hilbert spaces X and Y. Associated with any output
pair (C,A) is the forward-time state-output linear system

Σfstate/out :
{
x(n+ 1) = Ax(n)

y(n) = Cx(n). (2.3)

Note that the initial condition x(0) = x0 uniquely determines the solution of the
system equations (x(n), y(n)) for n ≥ 0 according to

x(n) = Anx(0), y(n) = CAnx(0).

We denote by OfC,A the observation operator which assigns to x(0) the resulting

output sequence {y(n)}n≥0:

OfC,A : x 7→ {CAnx}n∈Z+ . (2.4)

If this operator is injective, we say that the pair (C,A) is observable. In case OfC,A
maps X into `2Y(Z+), we say that the pair (C,A) is output-stable; in this case,

by the closed-graph theorem it is automatic that OfC,A is bounded as an operator

from X into `2Y(Z+). If it happens that OfC,A is bounded below as an operator

from X into `2Y(Z+), namely

‖OfZ,Bx‖`2Y(Z+) ≥ δ‖x‖X for some δ > 0 for all x ∈ X ,

we say that the output pair (C,A) is exactly observable. In this case the observ-
ability gramian GC,A given by

GC,A = (OfC,A)∗OfC,A = s-limN→∞

N∑
n=0

A∗nC∗CAn

is the unique solution H of the Stein equation

H −A∗HA = C∗C. (2.5)
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Moreover, iteration of (2.5) gives

H =
N−1∑
n=0

A∗nC∗CAn +A∗NHAN (2.6)

for every N = 1, 2, . . . . For the case where H = GC,A, the �rst term on the right
hand side converges strongly to H = GC,A as N →∞ and we conclude that

lim
N→∞

〈GC,AANx,ANx〉X = 0 for all x ∈ X .

As GC,A is strictly positive de�nite in the exactly observable case, we get from this
that

lim
N→∞

‖ANx‖2X = 0 for all x,∈ X (2.7)

i.e., A is strongly stable whenever there is a C so that the output pair (C,A) is
exactly observable.

Application of the Z-transform (2.1) leads to the Z-transformed version ÔfC,A
of the observation operator OfC,A

ÔfC,A : x 7→ ÔfC,Ax =
∞∑
n=0

(CAnx)zn = C(I − zA)−1x,

where the latter equality holds at least in a neighborhood of 0. In particular, if

(C,A) is output-stable, then ÔfC,A maps X into H2
Y .

Given the output pair (C,A), instead of the forward-time state-output linear
system (2.3) we could have considered the backward-time state-output linear system

Σbstate/out :
{
x(n) = Ax(n+ 1)
y(n) = Cx(n+ 1). (2.8)

In this case, specifying an initial condition x(0) = x0 and letting the system run
determines (x(n), y(n)) for n ∈ Z− = {n ∈ Z : n < 0} according to

x(−n) = Anx(0), y(−n) = CAn−1x(0) for n = 1, 2, . . . .

We therefore de�ne the associated backward-time observation operator by

ObC,A : x 7→ {CA−nx}n∈Z−

with corresponding Z-transformed version

ÔbC,A : x 7→
∞∑
n=1

(CAn−1x)z−n = C(zI −A)−1x

where the latter equality holds at least in a neighborhood of in�nity. Note that
the pair is output-stable for the backward-time system (2.8) in the sense that ObC,A
maps X into `2Y(Z−) if and only if (C,A) is output-stable for the forward-time
system in the sense de�ned above, namely,

∞∑
n=0

‖CAnx‖2Y <∞ for all x ∈ X . (2.9)
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Thus output-stability for the pair (C,A) is also equivalent to the the Z-transformed

backward-time observation operator ÔbC,A mapping X into H2⊥
Y .

All these ideas have dual formulations on the input side. By an input pair
we mean any pair of operators (Z,B) where Z ∈ L(X ) and B ∈ L(U ,X ) for some
Hilbert spaces X and U . Associated with any input pair (Z,B) is a forward-time

input-state linear system Σfin/state given by

x(n+ 1) = Zx(n) +Bu(n). (2.10)

If {u(n)}n∈Z− is a U-valued input string �nitely supported on Z− (say u(n) = 0
for n < −N for some N < ∞) and if we assume that x(n) = 0 for all n ≤ −N ,
then we may use the system equation (2.10) to solve for x(0):

x(0) =
N∑
n=0

Zn−1Bu(−n) =
[
ZN−1B ZN−2B · · · ZB B

]


u(−N)
u(−N + 1)

...
u(−2)
u(−1)

 .

We therefore de�ne the forward-time control operator CfZ,B be the block row-matrix

CfZ,B = rown∈Z− [Z−n−1B]

considered as an operator from the space of �nitely-supported U-valued sequences
on Z− into X . If this operator has dense range in X , we say that the pair (Z,B) is
controllable. In case CfZ,B extends to de�ne a bounded operator from `2Y(Z−) into
X , we say that the input-pair (Z,B) is input-stable. In case this extended operator
maps `2Y onto the state space X , we say that (Z,B) is exactly controllable. In the
exactly controllable case, the controllability gramian

GZ,B := CfZ,B(CfZ,B)∗ = s-limN→∞

N∑
n=0

ZnBB∗Z∗n

is strictly positive-de�nite on X and is the unique solution H of the control Stein
equation

H − ZHZ∗ = BB∗. (2.11)

Iteration of (2.11) gives

H =
N−1∑
n=0

ZnBB∗Z∗n + ZNHZ∗N . (2.12)

From this we are able to conclude that Z∗ is strongly stable, i.e.,

lim
N→∞

‖Z∗Nx‖2X = 0 for all x ∈ X (2.13)

whenever there is an input operator B so that the input pair (Z,B) is exactly
controllable.
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We de�ne the Z-transformed forward-time control operator ĈfZ,B to map

polynomials in z−1 with coe�cients in U into X by

ĈfZ,B :
N∑
n=1

u(n)z−n 7→
N∑
n=1

Zn−1Bu(n).

In the input-stable case, ĈfZ,B extends to de�ne a bounded operator from H2⊥
U into

X according to the formula

ĈfZ,B :
∞∑
n=1

u(n)z−n 7→
∞∑
n=1

Zn−1Bu(n).

This extended operator has dense range in X (respectively, has range equal to all
of X ) if the pair (Z,B) is controllable (respectively, is exactly controllable).

Given an input pair (Z,B) rather than the forward-time input-state sys-
tem (2.10) we could have considered instead the backward-time input-state system
Σbin/state given by

x(n) = Zx(n+ 1) +Bu(n). (2.14)

Given a U-valued input string {u(n)}n∈Z+ �nitely supported on Z+ (say u(n) = 0
for all n > N for some N < ∞), under the assumption that the state x(n) also
vanishes for n > N , we can compute x(0) by iterating the system equation (2.14)
according to

x(0) =
N∑
n=0

ZnBu(n) =
[
B ZB · · · ZN−1B ZNB

]


u(0)
u(1)
...

u(N − 1)
u(N)

 .
This suggests that we de�ne the backward-time control operator CbZ,B as the block
row-matrix

CbZ,B = rown∈Z+ [ZnB]
considered as an operator mapping U-valued input strings �nitely supported on

Z+ into X . In case the pair (Z,B) is input-stable, then CfZ,B extends to de�ne a

bounded operator from `2U (Z+) into X . The Z-transformed version ĈbZ,B is de�ned
to take polynomials with coe�cients in U into X according to the formula

ĈbZ,B :
∞∑
n=0

u(n)zn 7→
∞∑
n=0

ZnBu(n).

In the input-stable case, ĈbZ,B extends to de�ne a bounded linear operator from

H2
U into X .

Given any output pair (C,A) we may consider (Z,B) := (A∗, C∗) as an
input pair, and given an input pair (Z,B) we may consider (C,A) = (B∗, Z∗)
as an output pair. Note that each of the concepts discussed for an output pair
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transfers to the corresponding concept for an input pair under this duality. Thus,
an output pair (C,A) is output-stable if and only if (A∗, C∗) is input-stable, the
input pair (Z,B) is input-stable if and only if the output pair (B∗, Z∗) is output
stable, and then

(ÔfC,A)∗ = ĈbA∗,C∗ ∈ L(X ,H2
Y), (ÔbC,A)∗ = ĈfA∗,C∗ ∈ L(X ,H2⊥

Y ),

(ĈfZ,B)∗ = ÔbB∗,Z∗ ∈ L(X ,H2⊥
U ), (ĈbZ,B)∗ = ÔfB∗,Z∗ ∈ L(X ,H2

U ).

Moreover, the output pair (C,A) is observable (respectively, exactly observable)
if and only if the input pair (A∗, C∗) is controllable (respectively, exactly control-
lable).

We now introduce the notion of dichotomous discrete-time linear system. A
descriptor system (in output-nulling form�see [13]) is a system of the form

Ex(n+ 1) = Ax(n) +Biu(n) +Boy(n)

0 = Cx(n) +Diu(n) +Doy(n) (2.15)

The associated extended behavior We is the set of all triples of functions

{u(n), x(n), y(n)}n∈Z

(with u(n) ∈ U , x(n) ∈ X , y(n) ∈ Y for all n ∈ Z) such that the system of
equations (2.15) is satis�ed. The behavior W of the system (2.15) consists of
all input-output pairs {u(n), y(n)}n∈Z for which there exists a state trajectory
{x(n)}n∈Z so that {u(n), x(n), y(n)}n∈Z is an element of the extended behav-
ior We. We say that the system (2.15) has dichotomy (with respect to the pair
T /L2) if the following property holds: for each choice of �nitely supported in-
put signal {u(n)}n∈Z (so û(z) =

∑
n∈Z u(n)zn is in the space TU of trigonomet-

ric polynomials with coe�cients in U), there is a unique choice of output signal
{y(n)}n∈Z so that {y(n)}n∈Z ∈ `2Y(Z) (and hence ŷ(z) =

∑
n∈Z y(n)zn ∈ L2

Y)
and {u(n), y(n)}n∈Z ∈ W. In case the corresponding state trajectory {x(n)}n∈Z is
also uniquely determined, one would say that the system (2.15) is an observable
dichotomous system. One way for this to happen is that there exists a decompo-
sition of the state space X = X++̇X− so that the operators in (2.15) have matrix
decompositions of the form

E =
[
IX+ 0
0 −A−

]
, A =

[
A+ 0
0 −IX−

]
, Bi =

[
B+

B−

]
, Bo =

[
0
0

]
,

C =
[
C+ C−

]
, Di = D, Do = −IY

from which it follows that the system equations (2.15) assume the form

x+(n+ 1) = A+x+(n) +B+u(n)

x−(n) = A−x−(n+ 1) +B−u(n)

y(n) = C+x+(n) + C−x−(n) +Du(n) (2.16)

where
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1. either (C+, A+) is an output-stable pair or (A+, B+) is an input-stable pair
(so W+(z) = C+(IX+ − zA+)−1B+ ∈ H2

L(U,Y)), and

2. either (C−, A−) is an output-stable pair or (A−, B−) is an input stable pair
(so W−(z) = C−(zIX− −A−)−1B− ∈ H2⊥

L(U,Y)).

(see Section 2.1 for our notational conventions). Indeed, in this situation, given a
input signal {u(n)}n∈Z of �nite support, say on −N ≤ n ≤ N , and an initialization
of the state by x+(−N) = 0 and x−(N +1) = 0, one can use the �rst of equations
(2.16) to recursively compute x+(n) for n > −N and the second of equations
(2.16) to compute x−(n) for n ≤ N . If we then set x+(n) = 0 for n < −N and
x−(n) = 0 for n > N +1, then the �rst two of equations (2.16) are satis�ed for all
n ∈ Z. If we then use the last of equations (2.16) to compute {y(n)}n∈Z, apply the
formal Z-transform {x(n)}n∈Z 7→

∑
n∈Z x(n)zn in all three of equations (2.16),

and then eliminate the state variable, we arrive at ŷ(z) = W (z)û(z) where the
transfer function W (z) is given by

W (z) = zC+(I − zA+)−1B+ +D + C−(zI −A−)−1B−.

If both conditions (1) and (2) above hold, then W (z) = W+(z) +D+W−(z) is in
L2
L(U,Y) and it follow that MW maps trigonometric polynomials TU into L2

Y .

The particular form of dichotomy which we shall work with here is as fol-
lows. We shall say that the system is strongly dichotomous if both (C+, A+) and
(C−, A−) are exactly observable, (A+, B+) and (A−, B−) are both controllable,
and both A+ and A− are strongly bi-stable.

Analogously, we say that system (2.15) has strong inverse-dichotomy (with
respect to the pair T /L2) if the following property holds: for each choice of
�nitely supported output trajectory {y(n)}n∈Z (so ŷ(z) =

∑
n∈Z y(n)zn is in the

trigonometric-polynomial space TY), there is a unique choice of input trajectory
{u(n)}n∈Z so that {u(n)}n∈Z ∈ `2U (Z) (and hence û(z) =

∑
n∈Z u(n)zn ∈ L2

U) and
additionally {u(n), y(n)}n∈Z ∈ W. One way for this to happen is that there is a
decomposition X× = X×+ +̇X×− so that the operators in (2.15) take on the form

E =

[
IX×+

0
0 −A×−

]
, A =

[
A×+ 0
0 −IX×−

]
, Bi =

[
0
0

]
, Bo =

[
B×+
B×−

]
C =

[
C×+ C×−

]
, Di = −IU , Do = D×

so the system equations have the form

x×+(n+ 1) = A×+x
×
+(n) +B×+y(n)

x×−(n) = A×−x
×
−(n+ 1) +B×−y(n)

u(n) = C×+x
×
+(n) + C×−x

×
−(n) +D×y(n) (2.17)

where

1. either (C×+ , A
×
+) is an output-stable pair or (A×+, B

×
+) is an input-stable pair

(so W×
+ (z) = C×+ (IX×+ − zA×+)−1B×+ ∈ H2

L(Y,U)), and
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2. either (C×− , A
×
−) is an output-stable pair or (A×−, B

×
−) is an input stable pair

(so W×
− (z) = C×− (zIX×− −A×−)−1B×− ∈ H2⊥

L(Y,U)).

The particular form of dichotomy which we shall impose for the inverse system
is as follows. We shall say that the system is strongly inverse-dichotomous if both
(A×+, B

×
+) and (A×−, B

×
−) are exactly controllable, both (C×+ , A

×
+) and C×− , A

×
−) are

observable, and both A×+ and A×− are strongly bi-stable.
If the system is both strongly dichotomous and strongly inverse-dichotomous,

we shall say that the system is strongly bi-dichotomous. For convenience in the
sequel we shall take U = Y without loss of generality. We now summarize in a
formal de�nition what we mean by a strongly bi-dichotomous realization for a
given L(U)-valued function W on T.

De�nition 2.2. Let W be a given L(U)-valued function on T. We say that W has
a strongly bi-dichotomous realization if there exist operators

C± ∈ L(X±,U), A± ∈ L(X±), B± ∈ L(U ,X±), D ∈ L(U),

C×± ∈ L(X×± ,U), A×± ∈ L(X×± ), B×± ∈ L(U ,X×± ), D× ∈ L(U)

subject to

1. (C+, A+) and (C−, A−) are exactly observable,
2. (A+, B+) and (A−, B−) are controllable,
3. (C×+ , A

×
+) and (C×− , A

×
−) are observable,

4. (A×+, B
×
+) and (A×−, B

×
−) are exactly controllable,

5. A+, A−, A
×
+ and A×− are all strongly bi-stable, and �nally

6. W (z) and W (z)−1 have realizations of the form

W (z) = zC+(IX+ − zA+)−1B+ +D + C−(zIX− −A−)−1B− (2.18)

W (z)−1 = zC×+ (IX×+ − zA×+)−1B×+ +D× + C×− (zIX×− −A×−)−1B×− . (2.19)

We emphasize that the meaning of (2.18) and (2.19) is

W (z) =
∑
n∈Z

Wnz
n where Wn =


D if n = 0,
C+(A+)n−1B+ if n ≥ 1, and
C−(A−)(−n−1)B− if n ≤ −1

W (z)−1 =
∑
n∈Z

[W−1]nzn where [W−1]n =


D× if n = 0,
C×+ (A×+)n−1B×+ if n ≥ 1, and
C×− (A×−)(−n−1)B×− if n ≤ −1.

Assumption (1) in De�nition (2.2) implies that
∑∞
n=1 C+A

n−1
+ zn is in H2

L(X+,U)

and that
∑−1
n=−∞ C−(A−)(−n−1)zn is inH2⊥

L(X−,U) and henceW ∈ L2
L(U). Similarly,

assumption (4) in De�nition (2.2) implies that
∑∞
n=1(A

×
+)n−1B×+z

n is in H2
L(U,X×+ )

and
∑−1
n=−∞(A×−)(−n−1)B×−z

n is in H2⊥
L(U,X×− )

and hence W−1 ∈ L2
L(U). Thus both

W and W−1 are in L2
L(U) whenever W has a strongly bi-dichotomous realization.
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3. Dual shift-invariant pair of subspaces via strongly regular

Beurling-Lax representer

We say that the subspaceM of L2
U is shift-invariant ifM is invariant for the shift

operator Mz : f(z) 7→ zf(z). Such a subspace is said to be simply-invariant if
∞⋂
n=0

(Mz)nM = {0}

and to be full-range if
∞⋃
n=0

(Mz−1)nM is dense in L2
U .

Similarly, a subspaceM× is said to be backward-shift-invariant ifMz−1M× ⊂
M×. Such a subspace is simply-invariant (for the backward shift) if in addition

∞⋂
n=0

(Mz−1)nM× = {0}

and to be full-range if
∞⋃
n=0

(Mz)nM× is dense in L2
U .

As a short hand we de�ne a dual shift-invariant pair of subspaces as follows.

De�nition 3.1. Let M and M× be a pair of (closed) subspaces of L2
U . We say that

the pair (M,M×) is a dual shift-invariant pair if

1. M is full-range simply-invariant for the forward shift Mz,
2. M× is full-range simply-invariant for the backward shift Mz−1 , and
3. M and M× form a direct sum decomposition of the whole space:

M+̇M× = L2
U . (3.1)

Remark 3.2. In De�nition 3.1, the conditions (1) and (2) can be weakened either
to

1′ M is simply-invariant for Mz,
2′ M× is simply-invariant for Mz−1

or to

1′′ M is full-range for Mz,
2′′ M× is full-range for Mz−1 .

Indeed, given thatM is invariant forMz and thatM× is invariant forMz−1 , then
application of the bounded invertible operator MzN (respectively Mz−N ) to the
decomposition M×+̇M gives

L2
U = zNM×+̇zNM, L2

U = z−NM×+̇z−NM
for all N = 1, 2, . . . . From the �rst decomposition, we see that then M× is full-
range for Mz−1 if and only if M is simply-invariant for Mz. From the second
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decomposition, we see that M× is simply-invariant for Mz−1 if and only if M is
full-range for Mz.

De�nition 3.3. We say that the L(U)-valued function W on the unit circle is L2-
regular if

1. W (ζ)−1 exists for almost all ζ ∈ T and both W and W−1 are in L2
L(U), i.e.,

multiplication by either W or W−1 maps U into L2
U , and

2. the operator

MWPH2
U
M−1
W : L∞U (T) → L1

U (T)

has range in L2
U (T) and extends to de�ne a bounded operator from L2

U into
itself.

The next result from [21] gives the fundamental connection between these
objects. We include a more polished version of the proof from [21] which handles
the case dim U = ∞.

Theorem 3.4. (See [21].) Suppose that (M,M×) are two subspaces of L2
U . Then

the following are equivalent:

1. (M,M×) is a dual shift-invariant pair.
2. There exists a L2-regular L(U)-valued function W so that

M = L2-clos WH∞
U and M× = L2-clos WH∞

U,0. (3.2)

Moreover, in this case the dual shift-invariant pair (M,M×) uniquely determines
W up to an invertible constant right factor, i.e., if W ′ is another L2-regular L(U)-
valued function as in part (2), then there is an invertible constant operator X ∈
L(U) so that W ′(z) = W (z)X.

Proof of (1) =⇒ (2): Given a subspace of N of L2
U , we shall abuse notation and

write simply zNN for the space MzNN = zn · N . From the assumption

L2
U = M×+̇M, (3.3)

we also have

L2
U = zL2

U = zM×+̇zM. (3.4)

Since M× ⊂ zM× and zM⊂M, combining (3.3) and (3.4) gives

L2
U = M×+̇L+̇zM, M = L+̇zM (3.5)

where we have set

L = zM× ∩M. (3.6)

Similarly, from

L2
U = z−1L2

U = z−1M×+̇z−1M
we get

L2
U = z−1M×+̇z−1L+̇M, M× = z−1M×+̇z−1L.
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An inductive argument then gives

L2
U = z−NM×+̇z−NL+̇ · · · +̇z−1L+̇L+̇zL+̇ · · · +̇zN−1L+̇zNM,

M = L+̇zL+̇ · · · +̇zN−1 · L+̇zNM,

M× = z−NM×+̇z−NL+̇ · · · +̇z−1L (3.7)

for N = 0, 1, 2, . . . (with the interpretation L2
U = M×+̇M, M = M and M× =

M× for the N = 0 case). Note that the projection onto zNM along the subspace

z−NM×+̇
[
+̇N−1
n=−Nz

nL
]

= zNM×

in the �rst line of (3.7) is given by

QN := MzNPMMz−N (3.8)

where PM denotes the projection onto M along M×. The estimate

‖QN‖ = ‖MzNPMMz−N ‖ ≤ ‖PM‖

then shows that QN is uniformly bounded in N and hence a subsequence converges
to an operator Q∞ in the weak-∗ topology. From the fact that QN0QN = QN0 once
N > N0, we see that actually the whole sequence {QN}N=1,2,... converges to Q∞
as N → ∞ and that Q∞ is a projection (Q2

∞ = Q∞). One can check that Q∞
is a projection of L2

U onto ∩N≥0z
NM along L2-clos ∪N≥0z

NM×. The hypothesis
that M is simply invariant for Mz implies that Q∞ = 0, and hence PN = I −QN
converges to the identity operator IL2

U
. From the decomposition for zNM×

zNM× = M×+̇
[
+̇N
n=0z

nL
]

we see that, in particular, each f ∈M has the generalized Fourier series expansion
(with limit in the weak-L2

U topology)

f = lim
N→∞

N∑
n=0

zn`n with `n = PLMz−nf for all n ∈ Z+ for all f ∈M. (3.9)

Similarly, given that M× is simply invariant for Mz−1 , it follows that elements of
M× have a Fourier series expansion

f = w-limN→∞

−N∑
n=−1

zn`n with `n = PLMz−nf for all n ∈ Z− for all f ∈M×.

(3.10)
Hence elements f of L2 have a bilateral Fourier series expansion

f = w-limN→∞

N∑
n=−N

zn`n with `n = PLMz−nf for all n ∈ Z for all f ∈ L2
U .

(3.11)
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While it need not be the case that the series (3.11) converges for an arbitrary norm-
square summable sequence {`n}n∈Z, it is easily veri�ed that absolute summability
(
∑
n∈Z ‖`n‖ <∞) is su�cient for (even norm) convergence of the series (3.11):∑

n∈Z
‖`n‖ <∞ =⇒ lim

N→∞

N∑
n=−N

zn`n exists. (3.12)

Choose Ũ to be a Hilbert space of the same dimension as L and letW : Ũ → L
be an isomorphism. Then we can viewW as an operator-valued function in L2

L( eU,U)
.

The Fourier decompositions (3.9), (3.10) and (3.11) tell us that

W · PeU is dense in M, W · PeU,0 is dense in M×, W · TeU is dense in L2
U

(3.13)

where PeU denotes the space of analytic polynomials
∑N
n=0 pnz

n (N < ∞) with

coe�cients pn ∈ U , P0,eU denotes the space of strictly antianalytic polynomials∑N
n=1 pnz

−n with coe�cients pn ∈ Ũ , and TeU denotes the space of all trigonometric

polynomials with coe�cients in Ũ .
Note that if (M,M×) is a dual shift-invariant pair with PM equal to the pro-

jection onto M along M×, then ((M×)⊥,M⊥) is also a dual shift-invariant pair
with (PM)∗ equal to the projection onto (M×)⊥ along M⊥. We apply the pre-
ceding analysis to produce an L2

L(U)-function W⊥ and a second coe�cient Hilbert

space Ũ⊥ so that

W⊥Ũ⊥ = zM⊥ ∩ (M×)⊥ = (zM)⊥ ∩ (M×)⊥ =: L⊥. (3.14)

Thus, since WPU,0 ⊂ zM and WPU,0 ⊂M×, for each u ∈ U and u⊥ ∈ Ũ⊥,

〈W⊥u⊥,Wpu〉L2
U

= 0 for all p ∈ P0 + P0.

It follows that the L1
L( eU,eU⊥)

functionW ∗
⊥W has all its Fourier coe�cients [W ∗

⊥W ]n
equal to zero with the exception of the zero coe�cient [W ∗

⊥W ]0. It follows that
the operator-valued function W ∗

⊥W is equal to a constant, say L ∈ L(Ũ , Ũ⊥).
We argue next that this constant L is invertible. To see this, note from the

de�nition (3.14) of L⊥ that the orthogonal complement of L⊥ is given by

(L⊥)⊥ = M×+̇zM.

From the direct-sum decomposition (3.5) we conclude that

L2
U = L+̇(L⊥)⊥.

Thus, if PL⊥ is the orthogonal projection of L2
U onto L⊥, we have

L⊥ = Ran PL⊥ = Ran (PL⊥ |L), Ker (PL⊥ |L) = L ∩ (L⊥)⊥ = {0}

and it follows from the open mapping theorem (see e.g. [41, Corollaries 2.12]) that
the operator

PL⊥ |L : L → L⊥
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is bounded and invertible. By construction we have that the restricted multiplica-
tion operators

MW |eU = PLMW |eU : Ũ → L, MW⊥ |eU⊥ = PL⊥MW⊥ |eU⊥ : Ũ⊥ → L⊥
are bounded and invertible and we can write

PeU⊥(MW⊥)∗ = PeU⊥(MW⊥)∗PL⊥

where PeU⊥ and PL⊥ are the orthogonal projections from L2eU⊥ onto Ũ⊥ and from

L2
U onto L⊥ respectively. Hence we have

L = (MW⊥)∗MW |eU = PeU⊥(MW⊥)∗MW |eU = PeU⊥(MW⊥)∗PL⊥MW |eU
=
(
PL⊥MW⊥ |eU⊥

)∗
· (PL⊥ |L) ·

(
PLMW |eU)

is the composition of isomorphisms and hence is invertible.
A parallel analysis (not needed for the proof of the theorem) shows that

L⊥ = M⊥+̇zM×⊥

from which we deduce that

L2
U = L⊥+̇L⊥

and that the operator

PL|L⊥ : L⊥ → L
is invertible, and �nally that

L∗ =
(
PLMW |eU)∗ · (PL|L⊥) ·

(
PL⊥MW⊥ |eU⊥

)
: Ũ⊥ → Ũ

is invertible; of course this last fact follows directly from the fact shown above that

Γ ∈ L(Ũ , Ũ⊥) is invertible by taking the adjoint.
Since

WPU = ∪N>0[z−NL+̇ · · · +̇z−1L+̇L+̇zL+̇ · · · +̇zN−1L]

is dense in L2
U by the full-range/simply-invariant assumptions, we see that the

range of W (ζ) must be dense for almost all ζ ∈ T. The previous analysis shows
that Γ−1W⊥(ζ)∗ serves as a left inverse for W (ζ) almost everywhere. We conclude
that in fact W (ζ) is invertible for almost all ζ and without loss of generality we

may take Ũ = Ũ⊥ = U .
Since the operator MWPH2

U
MW−1 represents the projection of L2

U onto M
along M× (which is bounded by hypothesis), we see that MWPH2

U
MW−1 has

a bounded extension to an operator de�ned on all of L2
U . It follows now that

W ∈ L2
L(U) meets all the requirements of statement (2) in the theorem. �

Proof of (2) =⇒ (1): The converse follows by essentially reversing the argument
in the proof of (1) =⇒ (2). Suppose that W is as in (2). Necessarily the bounded
operator on L2

U arising from the extension ofMWPH2
U
MW−1 acting on L∞U is equal

to a (bounded) projection operator PM of L2
U ontoM alongM×. Thus (3.1) holds.
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As in the proof of (1) =⇒ (2) we pick up the Fourier series decompositions (3.7)
with L = zM×⋂M. But from the assumption (3.2) we see also that

WU ⊂ L

and hence

L2-closWPU = Ran (PM −Q∞)

where Q∞ = weak-∗ limN→∞QN with QN as in (3.8). But on the other hand,
since W is a Beurling-Lax representer for M (see (3.2)), necessarily

L2-closWPU = M = Ran PM.

We conclude thatQ∞ = 0, i.e.,M is simply invariant. ThatM× is simply invariant
for Mz−1 can be proved in a similar way. By Remark 3.2, it follows now that
(M,M×) is a dual shift-invariant pair, and (1) follows as wanted.

Along the way we showed that any representer W must arise via the con-
struction given in the proof of (1) =⇒ (2), and hence is uniquely determined up
to a choice of identi�cation map between U and L; this observation leads to the
uniqueness statement in Theorem 3.4. �

4. Dual shift-invariant pair of subspaces via pole-zero data

De�nition 4.1. Let (C,A,Z,B,Γ) be a collection of operators such that

C : XP → U , A : XP → XP , Z : XZ → XZ , B : U → XZ , Γ: XP → XZ .

Then we say that S := (C,A,Z,B,Γ) is an admissible Sylvester data set if

1. the output pair (C,A) is exactly observable,
2. the input pair (Z,B) is exactly controllable, and
3. the coupling operator Γ is a (possibly unbounded) closed operator with dense

domain D(Γ) ⊂ XP such that A : D(Γ) → D(Γ) and Γ satis�es the Sylvester
equation

ΓAx− ZΓx = BCx for all x ∈ D(Γ). (4.1)

Note that if (C,A,Z,B,Γ) is an admissible Sylvester data set, then the dis-
cussion above concerning the Stein equations (2.5) and (2.11) tells us that A
and Z∗ are automatically strongly stable (i.e., (2.7) and (2.13) hold). Moreover,
since the exact controllability of (Z,B) implies that (Z,B) is also input-stable,
it follows that both functions [(zI − Z)−1B] and [(I − zZ)−1B] are in L2

L(XZ ,U).

As a consequence of Proposition 2.1, it then follows that, for any h ∈ L2
U , both

(zI − Z)−1Bh(z) and (I − zZ)−1Bh(z) are in L1
XZ and in particular have well-

de�ned Fourier coe�cients.
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We associate with any admissible Sylvester data set a subspace of L2
U in two

distinct ways:

MS :={C(zI −A)−1x+ f(z) : x ∈ D(Γ) and f ∈ H2
U such that[

(zI − Z)−1Bf(z)
]
−1

= Γx},

M×
S :={g(z) + C(I − zA)−1y : g ∈ H2⊥

U and y ∈ D(Γ) such that[
(I − zZ)−1Bg(z)

]
−1

= Γy}. (4.2)

Here [h(z)]−1 is the coe�cient of z−1 in the Fourier series h(z) ∼
∑∞
n=−∞ h(n)zn

for a function h ∈ L1
XZ . In terms of control and observation operators, we can

write instead

MS :={ÔbC,Ax+ f : x ∈ D(Γ) and f ∈ H2
U such that ĈbZ,Bf = Γx}, (4.3)

M×
S :={g + ÔfC,Ay : g ∈ H2⊥

U and y ∈ D(Γ) such that ĈfZ,Bg = Γy}. (4.4)

Given a pair

S = (C,A,Z,B,Γ), S× = (C×, A×, Z×, B×,Γ×) (4.5)

of Sylvester data sets, we de�ne the coupling matrix ΓS,S× by

ΓS,S× =

[
−ĈfZ×,B×Ô

b
C,A −Γ×

Γ ĈbZ,BÔ
f
C×,A×

]
:
[
D(Γ)
D(Γ×)

]
→
[
X×Z
XZ

]
. (4.6)

Then we have the following result.

Theorem 4.2. 1. M is a closed shift-invariant subspace of L2
U if and only if M

has the form MS for an admissible Sylvester data set

S = (C,A,Z,B,Γ).

Moreover,
(a) M is simply invariant for Mz if and only if in addition A∗ is strongly

stable (so A is strongly bi-stable), and
(b) M is full range if and only if Z is strongly stable (so Z is strongly

bi-stable).
2. M× is a closed backward-shift-invariant subspace of L2

U if and only if M×

has the form M× = M×
S× for an admissible Sylvester data set

S× = (C×, A×, Z×, B×,Γ×). (4.7)

Moreover
(a) M× is simply invariant for Mz−1 if and only if in addition (A×)∗ is

strongly stable (so A× is strongly bi-stable).
(b) M× is full range if and only if Z× is strongly stable (so Z× is strongly

bi-stable).
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3. Suppose that (M,M×) is a pair of subspaces of L2
U of the form M = MS

and M× = M×
S× (so M is closed and shift-invariant and M× is closed and

backward-shift-invariant). Then (M,M×) satis�es the matching condition

L2
U = M×+̇M (4.8)

if and only if the coupling matrix

ΓS,S× :
[
D(Γ)
D(Γ×)

]
→
[
X×Z
XZ

]
(4.9)

associated with S and S× as in (4.6) is invertible. More precisely,

dim(M∩M×) = dim Ker ΓS,S× , (4.10)

dimL2
U/(M+M×) = dim(XZ ⊕X×Z )/Ran ΓS,S× . (4.11)

Proof of (1): Suppose �rst that M has the form M = MS for an admissible
Sylvester data set S as in (4.7). One can see that M is a closed subspace of L2

U
as follows. Suppose that ObC,Axn + fn ∈ M and converges to k + f in L2

U where

k ∈ H2⊥
U and f ∈ H2

U . Then necessarily

ÔbC,Axn → k ∈ H2⊥
U and fn → f ∈ H2

U as n→∞
where we know that

ĈbZ,Bfn = Γxn for all n = 1, 2, . . . .

Since (C,A) is exactly observable, from the fact that ObC,Axn converges to k it

follows that xn converges to some x ∈ XP and then k = ObC,Ax. From the fact

that fn → f as n→∞ and that ĈbZ,B is bounded, we see that

Γxn = ĈbZ,Bfn → ĈbZ,Bf as n→∞.

As Γ is closed, we conclude that x ∈ D(Γ) and that Γx = ĈbZ,Bf . We now see that

k + f = ÔbC,Ax+ f ∈M, and it follows that M is closed as claimed.

We argue thatMS isMz-invariant as follows. Let C(zI−A)−1x+f ∈MS =
M, with x ∈ D(Γ) and f ∈ H2

U . Then

z[C(zI −A)−1x+ f ] = C(zI −A)−1[A+ (zI −A)]x+ zf

= C(zI −A)−1Ax+ (Cx+ zf).

while

[(zI − Z)−1B(Cx+ zf)]−1 = BCx+
[
(zI − Z)−1[Z + (zI − Z)]Bf

]
−1

= BCx+
[
(zI − Z)−1ZBf +Bf

]
−1

= BCx+ Z
[
(zI − Z)−1Bf

]
−1

= BCx+ ZΓx = ΓAx

by the Sylvester equation. Therefore z[C(zI − A)−1x + f ] ∈ M, i.e., M is Mz-
invariant.
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Suppose conversely that M is a closed shift-invariant subspace of L2
U . Let

P = L2-clos PH2⊥
U
M and Z = H2

U 	 (M∩H2
U ). Then there is a closed operator

Γ: P → Z with domain D(Γ) = PH2⊥
U
M so thatM = {k+Γk : k ∈ D(Γ)}⊕ (M∩

H2
U ). De�ne A : P → P and Z : Z → Z by A = PPMz|P and Z = PZMz|Z . Also,

de�ne C : P → U and B : U → Z by C(k) = [k]−1 and B(f) = PZf . We claim
that S = (C,A,Z,B,Γ) is an admissible Sylvester data set and that M = MS.

We �rst show that (C,A) is output stable and exactly observable. Let x =∑−1
k=−∞ ukz

k ∈ P. Then CAnx = [PPMznx]−1 =
[
PP
∑−1
k=−∞ ukz

n+k
]
−1

=

u−n−1. Hence OfC,A : x → {CAnx}n=0,1,2,... maps P into `2U (Z+), so (C,A) is

output-stable. Since A∗ = PPMz−1 |P and C∗u = uz−1, we �nd that

∞∑
n=0

(A∗)nC∗CAnx =
∞∑
n=0

(A∗)nC∗u−n−1 =
∞∑
n=0

(A∗)nu−n−1z
−1

=
∞∑
n=0

u−n−1z
−n−1 = x.

Thus (OfC,A)∗OfC,A = I, so the observation operator is an isometry and (C,A) is
exactly observable as wanted.

We next check that (Z,B) is input-stable and exactly controllable. If the
sequence {uk}k∈Z+ is in `2U (Z+), then

‖
[
B ZB Z2B · · ·

]
{uk}k∈Z+‖2X = ‖

∞∑
n=0

unz
n‖2H2

U
= ‖{uk}k∈Z+‖2`U (Z+).

So
[
B ZB Z2B · · ·

]
is bounded, i.e., (Z,B) is input-stable. Also, since Z∗ =

PZMz−1 |Z and B∗ : f → f0, it follows readily that the control operator ĈbZ,B is an

isometry, and thus (Z,B) is exactly controllable.

The fact that Γ is a closed operator follows from the fact that M is a closed
subspace of L2

U . We next check the validity of the Sylvester equation (4.1). Let
k + Γk + f ∈ M, where k ∈ D(Γ) = PH2⊥

U
M and f ∈ H2

U ∩ M. Since M is

shift-invariant, we may express z(k + Γk + f) = k′ + Γk′ + f ′ for some k′ ∈ D(Γ)
and f ′ ∈ H2

U ∩M. It follows that k′ = PH2⊥
U
zk, Γk′ = PZk−1 + PZMzΓk, and

f ′ = PH2
U∩MMzΓk+zf . We have BCk = Bk−1 = PZk−1, and ZΓk = PZMzΓk =

Γk′ − PZk−1. Therefore Γk′ = (BC + ZΓ)k. But k′ = PH2⊥
U
zk = PH2⊥

U
Mz|Pk =

PPMz|Pk = Ak. Thus ΓAk = BCk + ZΓk for each k ∈ D(Γ), so the Sylvester
equation is satis�ed. We are now able to conclude that S = (C,A,Z,B,Γ) an
admissible Sylvester data set.
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If f(z) =
∑∞
m=0 fmz

m ∈ H2
U , then

[(zI − Z)−1Bf ]−1 =

[ ∞∑
n=0

Znz−n−1B

( ∞∑
m=0

fmz
m

)]
−1

=
∞∑
n=0

PZMznfn = PZ

∞∑
n=0

fnz
n = PZf.

Also, if x =
∑∞
n=1 x−nz

−n ∈ P, then CAn : x→ x−n−1 and hence

C(zI −A)−1x =
∞∑
n=0

(CAnx)z−n−1 =
∞∑
n=0

x−n−1z
−n−1 = x.

Hence

MS = {x+ f : x ∈ D(Γ), f ∈ H2
U , PZf = Γx}

= {x+ PZf + PH2
U∩Mf : PZf = Γx}

= {x+ Γx : x ∈ D(Γ)} ⊕ (H2
U ∩M)

= M.

Suppose next that M = MS for the admissible Sylvester data set S as
in (4.7). Then M being simply invariant for Mz is equivalent to the operator

(ẐM)∗ : M→M given by

Ẑ∗M = PM(Mz)∗|M (4.12)

being strongly stable, i.e., to

‖PM(Mz−1)nf‖ → 0 for each f ∈M.

Since PH2
U
Mz−1 |H2

U
is strongly stable, an equivalent condition is that the operator

PL2-clos (M+H2
U )(Mz)∗|L2-clos (M+H2

U ) (4.13)

is strongly stable, where

L2-clos (M+H2
U ) = M(C,A,0,0,0) = Ran ÔbC,A ⊕H2

U .

Let us note that the identity

PRan bOb
C,A

MzÔbC,A = PH2⊥
U
MzÔbC,A = ÔbC,AA

implies that the bounded, invertible operator

X := ÔbC,A : XP → Ran ÔbC,A
implements a similarity between Â := PRan bOb

C,A
Mz|Ran bOb

C,A
and A:

ÂX = XA.

Then also Â∗ = X∗−1A∗X∗. Thus the strong stability of

Â∗ = PRan bOb
C,A

Mz−1 |Ran bOb
C,A
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is equivalent to strong stability of A∗. Thus statement (1a) in Theorem 4.2 follows
once we establish the following lemma.

Lemma 4.3. The following are equivalent.

1. The operator given by (4.13) is strongly stable.
2. The operator PRan bOb

C,A
Mz−1 |Ran bOb

C,A
is strongly stable.

Proof of Lemma 4.3. Condition (1) in Lemma 4.3 means that

lim
n→∞

∥∥∥PRan bOb
C,A⊕H2

U
(Mz−1)nf

∥∥∥ = 0 for all f ∈ Ran ÔbC,A ⊕H2
U

while condition (2) means that

lim
n→∞

∥∥∥PRan bOb
C,A

(Mz−1)nf
∥∥∥ = 0 for all f ∈ Ran ÔbC,A.

Thus (2) follows from (1) simply by restricting f ∈ Ran ÔbC,A ⊕ H2
U to f ∈

Ran ÔbC,A.
For the converse, note that condition (2) means that the Mz−1-invariant

subspace H2⊥
U 	 Ran ÔbC,A has a Beurling-Lax representation as

H2⊥
U 	 Ran ÔbC,A = Θ∗H2⊥

U

where Θ is a two-sided inner function in H∞
L(U) (i.e., both Θ(z) and Θ(1/z)∗ are

isometric operators for |dz|-a.e. z ∈ T) (see [38]). Thus

Ran ÔbC,A = H2⊥
U 	Θ∗H2⊥

U = Θ∗H2
U 	H2

U

and

Ran Ôbc,A ⊕H2
U = Θ∗H2

U .

From this representation it is clear that PRan bOb
C,A⊕H2

U
(Mz)∗|Ran bOb

C,A⊕H2
U
is strong-

ly stable.
�

We next tackle statement (1b) in Theorem 4.2. Note that the Mz-invariant
subspace M is full range if and only if M⊥ is simply invariant for Mz−1 . By a
computation to come (see Proposition 6.2 below), if M = MS for the admissi-
ble Sylvester data set S = (C,A, , Z,B,Γ), then M⊥ = M×

S⊥ where S⊥ is the
admissible Sylvester set given by

S⊥ = (B∗, Z∗, A∗, C∗,−Γ∗).

In this way we see that statement (1b) in Theorem 4.2 follows directly from state-
ment (2a). This concludes the proof of statement (1) in Theorem 4.2. �

Proof of (2) in Theorem 4.2. The proof of these statements is exactly parallel to
the proof of the parallel assertions in part (1) of the theorem; hence we leave the
details to the reader. �
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Proof of (3) in Theorem 4.2. Assume that M = MS and M× = M×
S× for two

admissible Sylvester data sets S and S× as in (4.5). To verify statement (3) in
Theorem 4.2, it su�ces to verify the general statements (4.10) and (4.11). By the
de�nition of MS in (4.2), we read o� that

M∩H2
U = Ker ĈbZ,B .

Since by assumption (Z,B) is exactly controllable, we know that GZ,B is strictly
positive de�nite and that

IZ,B := (GZ,B)−1/2ĈbZ,B : H2
U → XZ

is an isometry with kernel equal toM∩H2
U . Then the orthogonal projection onto

H2
U 	 (H2

U ∩M) = (Ker IZ,B)⊥ is given by

PH2
U	(H2

U∩M) = (IZ,B)∗IZ,B = (ĈbZ,B)∗(GZ,B)−1ĈbZ,B .

In case ÔbC,Zx + f is a generic element of M (so x ∈ D(Γ) and ĈbZ,Bf = Γx), we
therefore have

PH2
U	(H2

U∩M)f = (ĈbZ,B)∗(GZ,B)−1CZ,Bf = (ĈbZ,B)∗(GZ,B)−1Γx.

We now conclude that

M =
(
ÔbC,A + (ĈbZ,B)∗G−1

Z,BΓ
)
D(Γ)⊕ (M ∩H2

U ). (4.14)

By an exactly parallel analysis one can show that

M× = (M× ∩H2⊥
U )⊕

(
(ĈfZ×,B×)∗(GZ×,B×)−1Γ× + ÔfC×,A×

)
D(Γ×). (4.15)

Note also that the operator ÔbC,A+(ĈbZ,B)∗G−1
Z,BΓ is injective on D(Γ) since (C,A)

is observable and Ran ÔbC,A ⊂ H2⊥
U while Ran (ĈbZ,B)∗ ⊂ H2

U , and hence (4.14)

sets up a one-to-one correspondence between D(Γ)× (H2
U ∩M) andM. Similarly,

(4.15) sets up a one-to-one correspondence between D(Γ×) × (H2⊥
U ∩M×) and

M×.
De�ne an operator Γ̂S,S× : D(Γ)⊕D(Γ×) → L2

U by

Γ̂S,S× =
[
ÔbC,A + (ĈbZ,B)∗(GZ,B)−1Γ (ĈfZ×,B×)∗(GZ×,B×)−1Γ× + ÔfC×,A×

]
.

(4.16)
Note that, by (4.14) and (4.15), we have

M+M× = Ran Γ̂S,S× + (H2⊥
U ∩M×) + (H2

U ∩M). (4.17)

If we extend ĈfZ×,B× : H2⊥
U → X×Z and ĈbZ,B : H2

U → XZ to act linearly on all of

L2
U by setting

ĈfZ×,B× |H2
U

= 0, ĈbZ,B |H2⊥
U

= 0

then we have the factorization

ΓS,S× =

[
−ĈfZ×,B×
ĈbZ,B

]
Γ̂S,S× . (4.18)
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Moreover, since

Ker

[
−ĈfZ×,B×
ĈbZ,B

]
= (H2⊥

U ∩M×)⊕ (H2
U ∩M), (4.19)

it follows that

(XZ ⊕X×Z )/Ran ΓS,S× ∼= L2
U/
(
Ran Γ̂S,S× + (H2⊥

U ∩M×) + (H2 ∩M)
)

= L2
U/(M× +M) (4.20)

and (4.11) is established.
Suppose now that f ∈M∩M×. Write f = g+h with g ∈ H2⊥

U and h ∈ H2
U .

Since f ∈M, necessarily

g = ÔbC,Ax for some x ∈ D(Γ) and ĈbZ,Bh = Γx. (4.21)

Since also f ∈M⊥, necessarily

h = ÔfC×,A×y for some y ∈ D(Γ×) and ĈfZ×,B×g = Γ×y. (4.22)

Using the �rst parts of (4.21) and (4.22) to eliminate g and h leaves us with

f = ÔbC,Ax+ ÔfC×,A×y where

{
ĈbZ,BÔ

f
C×,A×y = Γx

ĈfZ×,B×Ô
b
C,Ay = Γ×y,

i.e.,

f =
[
ÔbC,A −OfC×,A×

] [
x
−y

]
where

[
x
−y

]
∈ Ker ΓS,S× . (4.23)

Conversely, it follows from the de�nitions of M and M× that any f of the form
(4.23) is in M

⋂
M×. We have established: the operator[

ÔbC,A −ÔfC×,A×
]∣∣∣

Ker ΓS,S×
: Ker ΓS,S× →M∩M×

establishes a bijective correspondence between Ker ΓS,S× and M ∩M×. This
establishes (4.10) and completes the proof of Theorem 4.2 �

If we assume that dim U is �nite, we can use the construction in the proof of
Lemma 4.3 to say more about L2-regular L(U)-valued functions. As preparation
for the statement of the result, we recall the following de�nitions (see [28, 29]).
Given a measurable L(U)-valued function de�ned on T, we shall say that W has
meromorphic pseudocontinuation to the unit disk D if there is a meromorphic L(U)-
valued function W̃ on D so that W (z) = limλ→z W̃ (λ) for a.e. z ∈ T where the
limit is taken as λ ∈ D approaches z ∈ T nontangentially. We say that W has

pseudocontinuation of bounded type to D if one can take the function W̃ (λ) to
have the form W (λ) = H(λ)/φ(λ) where H(λ) is a bounded holomorphic L(U)-
valued function and φ(z) is a nonzero bounded holomorphic scalar function on
D. Similarly, we say that W has meromorphic pseudocontinuation to De := (C ∪
{∞}) \ D or W has pseudocontinuation of bounded type to De if one replaces the
unit disk D by the exterior of the unit disk De in the preceding de�nitions.
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Theorem 4.4. Suppose that W ∈ L2
L(U) is L2-regular. Then there are two-sided

inner functions Θ,Φ such that

ΘW ∈ H2
L(U), Φ−1W ∈ H2⊥

L(U). (4.24)

In particular, if dim U < ∞, then W has pseudocontinuation of bounded type to
both D and to De.

Proof. Suppose that W is L2-regular. Then by Theorem 3.4 we know that M =
L2-closWH∞

U is full-range simply-invariant for Mz. As explained in the proof
of Lemma 4.3, there is a two-sided inner function Θ so that ΘM ⊂ H2

U . As
M = L2-closWH∞

U , it then follows that Θ ·W ∈ H2
L(U).

Now suppose that dim U <∞. Let us denote by G the H2
L(U)-function given

by

G = Θ ·W.
Solving for W then gives

W (z) = Θ(z)−1G(z) = (adjΘ(z))G(z)/det(Θ(z)). (4.25)

Here adjΘ(z) is the adjugate matrix for Θ(z) appearing in Cramer's rule for the
inverse. Since Θ(z) is bounded and holomorphic on D, so also is adjΘ(z) as well
as det Θ(z). It is known that H2-functions are of bounded type on the unit disk
(i.e., can be written as the ratio of bounded holomorphic functions). Hence (4.25)
gives the pseudocontinuation of W (z) to D.

To verify the statement concerning Φ, we use Theorem 3.4 to see thatM× =
L2-closWH∞

U,0 is full-range and simply-invariant for Mz−1 . Hence the argument
in Lemma 4.3 can be used to show that there is a two-sided inner function Ψ
so that Ψ−1M× ⊂ H2⊥

U . This then implies that Ψ−1W =: H ∈ H2⊥
L(U). One

can now proceed as before (with De playing the role of D) to see that W has
pseudocontinuation of bounded type to De for the case where dim U <∞. �

If W has a strongly bi-dichotomous realization as in De�nition 2.2, then
in particular both W and W−1 are in L2

L(U). Hence, in case W also satis�es the

regularity condition in part (2) of De�nition 3.3, thenW is L2-regular and Theorem
3.4 applies. Our next result identi�es how to compute the pole-zero data S,S×

for the associated dual shift-invariant pair of subspaces (M,M×) directly from
the realization data.

Theorem 4.5. Suppose that W ∈ L2
L(U) has a strongly bi-dichotomous realization

as in De�nition 2.2, so (2.18), (2.19) holds with the realization data

D = (C±, A±, B±, D,C×± , A
×
±, B

×
± , D

×)

satisfying conditions (1) -(5) in De�nition 2.2. Let M and M× be the associated
forward- and backward-shift-invariant subspaces

M = L2-clos W ·H∞
U , M× = L2-clos W ·H∞

U,0.
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Then there exist coupling operators

Γ: D(Γ) ⊂ X+ → X×+ , Γ× : D(Γ×) ⊂ X− → X×−
so that

S = (C−, A−, A×−, B
×
− ,Γ), S× = (C+, A+, A

×
+, B

×
+ ,Γ

×) (4.26)

are admissible Sylvester data sets such that

M = MS, M× = M×
S×

(see (4.3) and (4.4)).

Remark 4.6. Note that the cross-decoration × for the matrices in a bi-dichotomous
realization refers to matrices associated with the realization forW−1 whereas those
without the × are matrices associated with the realization for W . In connection
with Sylvester data sets, on the other hand, matrices with the cross-decoration
× refer to matrices associated with the backward-shift-invariant subspace M×

while those without the decoration × refer to data for the forward-shift-invariant
subspaceM. Theorem 4.5 is one place where these conventions get tangled up; this
explains the perhaps startling appearance of S and S× in (4.26). A similar tangling
occurs in the context of Theorem 5.1. Note that matrices A,B,C coming from a
bi-dichotomous realization always carry a subscript A±, B±, C± (or A×±, B

×
± , C

×
± ),

with + associated with the part analytic on the unit disk D and − associated with
the part analytic on the exterior of the closed unit disk, while C,A,Z,B from a
Sylvester data set carry no subscripts.

Proof of Theorem 4.5. We verify only the statement concerning M and S as the
proof of the corresponding statements concerningM× and S× is exactly parallel.

We �rst verify that

PH2⊥
U
M = {C−(zI −A−)−1x : x ∈ D} (4.27)

for a dense linear submanifoldD of X−. Consider �rst the case where h = W ·p ∈M
for a polynomial p(z) =

∑∞
n=0 pnz

n where pn ∈ U is zero once n ≥ N for some
N <∞. Then we compute, for n < 0,

[W · p]n =
∑

i,j∈Z+ : −i−1+j=n

C−A
i
−B−pj

=
∑
j∈Z+

C−A
−n−1+j
− B−pj

= C−A
−n−1
− ·

∑
j∈Z+

Aj−B−pj

= C−A
−n−1
− x where x =

∑
j∈Z+

Aj−B−pj = ĈbA−,B−p.

(Note that the sum de�ning x is �nite since p(z) is a polynomial.) We conclude
that

PH2⊥
U

(W (z) · p(z)) = C−(zI −A−)−1x = ÔbC−,A−x
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where x ∈ Ran ĈA−,B− |PU . Conversely, by reversing the above computation we see
that {

ÔbC−,A−x : x ∈ Ran ĈA−,B− |PU
}
⊂ PH2⊥

U
M. (4.28)

Now suppose that h ∈ L2
U is a general element of M. Then h = L2

U −
limn→∞W · pn for a sequence of polynomials pn ∈ PU . Then also

PH2⊥
U
h = L2

U − lim
n→∞

PH2⊥
U

(W · pn).

By the polynomial case done above, we know that

PH2⊥
U

(W · pn) = ÔC−,A−xn

for a vector xn ∈ X−. Since PH2⊥
U

(W · pn) → PH2⊥
U
h in H2⊥

U as n → ∞, by the

assumed exact observability of (C−, A−) it follows that limn→∞ xn = x exists in
X and then also

PH2⊥
U
h = ÔbC−,A−x.

Thus there is a linear submanifold D of X− so that (4.27) holds. As D contains

Ran ĈbA−,B− |PU by (4.28) and (A−, B−) is assumed to be controllable, it follows
that D is dense in X−.

We next verify that

M∩H2
U = Ker ĈA×−,B×− . (4.29)

Suppose therefore that h ∈M∩H2
U . Then

h = L2
U − lim

n→∞
W · pn

for a sequence of analytic polynomials pn ∈ PU . Since W−1 ∈ L2
L(U), MW−1 : f 7→

W−1 · f is continuous from L2
U into L1

U in the weak sense of Proposition 2.1, and
hence

W−1 · h = H1
U − lim

n→∞
W−1 · (Wpn) = H1

U − lim
n→∞

pn

exists as a weak limit in H1
U . In particular, W−1h ∈ H1

U and it follows that

[W−1 · h]n = 0 for n ∈ Z−.
We compute, for n ∈ Z−,

0 = [W−1 · h]n = [C×− (zI −A×−)−1B×−h(z)]n

=
∑

i,j∈Z+ : −i−1+j=n

C×− (A×−)iB×−hj

=
∑
j∈Z+

C×−A
×(−n−1+j)B×−hj

= C×−A
×(−n−1) ·

∑
j∈Z+

(A×−)jB×−hj

= C×− (A×)−n−1 · Ĉb
A×−,B

×
−
h.
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Since by assumption (C×− , A
×
−) is observable, we conclude that Ĉb

A×−,B
×
−
h = 0.

Conversely, reversing the argument shows that if h ∈ Ker Ĉb
A×−,B

×
−
, then W−1 ·h ∈

H1
U and hence h ∈ H2

U ∩M. In this way we have veri�ed (4.29).
Now let k be an arbitrary element of M. By (4.27) k has the form

k = ÔbC−,A−x+ f

for some x ∈ D and f ∈ H2
U . De�ne an operator Γ: D → X×− by

Γx = Ĉb
A×−,B

×
−
f. (4.30)

Since by (4.29) we know thatM∩H2
U is exactly equal to Ker Ĉb

A×−,B
×
−
, it follows that

the formula (4.30) for Γ is well-de�ned, i.e., the expression Ĉb
A×−,B

×
−
f is independent

of the choice of f ∈ H2
U for which ÔbC−,A−x + f ∈ M. It follows that we recover

M from S = (C−, A−, A×−, B
×
− ,Γ) (as in (4.26)) as M = MS.

To check that S given by (4.26) is an admissible Sylvester data set, it remains
only to check that Γ with domain D as given above is a closed operator. This follows
from M being a closed subspace of L2

U as follows (the reverse direction was done
in the proof of part (1) of Theorem 4.2). Suppose that {xn}n∈Z+ is a sequence of
vectors from D such that

lim
n→∞

xn = x ∈ X+ and lim
n→∞

Γxn = y ∈ X×+ .

As ĈbC−,A− is bounded, we then get

lim
n→∞

ĈbC−,A−xn = ĈbC−,A−x. (4.31)

Since (A×−, B
×
−) is exactly controllable, we may choose

fn ∈ Ran (Ĉb
A×−,B

×
−

)∗ = (Ker Ĉb
A×−,B

×
−

)⊥ ⊂ H2
U

so that

Γxn = Ĉb
A×−,B

×
−
fn.

The characterization of M as M = MS then implies that

ÔbC−,A−xn + fn ∈M for all n ∈ Z+. (4.32)

The assumption that limn→∞ Γxn = y exists combined with the exact controlla-
bility of (A×−, B

×
−) implies that

lim
n→∞

fn = f ∈ H2
U exists in H2

U and y = lim
n→∞

Γxn = Ĉb
A×−,B

×
−
f. (4.33)

But then, by (4.31) and (4.33) we have

lim
n→∞

[
ĈbC−,A−xn + fn

]
= ĈbC−,A−x+ f. (4.34)
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By (4.32) and the hypothesis that M is closed, we conclude that

ĈbC−,A−x+ f ∈M.

Now the characterization of M as M = MS together with (4.33) gives us that

x ∈ D and y = Ĉb
A×−,B

×
−
f = Γx.

We have now veri�ed that Γ is closed as wanted. This completes the proof of
Theorem 4.5. �

5. Dichotomous realizations for strongly regular matrix-valued

functions via pole-zero data

The following result provides a state-space implementation of Theorem 3.4 as well
as a converse to Theorem 4.5. We refer the reader to Remark 4.6 for a guide
through the thicket of notation in the following theorem.

Theorem 5.1. Suppose that (M,M×) is a dual shift-invariant pair of subspaces as
in De�nition 3.1. Then:

1. There are admissible Sylvester data sets

S = (C,A,Z,B,Γ), S× = (C×, A×, Z×, B×,Γ×) (5.1)

such that
(a) A∗, Z, (A×)∗, Z× are all strongly stable (and hence in fact A, Z, A×

and Z× are all strongly bi-stable),
(b) the coupling operator ΓS,S× (see (4.6)) is invertible, and

(c) M = MS, M× = M×
S× (see (4.3) and (4.4)).

2. There is an L2-regular L(U)-valued function W on T such that

M = L2-clos WH∞
U , M× = L2-clos WH∞

U,0. (5.2)

Realization formulas for W and W−1 can be constructed from the Sylvester

data sets S and S× in (5.1) as follows. De�ne operators Ψ and Ψ̃ according
to

Ψ =

[
Γ −ZĈbZ,BÔ

f
C×,A× −B

−Z×ĈfZ×,B×Ô
b
C,A Γ× −B×

]
:

 D(Γ)
D(Γ×)
U

→ [
XZ
X×Z

]
(5.3)

Ψ̃ =

 −Γ× −ĈfZ×,B×Ô
b
C,AA

−ĈbZ,BÔ
f
C×,A×A

× −Γ
−C× −C

 :
[
D(Γ×)
D(Γ)

]
→

X×ZXZ
U

 . (5.4)

Then it holds that

dim Ker Ψ = dim U , dim
[
XZ
X×Z

]
/Ran Ψ̃ = dim U .
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Let B−B+

D

 : U → Ker Ψ ⊂

 D(Γ)
D(Γ×)
U

 (5.5)

be an isomorphism between U and Ker Ψ, let

[
C×+ C×− D×

]
:

X×ZXZ
U

→ U (5.6)

be a surjective linear map with Ker
[
C×− C×+ D×

]
= Ran Ψ̃, and set

L = C×+ Ĉ
f
Z×,B×Ô

b
C,AB− + C×− ĈbZ,BÔ

f
C×,A×B+ +D×D. (5.7)

Then L is invertible and one choice of an L2-regular W satisfying (5.2) is

W (z) = C(zI −A)−1B− +D + zC×(I − zA×)−1B+ (5.8)

with inverse W−1 given by

W (z)−1 = L−1
[
C×− (zI − Z)−1B +D× + zC×+ (I − zZ×)−1B×

]
(5.9)

and (5.8), (5.9) provide a strongly bi-dichotomous realization for W .

Proof of (1): Let (M,M×) be a dual shift-invariant pair of subspaces of L2
U . In

particular, M is full-range and simply invariant for Mz. Hence, by part (1) of
Theorem 4.2,M has the formM = MS for an admissible Sylvester data set S =
(C,A,Z,B,Γ) with both A and Z bi-stable. Similarly, asM× is full-range and sim-
ply invariant for Mz−1 , part (2) of Theorem 4.2 guarantees thatM× has the form
M× = M×

S× for an admissible Sylvester data set S× = (C×, A×, Z×, B×,Γ×)
with both A× and Z× bi-stable. Finally the matching condition (3.1) in part (3)
of De�nition 3.1 combined with part (3) of Theorem 4.2 guarantees that the cou-
pling operator ΓS,S× associated with S and S× as in (4.6) is invertible. We have
now veri�ed all of (a), (b), (c) in part (1) of Theorem 5.1. �

Proof of (2): We assume that we are given a dual shift-invariant pair of subspaces
of the formMS,MS× for admissible Sylvester data sets S, S× with the stability
properties listed in part (1a) in the statement of the theorem. By the proof of
Theorem 3.4, we need only construct a function W ∈ L2

L(U) so that

WU = zM× ∩M =: L.

Suppose that h ∈ zM× ∩M. Then, on the one hand, h = zk× where k×, as an
element of M×, has the form

k×(z) = [OfC×,A×x
× + f×](z) = C×(I − zA×)−1x× + f×(z)

for an x× ∈ D(Γ×) and an f× ∈ H2⊥
U subject to

ĈfZ×,B×f
× = Γ×x.
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Then h = zk× has the form

h(z) = [Mz · (OfC×,A×x
× + f×)](z)

= zC×(I − zA×)−1x× + zf×(z)

= zC×(I − zA×)−1x× + (PH2⊥
U
Mzf

×)(z) + [f×]−1. (5.10)

On the other hand, as an element of M, h also has the form

h(z) = [ÔbC,Ax+ f ](z) = C(zI −A)−1x+ f(z) (5.11)

where x ∈ D(Γ) and f ∈ H2
U satisfy

ĈbZ,Bf = Γx.

By equating H2⊥
U - and H2

U -components in (5.10) and (5.11) we see that

[PH2⊥
U
Mzf

×](z) = C(zI −A)−1x,

f(z) = [f×]−1 + zC×(I − zA×)−1x×.

By combining (5.10) and (5.11) we see that we can assume that h has the form

h(z) = C(zI −A)−1x+ u+ zC×(I − zA×)−1x× (5.12)

for an x ∈ D(Γ), a u ∈ U (considered as a constant-function element of H2
U ) and

an x× ∈ D(Γ×). The added condition for an element of the form (5.12) to be in
M is that

Γx = ĈbZ,B(u+MzÔfC×,A×x
×). (5.13)

We note that

ĈbZ,Bu = Bu

and we compute

ĈbZ,BMzÔ
f
C×,A×x

× =
∞∑
n=0

ZnB[MzÔfC×,A×x
×]n

=
∞∑
n=1

ZnBC×(A×)n−1x×

= Z ·
∞∑
n=0

ZnBC×(A×)nx×

= ZĈbZ,BÔ
f
C×,A×x

×.

Thus (5.13) can be written in more succinct form as[
Γ −ZĈbZ,BÔ

f
C×,A× −B

] xx×
u

 = 0. (5.14)

Similarly, we require that h as in (5.12) have the property that

z−1 · h(z) = z−1C(zI −A)−1x+ z−1u+ C×(I − zA×)−1x×
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be in M×. The additional constraint for this to happen is that

ĈfZ×,B×(Mz−1ÔbC,Ax+Mz−1u) = Γ×x×. (5.15)

We note that

ĈfZ×,B×Mz−1u = B×u

and a calculation similar to that done above gives that

ĈfZ×,B×Mz−1ObC,Ax = Z×CfZ×,B×O
b
C,Ax.

Thus (5.15) can be written more succinctly as

[
−Z×ĈfZ×,B×Ô

b
C,A Γ× −B×

] xx×
u

 = 0. (5.16)

Combining (5.14) and (5.16), we conclude that h of the form (5.12) is in zM×∩M
exactly when

[ x
x×

u

]
is in Ker Ψ.

By assumption the input pairs (C,A) and (C×, A×) are observable, and hence
the correspondence xx×

u

 7→ C(zI −A)−1x+ zC×(I − zA×)−1x× + u

between Ker Ψ and L is bijective. Under the assumption that (MS,M×
S×) is

a dual shift-invariant pair, the proof of Theorem 3.4 tells us that L and U are
isomorphic. Hence we may choose an isomorphism between L and Ker Ψ of the
form (5.5). Then, according to the prescription in the proof of Theorem 3.4, W (z)
as in (5.8) gives a Beurling-Lax representation for the dual shift-invariant pair
(M,M×) as in (5.2).

As was shown in the proof of Theorem 3.4, W ∗−1 arises as the Beurling-Lax
representer for the dual shift-invariant pair ((M×)⊥,M×). By the formula (6.2)
proved below, we know that

(M×)⊥ = M(S×)⊥ , M⊥ = M×
S⊥

where the admissible Sylvester sets (S×)⊥ and S⊥ are given by

(S×)⊥ = (B×∗, Z×∗, A×∗, C×∗,−Γ×∗), S⊥ = (B∗, Z∗, A∗, C∗ − Γ∗). (5.17)

Let us denote the constraining operator given by (5.3) but with ((S×)⊥,S⊥) in
place of (S,S×) by Ψ⊥. Then careful substitution gives

Ψ⊥ =

[
−Γ×∗ −A×∗ĈbA×∗,C×∗Ô

f
B∗,Z∗ −C×∗

−A∗ĈfA∗,C∗ÔbB×∗,Z×∗ −Γ∗ −C∗

]
as an operator from D(Γ×∗)⊕D(Γ∗)⊕U into X×P ⊕XP .We follow the recipe arrived
at in the �rst part of the proof with this new data set and choose an isomorphism



Vol. 99 (9999) Discrete-time well-posed linear systems 33

of the form (C×+ )∗

(C×− )∗

(D×)∗

 : U → Ker Ψ⊥ ⊂

D(Γ×∗)
D(Γ∗)
U

 .
Then we arrive at a Beurling-Lax representer W⊥ for ((M×)⊥,M⊥) of the form

W⊥(z) = B×∗(zI − Z×∗)−1(C×+ )∗ + (D×)∗ + zB∗(I − zZ∗)−1(C×− )∗.

Therefore we �nd that

W⊥(1/z)∗ = zC×+ (I − zZ×)−1B× +D× + C×− (zI − Z)−1B (5.18)

where the block row matrix

[
C×+ C×− D×

]
=

(C×+ )∗

(C×− )∗

(D×)∗

∗

is characterized as a bounded linear operator from X×P ⊕XP⊕U onto U with kernel

equal to (Ker Ψ⊥)⊥ = Ran Ψ∗⊥. Finally we note that Ψ∗⊥ = Ψ̃ where Ψ̃ is given
by (5.4). Thus W (1/z)∗−1, apart from the constant factor of L−1 in the front, is
given by the expression (5.9).

From the uniqueness part of Theorem 3.4, we know that there is a constant
invertible operator L on U so that

W⊥(1/z)∗−1L = W (z)

where W (z) is given by (5.8). The constant operator L is then determined by

L = W⊥(1/z)∗W (z). (5.19)

To �nd L (denoted for the moment L(z) but it eventually will turn out to be a
constant function), we compute

L(z) = (zC×+ (I − zZ×)−1B× + C×− (zI − Z)−1B +D×)

· (C(zI −A)−1B− + zC×(I − zA×)−1B+ +D)

=
[
C×+ C×− D×

]
Q(z)

B−B+

D


where we have set Q(z) equal to

Q(z) =

Q11(z) Q12(z) Q13(z)
Q21(z) Q22(z) Q23(z)
Q31(z) Q32(z) Q33(z)


:=

 z(I − zZ×)−1B×

z−1(I − z−1Z)−1B
I

 [z−1C(I − z−1A)−1 zC×(I − zA×)−1 I
]
.

(5.20)
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Since (Z×, B×) and (Z,B) are exactly controllable, we see that the left factor
on the right hand side of (5.20) is in L2

L(U,X×Z ⊕XZ⊕U)
; similarly, since (C,A) and

(C×, A×) are exactly observable by assumption, we see that the right factor on
the right hand side of (5.20) is in L2

L(XP⊕X×P ⊕U,U)
. Hence the product Q(z) has

each block entry in the appropriate operator-valued L1-space by Proposition 2.1.
We compute

Q11(z) = z(I − zZ×)−1B× · z−1C(I − z−1A)−1

=
∑
i,j∈Z+

Z×iB×CAjzi+1z−j−1

and hence the Fourier coe�cients Q11(z) =
∑
n∈Z[Q11]nzn for Q11 are given by

[Q11]n =
∑

i,j∈Z+ : i−j=n

Z×iB×CAj

=


∑∞
n=0 Z

×nB×CAn = ĈfZ×,B×Ô
b
C,A if n = 0,∑n

j=0 Z
×n+jB×CAj = Z×nĈfZ×,B×Ô

b
C,A if n ≥ 1,∑∞

i=0 Z
×iB×CAi−n = ĈfZ×,B×Ô

b
C,AA

−n if n ≤ −1.

Thus Q11(z) is given by

Q11(z) = ĈfZ×,B×Ô
b
C,A +

∞∑
n=1

Z×ĈfZ×,B×Ô
b
C,Az

n +
∞∑
n=1

ĈfZ×,B×Ô
b
C,AA

nz−n

= ĈfZ×,B×Ô
b
C,A + z(I − zZ×)−1Z×ĈfZ×,B×Ô

b
C,A

+ ĈfZ×,B×Ô
b
C,AAz

−1(I − z−1A)−1. (5.21)

Similarly

Q12(z) = z(I − zZ×)−1B× · zC×(I − zA×)−1 =
∑
i,j∈Z+

Z×iB×C×A×jzi+j+2.

Thus [Q12]n = 0 for n ≤ 1. If we restrict all operators to D(Γ) and use the Sylvester
equation (4.1) associated with S×, we see that, for n ≥ 2,

[Q12]n =
n−2∑
i=0

Z×iB×C×A×n−2−i

=
n−2∑
i=0

Z×i(Γ×A× − Z×Γ×)A×n−2−i

=
n−2∑
i=0

[
Z×iΓ×A×n−1−i − Z×i+1Γ×A×n−2−i]

= Γ×A×n−1 − Z×n−1Γ×
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and hence

Q12(z) =
∞∑
n=2

Γ×A×n−1zn −
∞∑
n=2

Z×n−1Γ×zn

=
∞∑
n=1

Γ×A×n−1zn −
∞∑
n=1

Z×n−1Γ×zn

= Γ× · z(I − zA×)−1 − z(I − zZ×)−1Γ×. (5.22)

Similar computations or direct copying from the de�nition (5.20) give us the re-
maining entries of Q(z):

Q13(z) = z(I − zZ×)−1B×, Q21(z) = Γ · z(I − zA)−1 − z(I − zZ)−1Γ,

Q22(z) = ĈbZ,BÔ
f
C×,A× + ĈbZ,BÔ

f
C×,A×A

× · z(I − zA×)−1

+ z−1(I − z−1Z)−1ZĈbZ,BÔ
f
C×,A× ,

Q23(z) = z−1(I − z−1Z)−1B, Q31(z) = z−1C(I − z−1A)−1,

Q32(z) = zC×(I − zA×)−1, Q33(z) = I. (5.23)

We emphasize that we view expressions of the sort

z−1(I − z−1Z)−1, z(I − zZ×)−1, z−1(I − z−1A)−1, z(I − zA×)−1

as formal Fourier series in powers of z and z−1; only after performing the operations
indicated in (5.24) at the level of formal Fourier series do we arrive at a formal
Fourier series which is guaranteed to be the Fourier series of the weak H1-function
Q(z).

We reorganize this information (5.21), (5.22), (5.23) in the form

Q(z) = −

z(I − zZ×)−1 0
0 (zI − Z)−1

0 0

[0 I
I 0

]
Ψ

− Ψ̃
[
0 I
I 0

] [
z−1(I − z−1A)−1 0 0

0 z(I − zA×)−1 0

]

+

Ĉ
f
Z×,B×Ô

b
C,A 0 0

0 ĈbZ,BÔ
f
C×,A× 0

0 0 I

 . (5.24)

Since

Ψ

B−B+

D

 = 0 and
[
C×+ C×− D×

]
Ψ̃ = 0
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by construction, we see that L(z) collapses to the L given by (5.7) since

L(z) =
[
C×+ C×− D×

]
Q(z)

B−B+

D


=
[
C×+ C×− D×

] Ĉ
f
Z×,B×Ô

b
C,A 0 0

0 ĈbZ,BÔ
f
C×,A× 0

0 0 I


B−B+

D


= C×+ Ĉ

f
Z×,B×Ô

b
C,AB− + C×− ĈbZ,BÔ

f
C×,A×B+ +D×D = L.

From the general theory from the proof of Theorem 3.4, we know that L is invert-
ible and the formula (5.9) follows as well.

To verify that (5.8) and (5.9) provide a strongly bi-dichotomous realization for
W , it remains only to check that (A,B−) and (A×, B+) are controllable and that
(C×− , Z) and (C×+ , Z

×) are observable. We check only that (A,B−) is controllable
as the others are similar. Since L2-closWH∞

U = M = MS, it follows from the
proof of Theorem 4.5 that it must be the case that

Ran ĈbA,B− |PU is dense in D(Γ).

As D(Γ) is dense in XP we conclude that Ran ĈbA,B− |PU is dense in XP , i.e., the
input pair (A,B−) is controllable. This completes the proof of Theorem 5.1. �

Remark 5.2. As a corollary of the proof of Theorem 3.4 and part (3) of Theorem
4.2, we see that ΓS,S× invertible implies that dim Ker Ψ = dim U , i.e., after some
transformations to write the result in the starkest terms, under the assumption
that S = (C,A,Z,B,Γ) and S× = (C×, A×, Z×, B×,Γ×) are both admissible
Sylvester data sets, we have[

Γ ĈbZ,BÔ
f
C×,A×

ĈfZ×,B×Ô
b
C,A Γ×

]
invertible

=⇒ dim Ker

[
Γ ZĈbZ,BÔ

f
C×,A× −B

Z×ĈfZ×,B×Ô
b
C,A Γ× B×

]
= dim U .

We do not know how to prove this directly except in some special cases. One such
special case is the case where both A× and Z× are invertible. In this case one can
use the identity

Ψ ·

I 0
0 −A×
0 −C×

 =
[

0 I
Z× 0

]
ΓS,S×
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to see that Ker Ψ is isomorphic to U when ΓS,S× is invertible. In this case one

choice of

[
B−
B+
D

]
isB−B+

D

 =

0
0
I

+

I 0
0 −A×
0 −C×

(ΓS,S×
)−1

[
(Z×)−1B×

B

]
. (5.25)

In this case we may write

zC×(I − zA×)−1 = −zC×A×−1(zI −A×−1)−1

= −CA×−1 − CA×−1(zI −A×−1)−1A×−1.

Then we have

W (z) =
[
C(zI −A)−1 zC×(I − zA×)−1

] [B−
B+

]
+D

=
[
C C×A×−1

] [(zI −A)−1 0
0 (zI −A×−1)−1

] [
I 0
0 −A×−1

] [
B−
B+

]
− C×A×−1B+ +D.

If we now use (5.25) to plug in for B−, B+, D we get

W (z) =
[
C C×A×−1

] [(zI −A)−1 0
0 (zI −A×−1)−1

] [
I 0
0 −A×−1

]
·

·
[
I 0
0 −A×

]
(ΓS,S×)−1

[
Z×−1B×

B

]
− C×A×−1

[
0 −A×

]
(ΓS,S×)−1

[
Z×−1B×

B

]
+
(
I +

[
0 −C×

]
(ΓS,S×)−1

[
Z×−1B×

B

])
=
[
C C×A×−1

] [(zI −A)−1 0
0 (zI −A×−1)−1

]
(ΓS,S×)−1

[
Z×−1B×

B

]
+ I.

This is the form of the solution with value at in�nity equal to I given in [19,
Theorem 4.3.1] for the rational case.

Similarly, it would complete the theory to have a direct proof of the fact that
invertibility of the coupling matrix ΓS,S× implies the invertibility of the operator
L (5.7).

Remark 5.3. We can now give an alternative proof of the result of Theorem 4.4
concerning pseudocontinuation of bounded type as follows. Suppose that W ∈
L2
L(U) is L2-regular and that dim U < ∞. By Theorem 5.1, W has a strongly

bi-dichotomous realization (5.8), (5.9) arising from a pair of admissible Sylvester
data sets

S = (C,A,Z,B,Γ), S× = (C×, A×, Z×, B×,Γ×)
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for which

L2-closWH∞
U = MS, L2-closWH∞

U,0 = M×
S× .

By the proof of Theorem 4.2, we may assume without loss of generality that S
and S× have the model form

XP = L2-closPH2⊥
U
M, XZ = H2

U 	
(
M∩H2

U
)
,

X×P = L2-closPH2
U
M, X×Z = H2⊥

U 	
(
M× ∩H2⊥

U
)

with

A = PXPMz|XP , Z = PXPMz|XZ
A× = PX×P

Mz−1 |X×P , Z× = PX×Z
Mz−1 |X×Z .

As we have seen via Lemma 4.3, the fact that M is full-range simply-invariant
for Mz and that M× is full-range simply-invariant for Mz−1 implies hat A,Z,A×,
and Z× are all strongly bi-stable, i.e., are in the Sz.-Nagy-Foias class C00 with
characteristic function equal to a matrix-valued (since dim U <∞) two-sided inner
function. As all these operators are contractions, certainly all have spectra in the
closed unit disk D. In case dim U < ∞, one can say more: the intersection of the
spectrum with the open unit disk consists only of eigenvalues of �nite multiplicity
having no accumulation point in D and consequently each of the resolvents (zI −
A)−1, (zI−Z)−1, (zI−A×)−1 and (zI−Z×)−1 is meromorphic on D (see e.g. [38,
Section VI.4]). We then see that z(I−zA×)−1 = (z−1I−A×)−1 and z(I−zZ×)−1 =
(z−1I − Z×)−1 are meromorphic on D. As A, Z, A× and Z× are all contractions,
by the Neumann series expansion we read o� that (zI −A)−1 and (zI −Z)−1 are
analytic on De and that z(I− zA×)−1 and z(I− zZ×)−1 are analytic on De. Then
from the formulas for W and W−1 (5.8) and (5.9) we read o� that W and W−1

have meromorphic pseudocontinuation to both D and De. Moreover, since dim U <
∞, it is possible to argue that these pseudocontinuations are of bounded type,
but we omit the details concerning this point. By the observability/controllability
properties of the realizations (5.8) and (5.9), one can say more: the poles ofW in D
consist exactly of the eigenvalues of A in D, the poles ofW in De consist exactly of
the re�ections 1/λ of the eigenvalues λ of A× in D (where we interpret ∞ = 1/0),
the poles ofW−1 in D consist exactly of the eigenvalues of Z inside D, and the poles
of W−1 in De consist exactly of the re�ections 1/λ of the eigenvalues λ of Z× in
D. In this way we arrive at a realization-theoretic proof of the pseudocontinuation
part of Theorem 4.4.

Remark 5.4. It is of interest that strongly bi-dichotomous realizations for a given
L2-regular function W are unique up to a state-space similarity, i.e., given a
strongly bi-dichotomous realization (2.18) and (2.19) together with a second strong-
ly bi-dichotomous realization for W

W (z) = zC ′+(IX ′+ − zA′+)−1B′+ +D′ + C ′−(zIX ′− −A′−)−1B′− (5.26)

W (z)−1 = zC ′×+ (IX ′×+ − zA′×+ )−1B′×+ +D′× + C ′×− (zIX ′×− −A′×− )−1B′×− , (5.27)
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then there are bounded and invertible similarity transforms

S+ ∈ L(X+,X ′+), S− ∈ L(X−,X ′−),

S×+ ∈ L(X×+ ,X ′×+ ) S×− ∈ L(X×− ,X ′×− )

so that

C ′+ = C+S
−1
+ , A′+ = S+A+S

−1
+ , B′+ = S+B+,

C ′− = C−S
−1
− , A′− = S−A−S

−1
− , B′− = S−B−,

C ′×+ = C×+S
×−1
+ , A×′+ = S×+A+S

×−1
+ , B′×+ = S×+B+,

C ′×− = C×−S
×−1
− , A′×− = S×−A

×
−S

×−1
− , B′×− = S×−B−. (5.28)

One way to prove this is to show that any strongly bi-dichotomous realization is
similar to the model bi-dichotomous realization coming from Theorem 5.1 with
Sylvester data sets (S,S×) taken to be the model Sylvester data sets arising
from the dual shift-invariant pair (L2-closWH∞

U , L
2-closWH∞

U,0). However one
can proceed more directly as follows. By equating Fourier coe�cients in the two
supposed realizations for W (z), we get the moment equalities

C ′+A
′n
+B

′
+ = C+A

n
+B+ for n ∈ Z+, D

′ = D, C ′−A
′n
−B

′
− = C−A

n
−B− for n ∈ Z+.

To get the �rst set of equalities in (5.28), it su�ces to �nd a bounded, invertible
similarity T = S∗−1

+ : X+ → X ′+ so that

C ′∗+ = TC∗+, A′∗+ = TA+T
−1, B′∗ = B∗T−1. (5.29)

It is then natural to de�ne T so that

T : A∗n+ C∗+u 7→ A′∗+C
′∗
+ .

which then forces

TCA∗+,C∗+{u}n∈Z+ = CA′∗+ ,C′∗+ {u}n∈Z+ .

Since as part of a strongly bi-dichotomous realization we know that (C+, A+) is
exactly observable, it follows that

T = CA′∗+ ,C′∗+ (CA∗+,C∗+)−1 = (OC′+,A′+)∗(OC+,A+)∗−1

is bounded and invertible. It is now straightforward to check that T meets all the
intertwining conditions (5.29). The other intertwining relations in (5.28) can be
solved in a similar way using the exact observability of (C−, A−) and (C ′−, A

′
−)

and the exact controllability of (A×+, B
×
+), (A′×+ , B′×+ ), (A×−, B

×
−), and (A′×− , B

′×
− ).

In a similar vein, one can show that two admissible Sylvester data sets

S = (C,A,Z,B,Γ), S′ = (C ′, A′, Z ′, B′,Γ′)

give rise to the same full-range Mz-simply-invariant subspace MS = MS′ if and
only if S and S′ are similar in the sense that there are bounded, invertible simi-
larity transformations

S : XP → X ′P , T : XZ → X ′Z
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so that

C ′ = CS−1, A′ = SAS−1, Z ′ = TZT−1, B′ = TB, Γ′ = TΓS−1.

A similar statement holds for two admissible Sylvester data sets giving rise to the
same full-range Mz−1-simply-invariant subspace M×

S = M×
S′ .

6. J-orthogonal dual pairs of shift-invariant subspaces and strongly

regular J-unitary functions

We now assume that J is an operator on U such that J = J∗ = J−1. We identify J
with J⊗IL2 (the operator of multiplication by the constant function J on L2

U ). We
say that the L(U)-valued function Θ(z) is a J-unitary function if Θ(z)∗JΘ(z) = J
for almost all z ∈ T. We are interested in adapting the results of the previous
sections to the case where W = Θ is a J-unitary function in L2

L(U).

From the J-unitary property of Θ(z) for z ∈ T, it follows that Θ(z)−1 =
JΘ(z)∗J for almost all z ∈ T, and therefore we also have Θ−1 ∈ L2

L(U). Following

the terminology of De�nition 3.3, we say that the J-unitary function Θ is L2-
regular J-unitary if the operator

MΘPH2
U
M−1

Θ : L∞U → L1
U

extends to de�ne a bounded operator from L2
U to itself. From the identity Θ−1 =

JΘ∗J we see that the J-unitary function Θ is L2-regular exactly when the operator
MΘJPH2

U
M∗

ΘJ extends to de�ne a bounded operator on L2
U . This operator in turn

is a J-self-adjoint projection operator onto the subspace M := L2-closΘH∞
U .

Thus the J-unitary function Θ being L2-regular means simply that the subspace
M := L2-closΘH2

U is the range of a bounded J-self-adjoint projection operator,
i.e., that M is regular as a subspace of L2

U considered as a Kre��n space with
inde�nite inner product 〈·, ·〉J induced by J :

〈f, g〉J := 〈Jf, g〉L2
U

=
1
2π

∫
T
〈Jf(ζ), g(ζ)〉U |dζ|.

If Θ is J-unitary and M = L2-closΘH∞
U , then one can check that

M× :=L2-closΘH∞
U

=L2-clos JΘ∗−1JH∞
U

=L2-clos JΘ∗−1H∞
U

=
(
L2-closΘH∞

U
)⊥J

=M⊥J .

With these observations, Theorem 3.4 assumes the following form.

Theorem 6.1. (See [20, 21].) Suppose that M is a subspace of L2
U . Then the fol-

lowing are equivalent.
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1. M is a full-range, simply-invariant subspace for Mz which is regular as a
subspace of the Kre��n space (L2

U , 〈·, ·〉J).
2. There exists an L2-regular J-unitary function Θ so that M = L2-closΘH∞

U .

Proof. Suppose �rst that M is a full-range simply-invariant J-regular subspace
This means that the pair (M,M⊥J) is a dual shift-invariant pair. By Theorem
3.4 there is an L2-regular L(U)-valued function W so that M = L2-closWH∞

U
and M⊥J = L2-closWH∞

U,0. It is not di�cult to check that W ′ = JW ∗−1 also

serves as a representer for M and M⊥J . By the uniqueness assertion in Theorem
3.4, it follows that there is an invertible constant operator X ∈ L(U) so that
JW ∗−1 = WX−1, i.e., so that

W (z)∗JW (z) = X for almost all z ∈ T.

Thus X must have the same inertia as J , i.e., there is a constant operator X ′ ∈
L(U) so that X = X ′∗JX ′. If we then set Θ(z) = W (z)X ′−1, then Θ(z) meets
all the requirements of part (2) of Theorem 6.1. The converse direction is easily
checked directly. This completes the proof of Theorem 6.1. �

Proposition 6.2. Suppose that S = (C,A,Z,B,Γ) is an admissible Sylvester data
set as in De�nition 4.1 and let MS be the associated full-range simply-invariant
subspace for Mz. Then

M⊥J
S = M×

S⊥J , (M×
S)⊥J = MS⊥J (6.1)

where we have set

S⊥J = (JB∗, Z∗, A∗, C∗J,−Γ∗). (6.2)

Proof. We prove only the �rst of the identities (6.1) as the proof of the second is
completely similar.

First note that it is an easy consequence of the De�nition 4.1 that S⊥J is
again an admissible Sylvester data set whenever S is an admissible Sylvester data
set. Indeed, exact observability of (C,A) is equivalent to exact controllability of
(A∗, C∗) and hence also for (A∗, C∗J), exact controllability of (Z,B) is equivalent
to exact observability for (B∗, Z∗) and hence also for (JB∗, Z∗), and it is an easy
(if somewhat delicate) exercise to show that

ΓAx− ZΓx = BCx for all x ∈ D(Γ) ⇐⇒
A∗Γ∗y − Γ∗Z∗y = C∗B∗y for all y ∈ D(Γ∗).

Thus M×
S⊥J is a closed Mz−1-invariant subspace of L2

U along with M being a
closed Mz-invariant subspace.

Suppose now that g + h is J-orthogonal to all of MS, where g ∈ H2⊥
U and

h ∈ H2
U . In particular, necessarily h is J-orthogonal to MS ∩ H2

U = Ker ĈbZ,B .
As (Z,B) is exactly controllable by assumption, (ĈbZ,B)∗ = ÔfB∗,Z∗ has closed

range and (Ker ĈbZ,B)⊥ = Ran ÔfB∗,Z∗ . Hence, the fact that h is J-orthogonal to

MS ∩ H2
U gives us that there exists a y ∈ XZ so that h = ÔfJB∗,Z∗y. Next let
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ÔbC,Ax+ f be a generic element ofMS. Then the J-orthogonality of g+h toMS

gives us

0 = 〈J(g + h), ÔbC,Ax+ f〉L2
U

= 〈Jg, ÔbC,Ax〉H2⊥
U

+ 〈JÔfJB∗,Z∗y, f〉H2
U

= 〈ĈfA∗,C∗Jg, x〉XP + 〈y, ĈbZ,Bf〉XZ
= 〈ĈfA∗,C∗Jg, x〉XP + 〈y,Γx〉XZ

where we used the de�ning condition ĈbZ,Bf = Γx for the admission of ÔbC,Ax+ f

to MS in the last step. This last identity �nally shows that y ∈ D(Γ∗) and

Γ∗y = −ĈfA∗,C∗Jg, i.e., that g+ ÔfJB∗,Z∗y ∈M
×
S⊥J . We conclude that (MS)⊥J ⊂

M×
S⊥J . The reverse containment can be checked directly. This concludes the proof

of Proposition 6.2. �

Remark 6.3. Suppose that we are given two admissible Sylvester data sets S and
S× as in (4.5). As explained in part (3) of Theorem 4.2, then the pair (MS,M×

S×)
satis�es the matching condition if and only if the coupling operator ΓS,S× (see
(4.6)) is invertible. Using the de�nition (6.2), substitution into (4.6) gives

ΓS×⊥J ,S⊥J =

[
−ĈfA∗,C∗JÔbJB×∗,Z×∗ Γ∗

−Γ×∗ ĈbA×∗,C×∗JÔ
f
JB∗,Z∗

]

=

[
−ĈfA∗,C∗ÔbB×∗,Z×∗ Γ∗

−Γ×∗ ĈbA×∗,C×∗Ô
f
B∗,Z∗

]
=
(
ΓS,S×

)∗
.

In particular, ΓS×⊥J ,S⊥J is invertible if and only if ΓS,S× =
(
ΓS×⊥J ,S⊥J

)∗
is

invertible. As a consequence of part (3) of Theorem 4.2, we conclude that the pair
(M,M×) satis�es the matching condition (4.8) if and only if the pair ((M×)⊥J ,
M⊥J) satis�es the matching condition. This gives a concrete proof (via null-pole-
data calculus) of this result which can be also proved by using general duality
ideas. Note that the particular case of this result for the case J = IU was used in
the proof of Theorem 3.4.

When part (3) of Theorem 4.2 is applied to the case whereM× = M⊥J and
M is assumed to be in the form M = MS for an admissible Sylvester data set,
we arrive at the following corollary.

Corollary 6.4. Let S = (C,A,Z,B,Γ) be an admissible Sylvester data set. Then
the associated subspace MS is a regular subspace of the Kre��n space (L2

U , 〈·, ·〉J)
if and only if the associated coupling operator

ΓS,S⊥J =

[
−(ÔC,A)∗JÔC,A Γ∗

Γ ĈZ,BJ(ĈZ,B)∗

]
:
[
D(Γ)
D(Γ∗)

]
→
[
XP
XZ

]
(6.3)

is invertible.
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Proof. Simply use the result of Proposition 6.2 that (MS)⊥J = M×
S⊥J and apply

part (3) of Theorem 4.2. �

We are now ready to obtain a result concerning the realization of a J-unitary
Beurling-Lax representer in terms of null-pole data.

Theorem 6.5. Suppose that S = (C,A,Z,B,Γ) is an admissible Sylvester data set.
Then there is a L2-regular J-unitary function Θ such that

MS = L2-closΘ ·H∞
U

if and only if the coupling operator ΓS,S⊥J given by (6.3) is invertible. If this is
the case, introduce

Ψ =

[
Γ −ZĈbZ,BJ(ĈbZ,B)∗ −B

−A∗(ÔbC,A)∗JÔbC,A −Γ∗ −C∗J

]
,

let B−B+

D

 : U → Ker Ψ ⊂

 D(Γ)
D(Γ×)
U


be an isomorphism between U and Ker Ψ, with the additional property that

J = B∗−(ÔbC,A)∗JÔbC,AB− +B∗+ĈbZ,BJ(ĈbZ,B)∗B+ +D∗JD.

Then a choice of Θ is given by

Θ(z) = C(zI −A)−1B− +D + zJB∗(I − zZ∗)−1B+. (6.4)

Proof. This follows by following the recipe in Theorem 5.1 for the particular case
where S× = S⊥J . In this case it works out that

Ψ̃ =

 Γ∗ −ĈfA∗,C∗JÔbC,AA
−ĈbZ,BÔ

f
JB∗,Z∗Z

∗ −Γ
−JB∗ −C

 =

I 0 0
0 I 0
0 0 J

Ψ∗. (6.5)

If we use the notation

[
B′−
B′+
D′

]
in place of

[
B−
B+
D

]
for the column matrix constructed

as in (5.5), then

L = B′∗−(ÔbC,A)∗JÔbC,AB′− +B′∗+ ĈbZ,BJ(ĈbZ,B)∗B′+ +D′∗JD′. (6.6)

From the connection (6.5) between Ψ̃ and Ψ, we see that, in the recipe given by
Theorem 5.1, we can take[

C×+ C×− D×
]

=
[
B∗− B∗+ D∗J

]
.

Then the formula (5.8) for W (z) specializes to

W (z) = C(zI −A)−1B′− +D′ + zJB∗(I − zZ∗)−1B′+, (6.7)

while the formula (5.18) W⊥(1/z)∗ specializes to

W⊥(1/z)∗ = zB′∗−(I − zA∗)−1C∗J +D′∗J +B′∗+ (zI − Z)−1B. (6.8)
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Hence W is a Beurling-Lax representer for the pair of subspaces (MS,MS⊥J ). If
we use (6.7) to compute W (1/z)∗ we arrive at

W (1/z)∗ = zB′∗−(I − zA∗)−1C∗ +D′∗ +B′∗+ (zI − Z)−1BJ (6.9)

and we see that

W⊥(1/z)∗ = W (1/z)∗J.

From (5.19) we see therefore that

W (1/z)∗JW (z) = L (6.10)

with L given by (6.6). From (6.10) we see that L has a factorization L = X∗JX
with X ∈ L(U) invertible. From (6.10), it is clear that Θ(z) := W (z)X−1 has
J-unitary values on T as wanted and that Θ(z) is given by (6.4) withB−B+

D

 =

B′−B′+
D′

X−1.

�

7. Realization theory for J-inner functions

In this section we assume throughout that

dim U <∞. (7.1)

Then, as a consequence of Theorem 4.4 and Remark 5.3, any L2-regular function
W ∈ L2

L(U) has pseudocontinuation of bounded type to D and to De. In particular

this is true for a L2-regular J-unitary function Θ, so the values Θ(z) for z ∈ D
make sense at any point of analyticity of Θ which is at all points of D except for
the discrete set of poles in D. We can then introduce the kernel function KΘ(z, w)
de�ned by

KΘ(z, w) =
J −Θ(z)JΘ(z)∗

1− zw
(7.2)

for all pairs of points z, w in D where Θ is analytic. We say that the J-unitary
function Θ(z) is J-inner if the kernel KΘ is a positive kernel on D×D in the sense
that

N∑
i,j=1

〈KΘ(zi, zj)uj , ui〉 ≥ 0

for all choices of points of analyticity z1, . . . , zN of Θ inside D and vectors u1, . . . ,
uN ∈ U for N = 1, 2, . . . . Among all L2-regular J-unitary functions, the L2-regular
J-inner functions have special structure, as summarized in the following theorem.
This result is essentially contained in [22]; for completeness we give a direct proof
for our context here.
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Theorem 7.1. Suppose that Θ is a L2-regular J-unitary function with associated
dual pair of shift invariant subspaces

MS = L2-closΘH∞
U , MS⊥J = L2-closΘH∞

U,0 = M⊥J

arising from the admissible Sylvester data set

S = (C,A,Z,B,Γ)

as in (4.3), (4.4) and (6.2). Then the following are equivalent.

1. Θ is J-inner, i.e., the kernel (7.2) is a positive kernel on D× D.
2. The operator Q : L2

U → L2
U de�ned by

Q = JPH2
U
− JMΘPH2

U
MΘ−1 (7.3)

is positive:

〈Qf, f〉L2
U
≥ 0 for all f ∈ L2

U .

3. The coupling operator Γ is bounded and the coupling matrix ΓS,S⊥J given by
(6.3) is positive-de�nite:

ΓS,S⊥J =

[
−(ÔC,A)∗JÔC,A Γ∗

Γ ĈZ,BJ(ĈZ,B)∗

]
≥ 0.

Proof. Choose a two-sided L(U)-valued inner function ψ so that ψ ·Θ ∈ H2
U . Then,

for z, w points of analyticity for ψ−1 in D and for all pairs u, u′ of vectors in U , it
is not di�cult to see (see [22, Theorem 3.3]) that〈

QMψ−1kSz(·, w)ψ(w)∗−1u,Mψ−1kSz(·, z)ψ(z)∗−1u′
〉
L2
U

= 〈KΘ(z, w)u, u′〉U
(7.4)

where we use the notation kSz(z, w) for the Szegö kernel

kSz(z, w) =
1

1− zw
.

From (7.4) we see immediately that (2) =⇒ (1). As Q|ψ−1·H2⊥
U

= 0, we see that

(1) =⇒ (2) as well.
We prove (2) ⇐⇒ (3) in detail under the additional assumption that

GJZ,B := ĈbZ,BJ(ĈbZ,B)∗ is invertible. (7.5)

The general case can be reduced to this case by approximating (Z,B) by output
pairs (Zn, Bn) which are still exactly controllable and which have the additional
property that GJZn,Bn

are all invertible.

We therefore assume that GJZ,B is invertible. In general, we have the following

general principle for computation of J-orthogonal projections: if X : X ′ → N ⊂ L2
U

is an injective parametrization of a subspace N ⊂ L2
U , then N is a regular subspace

of (L2
U , J) if and only if X∗JX is invertible on X ′ and then the J-orthogonal

projection of L2
U onto N is given by

PN = X(X∗JX)−1X∗J.
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We apply this principle to the case whereN = H2	J (H2
U∩M) withX = J(ĈbZ,B)∗

and X∗JX = GJZ,B to conclude that H2
U 	J (H2

U ∩M) is a regular subspace of

(L2
U , J) with J-orthogonal projection given by

PH2
U	J (H2

U∩M) = J(ĈbZ,B)∗
(
GJZ,B

)−1 ĈbZ,B .

The content of the extra assumption (7.5) is that not only M but also M∩H2
U ,

and hence furthermore H2
U 	J (H2

U ∩ M), is a regular subspace of the Kre��n
space (L2

U , J). Then necessarily M 	 (H2
U ∩ M) is also a regular subspace of

(L2
U , J). To compute its J-orthogonal projection, we have to �rst �nd an ap-

propriate parametrization X : X ′ → M 	J (H2
U ∩ M). For x ∈ D(Γ), de�ne

fx ∈ H2 	J (H2
U ∩M) by

fx = J(ĈbZ,B)∗
(
GJZ,B

)−1
Γx.

The point here is that fx is the unique element of H2
U 	J (H2

U ∩ M) so that

ÔbC,Ax+ fx ∈M. We conclude that

M	J (H2
U ∩M) = {ÔbC,Ax+ fx : x ∈ D(Γ)}

and we can take the parametrizing map X to be

X = ÔbC,A + J(ĈbZ,B)∗(GJZ,B)−1Γ: D(Γ) →M	 (H2
U ∩M) ⊂ L2

U . (7.6)

We now apply the general principle above with N = M	J (H2
U ∩M) and X as

in (7.6). We therefore set

GJX : = X∗JX =
(
(ÔbC,A)∗ + Γ∗(GJZ,B)−1ĈbZ,BJ

)
J
(
ÔbC,A + J(ĈbZ,B)∗(GJZ,B)−1Γ

)
= GJC,A + Γ∗(GJZ,B)−1Γ (7.7)

and the J-orthogonal projection onto M	J (H2
U ∩M) is given by

PM	J (H2
U∩M) =

(
ÔbC,A + J(ĈZ,B)∗(GJZ,B)−1Γ

)
· (GX)−1

·
(
(ÔbC,A)∗J + Γ∗(GJZ,B)−1Γ

)
. (7.8)

Let us set PM = MΘPH2
U
MΘ−1 equal to the J-orthogonal projection of L2 onto

M. Therefore the operator Q given by (7.3) can be computed as

Q = JPH2 − JPM

= J(PH2	JM∩H2
U

+ PM∩H2
U
)− J(PM	J (M∩H2

U ) + PM∩H2
U
)

= JPH2	J (M∩H2
U ) − JPM	J (M∩H2

U )

= ÔfB∗,Z∗(G
J
Z,B)−1(ÔfB∗,Z∗)

∗ − J
(
ÔbC,A + J(ĈbZ,B)∗(GJZ,B)−1Γ

)
·

(GX)−1 ·
(
(ÔbC,A)∗ + Γ∗(GJZ,B)−1ĈbZ,BJ

)
J. (7.9)
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Write Q as a 2× 2-block operator matrix with respect to the decomposition L2
U =

H2
U ⊕H2⊥

U ; the result is

Q =

[
Q11 −(ĈbZ,B)∗(GJZ,B)−1Γ(GJX)−1(ÔbC,A)∗J

−JÔbC,A(GJX)−1Γ∗(GJZ,B)−1ĈbZ,B −JÔbC,A(GJX)−1(ÔbC,A)∗J

]
where we have set

Q11 = (ĈbZ,B)∗(GJZ,B)−1ĈbZ,B − (ĈbZ,B)∗(GJZ,B)−1Γ(GJX)−1Γ∗(GJZ,B)−1ĈbZ,B .

We note the factorization

Q = M

[
GJZ,B − Γ(GJX)−1Γ∗ −Γ

−Γ∗ −GJX

]
M∗

where we have set

M =

[
(ĈbZ,B)∗(GJZ,B)−1 0

0 JÔbC,A(GJX)−1

]
.

Since M is injective, we see that positivity of Q is equivalent to positivity of the
middle factor

Q′ =
[
GJZ,B − Γ(GJX)−1Γ∗ −Γ

−Γ∗ −GJX

]
.

By a Schur complement analysis, positivity of Q′ is equivalent to

− GJX > 0 and (GJZ,B − Γ(GJX)−1Γ∗)−
(
(−Γ)(−GJX)−1(−Γ∗)

)
= GJZ,B > 0.

(7.10)

On the other hand, ΓS,S⊥J given by (6.3) can be written as

ΓS,S⊥J =
[
−GJC,A Γ∗

Γ GJZ,B

]
where we are assuming that GJZ,B (as well as ΓS,S⊥J ) is invertible. A simple Schur-

complement analysis with pivot equal to the (2, 2)-block entry tells us that the
positive-de�niteness of ΓS,S× is equivalent to

GJZ,B > 0 and − GJC,A − Γ∗(GJZ,B)−1Γ > 0. (7.11)

Recalling now the de�nition (7.7) of GJX we see that (7.11) and (7.10) are equiva-
lent. This �nally gives us the equivalence of (2) and (3) for the case that GJZ,B is
invertible.

Finally we note that ΓS,S⊥J being positive-semide�nite implies that Γ is
bounded. To see this, apply the Cauchy-Schwarz inequality for the positive-semi-
de�nite form 〈·, ·〉ΓS,S×

on D(Γ)⊕D(Γ∗) given by〈[
f
g

]
,

[
f ′

g′

]〉
Γ

S,S⊥J

=
〈[
−GJC,A Γ∗

Γ GJZ,B

] [
f
g

]
,

[
f ′

g′

]〉
XP⊕XZ
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to conclude that∣∣∣∣∣
〈[
f
0

]
,

[
0
g′

]〉
Γ

S,S⊥J

∣∣∣∣∣ ≤
〈[
f
0

]
,

[
f
0

]〉1/2

Γ
S,S⊥J

·
〈[

0
g′

]
,

[
0
g′

]〉1/2

Γ
S,S⊥J

or

|〈Γf, g′〉XZ | ≤ ‖(−GJC,A)1/2f‖ · ‖(GJZ,B)1/2g′‖ ≤ ‖(−GJC,A)1/2‖‖(GJZ,B)1/2‖‖f‖‖g′‖

from which we conclude that

‖Γ‖ ≤ ‖(−GJC,A)1/2‖‖(GJZ,B)1/2‖ <∞.

This concludes the proof of Theorem 7.1. �

8. Generalized Schur-Nevanlinna-Pick interpolation

In this section we still assume that dim U <∞ but in addition we assume that U
has a decomposition as

U =
[
Uo
Ui

]
The notation is to suggest that Ui is an input space and Uo is an output space
and we are interested in studying the space H∞

L(Ui,Uo) of L(Ui,Uo)-valued analytic

functions on the unit disk D. We are particularly interested in the closed unit ball
of this space, often called the Schur class, which we shall denote by

S(Ui,Uo) = {s ∈ H∞
L(Ui,Uo) : ‖s‖∞ ≤ 1}.

We follow the usual conventions and abbreviate S(Ui,Ui) to S(Ui) and similarly
with S(Uo). We assume that we are given a two-sided inner function bo ∈ SL(Uo), a
two-sided inner function bi ∈ S(Ui), and a function s0 ∈ H∞

L(Ui,Uo). The generalized

Schur interpolation problem (with data set bo, bi, s0) GSIP(bo, bi, s0) then is: �nd
s ∈ S(Ui,Uo) so that b−1

o (s− s0)b−1
i ∈ H∞

L(Ui,Uo). We introduce a notation for the

set of all solutions:

S(bo, bi, s0) = {s ∈ S(Ui,Uo) : s solves GSIP(bo, bi, s0)}.

There is an equivalent state-space formulation of the problem GSIP(bo, bi, s0),
called a bitangential interpolation problem (BTIP), which we now discuss. Let
A : XR → XR, U : XR → Ui, V : XR → Uo, Z : XL → XL, X : Uo → XL, Y : Ui →
XL and Γ: XR → XL be bounded linear operators. We say that

I = (U, V,A, Z,X, Y,Γ) (8.1)

is an admissible interpolation data set if (U,A) is exactly observable, (Z,X) is
exactly controllable, A and Z are strongly bi-stable, and Γ satis�es the Sylvester
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equation ΓA − ZΓ = XV − Y U . It is immediate that if (U,A) is exactly observ-
able then ([ VU ] , A) is exactly observable, and if (Z,X) is exactly controllable then
(Z, [X −Y ]) is exactly controllable. Hence

SI =
([
V
U

]
, A, Z,

[
X −Y

]
,Γ
)

(8.2)

is an associated admissible Sylvester data set. The bitangential interpolation prob-
lem (with data set I) BTIP(I) then is: Find all s ∈ S(Ui,Uo) so that

PH2⊥
Uo
MsÔbU,A = ÔbV,A, ĈbZ,XMs|H2

Ui
= ĈbZ,Y , ĈbZ,XPH2

Uo
MsÔbU,A = Γ.

We introduce a notation for the set of all solutions:

S(I) = {s ∈ S(Ui,Uo) : s solves BTIP(I)}.

Given (bo, bi, s0) for the GSIP, we may construct I as follows. Let M be the
full-range Mz-simply-invariant subspace

Mbo,bi,s0 =
[
bo s0b

−1
i

0 b−1
i

]
H2
U (8.3)

and construct an admissible Sylvester data set S = (C,A,Z,B,Γ) so that

Mbo,bi,s0 = MS.

Then S has the form

S =
([
U
V

]
, A, Z,

[
X −Y

]
, Γ

)
where I = (U, V,A, Z,X, Y,Γ) is an admissible interpolation data set. Moreover,
the solution sets for the two problems are the same: BTIP(I) = GSIP(bo, bi, s0).
Conversely, given an admissible interpolation data set I for a BTIP, it is possible
to construct a data set (bo, bi, s0) for a GSIP so that S(b0, bi, s0) = S(I).

Parametrizing solutions of such problems is closely related to J-inner func-

tions where we take J =
[
IU0 0
0 −IUi

]
. The following result can be proved by com-

bining the results of this paper with the approach to interpolation from [20, 19, 23].

Theorem 8.1. Given the data (bo, bi, s0) for a GSIP (respectively, the data I as in
(8.1) for a BTIP), form the subspace M := Mbo,bi,s0 = MSbo,bi,s0

as in (8.3) (re-
spectively, the subspaceM := MI = MSI where SI is the admissible Sylvester set
associated with I as in (8.2)). Then the interpolation problem GSIP (respectively
BTIP) has solutions if and only if the coupling matrix Γ := ΓSbo,bi,s0 ,(Sbo,bi,s0 )⊥J

(respectively, Γ := ΓSI ,(SI)⊥J ) is positive semide�nite. In case Γ is strictly positive
de�nite, let

Θ(z) =
[
Θ11(z) Θ12(z)
Θ21(z) Θ22(z)

]
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be a J-inner function such that L2-clos ΘH∞
U = M. Then a function S ∈ S(Ui,Uo)

solves the interpolation problem GSIP (or BTIP) if and only if S has the form

s(z) = (Θ11(z)g(z) + Θ12(z))(Θ21(z)g(z) + Θ22(z))−1 (8.4)

for some free-parameter Schur-class function g ∈ S(Ui,Uo).

The parametrization result in Theorem 8.1 handles only the case where the
coupling operator (which can be identi�ed with the Pick matrix in the classical
case) is (strictly) positive-de�nite. There is a more general situation where the
coupling operator is positive-semide�nite but still has no kernel. In this case the
associated shift-invariant subspace M contains no isotropic subspace, i.e., M∩
M⊥J = {0}, butM+̇M⊥J is only dense in L2

U rather than being equal to all of L2
U .

This corresponds to the so-called completely indeterminate case of the interpolation
problem (see e.g. [4]) where there exists a point ω ∈ D where both bo(ω) and bi(ω)
are invertible such that, for every nonzero vector η ∈ Ui, there exists a solution
s ∈ S(bo, bi, s0) so that s(ω)η 6= s0(ω)η. In this case there is a still a linear-
fractional parametrization of the set of all solutions S(bo, bi, s0) via a J-inner
function Θ as in Theorem 8.1, but the so-called resolvent matrix Θ in general is not
L2-regular. The precise class of J-inner functions arising in this way is now called
the class of Arov-regular J-inner functions and has a number of characterizations
(see [2, 3]). The subclass of strongly Arov-regular J-inner functions has come up
in a number of applications and has a number of characterizations (see [4, 5, 6,
7, 8, 9, 10, 11, 12, 14, 15]), one of which is that the associated set of solutions of
the associated interpolation problem S(bo, bi, s0) includes at least one interpolant
s with ‖s‖∞ < 1 (the strictly indeterminate case�see [4]). Our contribution here
is to draw attention to another characterization via the L2-regular property which
we have developed in this paper.

Theorem 8.2. Let Θ be a J-inner function on D. Then the following are equivalent.

1. Θ is strongly Arov-regular, i.e., the set of functions s of the form (8.4) for
some g ∈ S(Ui,Uo) includes a function s ∈ S(Ui,Uo) with ‖s‖∞ < 1.

2. The reproducing kernel Hilbert space H(KΘ) associated with the kernel KΘ

(7.2) is contained in L2
U :

H(KΘ) ⊂ L2
U .

3. Θ ∈ L2
U and the function

∆(z) := (Θ21(z) + Θ22(z))∗(Θ21(z) + Θ22(z))

satis�es the Muckenhoupt condition: if, for I an arc on the unit circle, we
set |I| equal to the length of the arc I and AI(∆) = 1

|I|
∫
I
∆(z) |dz| equal to

the average of ∆(z) over I, then

sup
I

∣∣∣AI(∆)1/2AI(∆−1)1/2
∣∣∣ <∞.

4. Θ is L2-regular, i.e., Θ ∈ L2
L(U) andMΘPH2

U
MΘ−1 = MΘPH2

U
JMΘ∗J extends

to a bounded operator on L2
U .
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Proof. The equivalence (1) ⇐⇒ (2) is established in [4] while the equivalence (1)
⇐⇒ (3) is carried out in [9]. We shall show that (4) =⇒ (2) and that (1) =⇒ (4).

(4) =⇒ (2): By assumption PM = MΘPH2
U
MΘ−1 is bounded, so Q de�ned by

(7.3) is also bounded. We know from Theorem 7.1 that Q is positive-semide�nite
since Θ is J-inner. In more detail, from the proof of this fact coming out of the
identity (7.4), we read o� that the reproducing kernel Hilbert space H(KΘ) can
be characterized as Ran Q1/2 with lifted norm

‖Q1/2f‖H(KΘ) = ‖P(Ker Q)⊥f‖L2
U
.

In particular, it follows that H(KΘ) ⊂ L2
U .

(1) =⇒ (4): By the Grassmannian approach to interpolation from [20], we
know that a strictly contractive solution of GSIP(bo, bi, s) is equivalent to the
subspaceM containing a subspace G which is (1) uniformly negative, (2) maximal
negative as a subspace of M, and (3) shift-invariant. Just the �rst two properties
together imply that M is orthocomplemented in (L2

U , J) (see [27, Lemma V.7.5]).
This in turn is equivalent to the existence of a bounded J-orthogonal projection
PM. Necessarily PM is an extension of MΘPH2

U
MΘ−1 , i.e., Θ is L2-regular. �
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